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Abstract: Here we have shown a heuristic and approximate solution to the unsolved oppermann’s conjecture.
Firstly we have generated a formula to calculate the approximate number of multiples of a prime number p,,
less than or equal to a number k which are not the multiples of the prime numbers p,, p,, ps, ... , Pn_1 @nd
pn < k. Then we have generated another formula to calculate the number of prime numbers less than or
equal to a number k if the prime numbers less than vn are given where vn < k < n . By using these
formulas and the main concept of these formulas we have presented our solution.
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1. INTRODUCTION

Oppermann's conjecture is an unsolved problem in mathematics on the distribution of prime numbers.
It is closely related to but stronger than Legendre's conjecture, Andrica's conjecture, and Brocard's
conjecture. It is named after Danish mathematician Ludvig Oppermann, who announced it in an
unpublished lecture in March 1877.

Conjecture 1.1 (Oppermann’s conjecture): For every integer n > 1, there is at least one prime
number between n(n — 1) and n?, and at least another prime between n? and n(n + 1).

Here in this paper we have shown a heuristic and approximate solution to the unsolved oppermann’s
conjecture. We have generated a formula to calculate the approximate number of multiples of a prime
number p,, less than or equal to a number k which are not the multiples of the prime numbers
P1, P2, D3, - »Pn—1 and p, < k. The formula is as follows,

n(p)-1

k 1

L0

Pn 1 1 Pr
Here n(p) is the number of prime numbers. By using this formula we have generated another formula
to calculate the number of primes less than or equal to a number k if the prime numbers less than or
equal to +/n are given where vn < k < n. Suppose, the number of prime numbers less than or equal
to v/n is ¢ > 1 and the gth prime is pg- SO, the number of prime numbers less than or equal to k will
be

n(p)<vn .
n(k) =n(p) —1+k 1_[ (1_p_)
r=1 r

By using this formula we can show that approximately there exists at least one prime number between
n(n — 1) and n2and another prime number between n? and n(n + 1). By using the same method we
can show that there exists at least one prime between n and 2n where n > 1 which is known as
Bertrand’s postulate. As we know that Bertrand’s postulate is correct, so we can say that our heuristic
and approximate solution to the oppermann’s conjecture is logical and it does make sense.
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A Heuristic and Approximate Solution to the Oppermann’s Conjecture

Generating the formula to calculate the approximate number of multiples of a prime number
P less than or equal to a number k which are not the multiples of the prime numbers
P1, P2, P3, - ,Pn_1 @and p,, < k and the prime counting formula

Suppose, there are some prime numbers p,, p,, Ps, ... , P, Where p,, < k. Now we have to calculate the
approximate number of multiples of a prime number p,, less than or equal to a number k which are
not the multiples of the prime numbers py,p,, D3, ... , Pn_1- SUPPOSE, there are two prime numbers
p, and p,. Now we have to calculate the approximate number of multiples of p, less than or equal to
k which are not the multiples of p;. Now, the approximate number of multiples of p, and p,will be
respectively

k k

P1 'Pz
Now suppose, A = {x:x, multiples of p;} and B = {x:x, multiples of p,} . So, the approximate
number of multiples of p, less than or equal to k which are not the multiples of p, will be

) Mnm—K K KP—1)
" n P, PP, PP
Again suppose, there are three prime numbers p;,p, and p;. Now, the approximate number of
multiples of p;, p, and pswill be respectively

k k k
P P2 D3
Now suppose, A = {x:x,multiplesofp;} , B = {x:x,multiplesofp,} and C=

{x: x, multiples of p5}. So, the approximate number of multiples of p; less than or equal to k which
are not the multiples of p; and p, will be

n(C)—n(AnC)—n(BNnC)+n(AnBNC)
p3 P1P3 P2P3 P1P2P3 P1P2P3 P1P2P3

Again suppose, there are four prime numbers p;, p,, p3 and p,. Now, the approximate number of
multiples of p;, p2, p3 and p,will be respectively

P1 P2 'P3 Da
Now suppose, A = {x:x, multiples of p;}, B = {x: x, multiples of p,}, C = {x: x, multiples of p5}and
D = {x:x, multiples of p,}. So, the approximate number of multiples of p, less than or equal to
k which are not the multiples of p, , p, and pswill be

nD)—n(AnD)—n(BND)—n(CNnD)+n(AnBnNnD)+n(AnCnD)+n(BNCND)
—n(AnBNCND)

k K K K K K K K

=— - + + -
D4 P1P4- P2P4- P3P4- P1P2P4- P1P3P4- P2P3P4- P1P2P3P4

_ﬂdﬂgg—gg—ﬂg—a5+&+g+a—w
B P1P,P3P,

—K PP3(P, —1) = P3(P, —1) = P,(P, — 1)+ (P, — 1)
P,P,P,P,

K (P, —1)(P,P3 —P3 — P, +1)
P, P,P;P,
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_K(P,— 1)(P, — D)(Ps — 1)
- P,P,P;P,

We can see, here we get a beautiful pattern. Now, suppose the number of prime numbers is n and
prime numbers are p4, p,, ps, ... , Pn, Where p,, < k. According to the pattern, the approximate number
of multiples of p,, less than or equal to k which are not the multiples of p,, p2, p3, ... , Pn—1 Will be

KP,—1DP,—1DP;—1) . (pp_1 — 1)
P1P2P3P4 ---pn

- (- 5)-(-55)

Definition 1.1: We call n(p) is the number of prime numbers.

So, we can write the formula to calculate the approximate number of multiples of a prime number p,,
less than or equal to a number k which are not the multiples of the prime numbers py, p,, 3, - , Pn-1
and p,, <k,
n(p)-1
k 1
110
Pn Pr

Now, we have to generate a formula to calculate the number of prime numbers less than or equal to a
number k if the prime numbers less than or equal to v/n are given where vn < k < n . Suppose, the
number of prime numbers less than or equal to vn is g and the prime numbers are py, p,, s, .. , Dy
According to the trial division method, if we want to deduce weather a number n is prime, we have to
just test for the prime factors up to v/n. So, if we want to deduce weather a number k is prime where
vn < k < n, itis enough to test for the prime factors up to v/n. That means all the composite numbers
from 2 to k will be the multiples of the prime numbers less than or equal to v/n. Again, if k is an
integer, then we can write,

k = 1 + number of prime numbers < k + number of composite numbers < k
As we know, 1 is not a prime number and also not a composite number. Now we can write,
The number of prime numbers less than or equal to k will be

(k)
= k — 1 — number of composite multiples of p;
— number of composite multiples of p, whice are not the multiples of p;
— number of composite multiples of p; whice are not the multiples of p;,p, — -+
— number of composite multiples of py whice are not the multiples of py, py, ..., pg—1
=k_1_£+1_K(P1—1)+1_K(P1—1)(P2—1)+1 _K(Pl—l)(Pz—1)...(pq_1—1)+1
D1 PP, Py P, Py PP, P3P, ...p,

Now we can write,

T+1
a=1Pa

k
nk)=k—-1+np)———-k
D1 —
This formula can be used in small range of positive integers, because the operation is very
complicated. But we can derive a easy form of this formula. Suppose, there is one prime number p;
less than or equal to v/n. So,
k
n(k) =k—-1+n(p) ——
P1
Again suppose, there are two prime numbers p, and p, less than or equal to v/n. So,
k KPP -1

nk)=k—1+n({p) ——-
P p1 PP,
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:k_1+n(p)_k{pi+((})1_1)_(P1_1)(P2—1)>}
1

Py PP,
1+P,—-1 (P—1D(P,—-1)
=k—1+n()—k< —
P P1 PP,

:k—1+n(p)—k<1—(P1_1)(P2_1)>

PP,
(P —1D(P,—-1)

=n(p)—1+k b.P, —n(p)—1+k<1—Pil)(1—Plz)

Again suppose, there are three prime numbers p,, p, and ps less than or equal to v/n. So,

n(k):k_1+n(p)_£_’((1’1—1)_K(P1—1)(Pz—1)

P1 P1P2 P1P2P3
1 P, —1 P,—1(P, -1 P,—1P,—1)(P;—1
=k—1+n(p)—k{—+(1 )+<(1 )P = 1) (P = D(P, — V(P ))}
p1 PP, PP, P, P,P;
=k-1+n(p) -k PptP—14PP—P—-P+1 (P-DE-DF -1
P1P2 P1P2P3
_ (P1_1)(P2_1)(P3_1)_ 1 1 1
=n(p)—1+k P,P,P, _n(p)_1+k(1_P_1><1_P_2>(1_P_3>

Again suppose, there are three prime numbers p;,p,,p; and p, less than v/n. By using the same
method we can show that,

Pr—DP,-DFP;—DER -1
PP, Psp,

- -s5(1-2)(-R0-5)(e-7)

We can see, here we get a nice pattern when the number of prime numbers less than or equal to vn is
greater than 1. Suppose, the number of prime numbers less than or equal to vn is ¢ > 1 and the prime
numbers are py, ps, s, .- ,Pq- Let n(p) is the number of prime numbers less than or equal to Vn. So,
the number of prime numbers less than or equal to k will be

(k) =n(p) —1+k

n(p)<vn 1
7(k) = n(p) — 1+ k 1_[ (1—5)

The operation is still very complicated. But this formula will give us better approximation than the
other prime counting functions like prime number theorem.

2. THE HEURISTIC AND APPROXIMATE SOLUTION TO THE OPPERMANN’S CONJECTURE

Now we have to prove that there approximately exists at least one prime between n(n — 1) and n?,
and at least another prime between n? and n(n + 1) where n > 1. We can see that whenn = 2,3,4
the oppermann’s conjecture is true. Now, we just have to show that this conjecture can be true when
n > 4. Firstly we will show that there approximately exists at least one prime between n(n — 1)
and n?.

Suppose, the number of prime numbers less than n(n — 1) is g and the qth prime number is p,. Now,
we can write, n(n — 1) = p, + x where x is a positive integer. So, n? = pq + x + n. Again,
n(n—1) <n? <{n(n—-1)}*> whenn > 4
So, according to our formula,
! 1
m(n?) —mtm?—n)=q—1+n? <1——>—
() = n( q [[(1-5)-a

r=1

International Journal of Scientific and Innovative Mathematical Research (1JSIMR) Page | 27



A Heuristic and Approximate Solution to the Oppermann’s Conjecture

_ Pt x ) - D~ D5~ D - (g~ 1)

P,P,P; ...,

X n -1 -1 -1).. -1

:_1+<1+_+_>(p1 )P —Dps =1 - (pg — 1)
Pq Pq Py PyPs ... Py_q

Herea (pl - 1) = 11 (pZ - 1) > Plv(p3 - 1) > PZV": (pq - 1) > Pq—l- SO!

P — D@ —Dps — D .. (Pq - 1) > 1
PyPyP3 ... Py

Again,

P — D — 1D < 1 — D@, — D@z —1) < o 1 —D@:—D@;— 1) ... (Pq - 1)
P; P, P, PyP,Ps ... Py_y

Again, when n = 4, the prime numbers less than 4(4 — 1) are 2,3,5,7,11. That means p; = 2, p, =
3,p3 =5, py =7,ps = 11. Here,
-DB-1DG-D7-1DA1-1) S
2X3X5x%x7

So, when n > 4,

P —D@—Ds — D .. (Pq - 1) )
PyPyP; ... Py_y

Again,
X n
(1 +—+—> > 1
Pq DPq
So,
X n -1 -1 —-1).. -1
<1+_+_> @1~ D@~ D@ =D (pg=1)
Pq Pq P,P,P; ...Pq_1
X n -1 -1 -1).. -1
:>_1+<1+_+_>(p1 )P = D3~ 1 - (pg=1) _
Pg Pq P,P,P; ...Pq_1

Again suppose, the number of prime numbers less than n? is q and the gth prime number is pq- Now,
we can write, n? = pq + x where x is a positive integer. So, n(n + 1) = p, + x +,/p, + x. Again,

n’< n(n+1) <n* whenn >4
So, according to our formula,

q
n(n2+n)—n(n2)=q—1+(n2+n)n(1—pi)—q
r=1 "

— 14 (pq +x + 4/ pq + x)(pl - 1)(202 - 1)(p3 - 1) (pq - 1)

P,P,P; ... P,
x  JPgTx\ (1 — D, — Dz —1)..(pg — 1)
=—1+(1+=+
2 2 PiP,P; . Py,

So, when n > 4,
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(pr — D, — D3 — 1) ...(pg — 1) 59

P, P,P; ...Pq_1
Again,
x /PgtXx
(1 +—+ q—) > 1
Pq Pq
So,

<1 RERL +x> @1 = D@~ D@ =D (pg=1)

P, P, PyP,Ps . Py,

JPqg T x) P — D@, — D@ — 1D ... (Pq - 1) S 1

P P,P,Ps . Py,

x
=>—1+<1+—+
q

Fy

So, the number of prime numbers between n(n — 1) and n? and n? and n(n + 1) are approximately
greater than 1. That’s why we can say there approximately exists at least one prime between n(n — 1)
and n2, and at least another prime between n? and n(n + 1) where n > 1. Another interesting thing
we can see here that if we increase the value of n, the number of prime numbers between n(n — 1)
and n? and n? and n(n + 1) will also increase.

3. APPLYING THE SAME METHOD IN CASE OF BERTRAND’S POSTULATE

Theorem 1.1 (Bertrand’s postulate): For every n > 1 there is always at least one prime p such that
n<p<2n.

We can see, when n = 2,3 bertrand’s postulate is true. Now, we have to prove that there exists at least
one prime between n and 2n when n > 3, because we can use our prime counting formula when the
given number of primes is greater than 1. Suppose, the number of prime numbers less than or equal to
n is g and the gth prime number is p,. Now, we can write, n = p, + x where x > 0. So, 2n = 2p, +

2x. Again,
n<2n<n? whenn >3

So, according to our formula,
q

n(2n>—n<n)=q—1+znﬂ(1_pl)_q

r=1

L4 (2pg + 2x)(p1 — D(p2 — D(ps — 1) ... (pg — 1)

P,P,P; ... P,
_ 1. (2 N 2_x> P = D@~ D@z =D . (pg — 1)
2 PiP,P; .. Py,

We have shown that,

P = D@~ DPs =D (g =1) _,
PiPyPs ... Py_4

2+2x >2
F)
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_1+<2 +2_X> (1 — D2 — D(p3 _1)---(pq _1) >1

P, PP,Py . Py,

So, the number of prime numbers between n and 2n are approximately greater than or equal to 1. As
we know that Bertrand’s postulate is correct and we can prove it in many ways, so we can say that our
heuristic and approximate solution to the oppermann’s conjecture is logical and it does make sense.

4. CONCLUSION

In this paper we didn’t provide any proper solution to the oppermann’s conjecture. But this heuristic
and approximate solution shows us that the oppermann’s conjecture can be true. We think this paper
will help us to think about this conjecture from a new perspective and also help us to find a proper
solution.
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