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1. INTRODUCTION 

In paper [1],yang improves Bellmann’s result and get the trace inequalities：For 1,2,...n   

2 2 2 1 20 ( ) ( ) ( ) ( )n n ntr AB trA trA trB   

2 1 2 20 ( ) ( )( )( ) ( )n n ntr AB trA trB trA trB   

,A B are positive semidefinite matrices of the same order. 

Next, yang[4] improves this inequality： ,A B  are positive semidefinite matrices of the same order, 

then for any positive integer m , 
1

2 2 2 2( ) ( ) ( )m m mtr AB tr A tr B .The purpose of this paper is to 

generalized the above matrix trace inequalites. we start with the following lemmas: 

The vector of eigenvalues of A is denoted by 1 2( ) ( ( ), ( ),..., ( ))nA A A A    If A is Hermitian ，

we arrange the eigenvalues of A in nonincreasing order, 1 2( ) ( ) ... ( )nA A A     .In addition 

x y  means that 1 2( , ,..., )nx x x x is majorized by 1 2( , ,..., )ny y y y with 1 2 ... nx x x   and

1 2 ... ny y y   , if we have 
1 1

k k

i i

i i

x y
 

  ( 1,..., 1)k n  and
1 1

n n

i i

i i

x y
 

  . wx y means that 

1 2( , ,..., )nx x x x is weak majorized by 1 2( , ,..., )ny y y y , if we have 
1 1

k k

i i

i i

x y
 

  ( 1,..., )k n . 

Lemma1[3] Let ija ( 1,..., ; 1,...,i n j m  )be nonnegative real numbers, and 1b ,…, mb are positive 
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1

1 2 1 2| ( ... ) | [ ( ) ( ) ( )]m km km km k
k ktr A A A tr A tr A tr A is established，where ,m k are positive integers,
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integers with
1

1 1
... 1

mb b
   . Then 1 1

11

1 1

1 1 1

... ( ) ...( )m m

n n n
b bb b

i im i im

i i i

a a a a
  

   . 

Lemma2[6] 1A , …, mA are n -square complex matrices, then
1 1 1

( ) ( )

n
m m

j w i j

j j i

s A s A
  

 
 


  . 

Lemma3[3] Suppose ( )f t is a monotonically increasing function, then wx y contains 

1 1( ( ),..., ( )) ( ( ),..., ( ))n w nf x f x f y f y . 

Lemma4[5] Denoted the eigenvalues of matrix A by 1( ) ( ,..., )nA   , then  1
| | ( )

n

i wi
s A


. 

Specially ,
1

| | ( )
n

i

i

trA s A


 . 

2 Main results 

Theorem5 1A ,…, kA are positive semidefinite matrix of order n, then for positive integer m , k  

1

1 2 1 2| ( ... ) | [ ( ) ( ) ( )]m km km km k
k ktr A A A tr A tr A tr A  

Proof  According to Lemma4, it’s obvious that 

1 2 1 2 1 2 1 2

1 1 1

| ( ... ) | | ( ... ) | | ( ... ) | ( ... )
n n n

m m m m

k i k i k i k

i i i

tr A A A A A A A A A s A A A 
  

      

Next we use Lemma1-3 can prove 

1 2 1 2

1

| ( ... ) | ( ) ( ) ( )
n

m m m m

k i i i k

i

tr A A A s A s A s A


  

and  

1

1 2 1 2

1 1 1 1

( ) ( ) ( ) ( ) ( ) ( )
n n n n k

m m m km km km

i i i k i i i k

i i i i

s A s A s A s A s A s A
   

 
  


     

On the other hand, we notice ( ) ( )km km

i i i is A A ， (1 )i n  . Therefore 

1
1

1 2 1 2

1 1 1

( ) ( ) ( ) [ ( ) ( ) ( ) ]
n n n k

km km km km km km k
i i i k k

i i i

s A s A s A tr A tr A tr A
  

 
 


   . 

So we can get 

1

1 2 1 2| ( ... ) | [ ( ) ( ) ( )]m km km km k
k ktr A A A tr A tr A tr A  

Corollary6 [4] A , B are positive semidefinite matrices of the same order, then for positive integer m , 

1

2 2 2( ) [ ( ) ( ) ]m m mtr AB tr A tr B  

Corollary7[1] A , B are positive semidefinite matrices of the same order, then for 1,2,...n   

2 2 2 1 20 ( ) ( ) ( ) ( )n n ntr AB trA trA trB   
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2 1 2 20 ( ) ( )( )( ) ( )n n ntr AB trA trB trA trB   

Corollary8 1A ,… kA  are positive semidefinite matrix of order n, then for positive integer m , k  

1 2 1 2| ( ... ) | ( ) ( ) ( )m m m m

k ktr A A A tr A tr A tr A  
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