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Abstract: Let A, (A)>...> A (A)denote the eigenvalues of a Hermitiann by n matrix A, our
main results are logA(C'C)p, logA(A)oA(B)and A(C'C)p, A(A)0A(B). Here Ais a

C*
positive matrix, B and M = {C . }are positive semi-definite Hermitian matrices.
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1. INTRODUCTION
Let A and B be positive semi-definite. The following results due to Boying Wang and Fuzhen Zhang

[1] says that ]L[/L(AB) Zﬁgﬁ (A . ..(B) with1<i, <...<i, <n. Gunther and Klotz presented
j=1 j=1

a survey focusing on the study of a block Hadamard and block Kronecker products of positive
semidefinite matrices in 2012[3]. Saliha Pehlivan [4] provided some trace inequalities for the trace of
the block Hadamard product. In this paper, we shall be mainly interested in the inequalities for the
trace of the block Hadamard product.

2. PRELIMINARIES
Let C™" denote the vector space of all n by ncomplex matrices. Denote by 4, (A)>...> A (A)the
eigenvalues of a Hermitian matrix A C™".

Let X= (X, X000 X, ) 0 Y = (Vys Voroons Yo ) With X 2%, 202X, Y, 2 Y, 2.2 Y,
Zk:xi < k y.,k=12,..,n,wesay that X is weakly majorized by y ,and write Xp, Y.
i=1 i=1

Iff[Xi gﬁyi k=12,...,n, we write Xp,,, y.orlogxp,logy.

3. I;IAIN RI:SULTS

We start with the following known results.

Lemmal.1 If A, B eC™ be Hermitian, then foranyl< j<n,
we have Max {4 (A)+ 4 (B)}< 4,(A+B) < minl{ﬂr(A) +A,(B)}.
r+s=j+n r+s=j+

Lemmal.2 If A Bare the same order matrix, the AB and BA have the same non-zero eigenvalues.
Similarly, the same order matrix A, B,C, ABC and CAB also have the same non-zero eigenvalues.

Lemmal.3 If A BeC™" are positive semi-definite Hermitian and 1<, <...<i, <n then
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f[ﬂI (AB) > ﬁi,{ (A, (B) with equality for k =n.
j=1 j=1

k k k k
Lemmald For  x,yeR"J[x <[]y 1<k<n=>x; <> y; 1<k <n.Wherex;,y;
=

j=1 j=1 j=1
means reorder X, X,,L ,X. andy,,Y,,L ,Y, from smallest to largest.
Theorem 1 A, B,C are square matrices of order n, with Abeing positive definite matrix, B and

M — [A C*} are positive semi-definite matrices,
c B

then log A(C'C) p,, log A(A)oA(B), A(C'C)p, A(A)oA(B).

Proof Considered contract changes

I —A'C|[A c|[1 —-A'C] A 0
0 | cC BJoO [ o B-CcA'C’

A C
DuetoM = {C 8 }is a positive definite matrix, from the properties of positive definite matrix we

can know thatB—CA™C" >0, in other words B>CA™C", so, from lemma 1.1 we have
2;(B) = 4;(CA™C"), from lemma 1.2 we have

2,(CA™'C") = 4,(C'CA™), thus 2,(B) = A, (C"CA™) . from lemma 1.3 we know that

k k k
[T14®) =4/ CANY=]]4/(CC)A, (AT 1<k <n.
= = j=1

_ 1 K K «
Dueto 4, ;,(A™") = A we can know Hﬂj (B)4;(A) = H/Ij (C’C),1<k<n.Sowe
' j= i=

J

can prove that A(C'C) p

wlog

A(A) 0A(B).Obviously ﬁzi (B)A,(A) = f[ﬂ (BYA,(A)

i1

[ k [ Kk
[T4(€C)=]]4",(C’C), then we have[]2*;(B)A*,(A)=]]A"(C°C),1<k<n. from
j=1

= j=t =

k k

lemma 1.4 we know that » A% (A)A",(B)=) A"(C'C),1<k<n.So we can get that
j=1 j=1

A(C'C)p., A(A)OA(B).

From A(C'C) P, A(A) 0A(B)we can get that A(C'C) p 0, A(AP)0A(BP), whereO< p<1.

wlog

1 1
In particular, when p = % we can also get 6(C) p o, A(A?)0A(B?), and then we can get

1 1 n n
5(C)p, A(A?)0A(B?). When k=n, []4,(B),(A)=]]A4(CC), we can know that
j=1

i1

det Adet B >det(C'C).
Note

we know that when A,B>0, A(AoB)p, A(A)0oA(B)is true, but the inequality in the above
theorem cannt be strengthened to A(C'C)p,, A(A0B).
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Here is a example :

10 3 2 1 1| .
Take A= ,B= ,C = , it can be calculated that
0 2 2 16 21

tr(C'C)>tr(AoB).

Corollary 1 A, B,C, M conditions are the same as above, thetrAtrB>tr(CC).

A C’
Corollary 2 Let A, Bare n-order Hermitematrix, and the block matrix {C 8 } >0, B=>0,then

o(C) P g U, Whereu =(u,U,,...,u.), u, =max{4(A),4(B)}.
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