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1. INTRODUCTION

Theorem11 IfA>B >0, AB =BA, f(x)is a monotonically increasing function on (0, + o) ,then
f(A) = f(B).

Proof Because A,B are semi-positive matrices, and A,B can be exchanged, so there is an
orthogonal matrix Q for

A , th ,and 4 >u,,Vie[Ln].

f (L) . , f(uy) , F(X) is
f(A) = O (1) Q By _ o f(u,) o
(4D f(u,)

a monotonically increasing function on (0,+ o) ,so we have f(4)>f(u), Vie[ln] so
f(A)> f(B).

With this proposition, we can get the following results:

Proposition2 We assume0< A < 1,k=12,..,n,and AA = A/ A thenl = > A <(1+ > A)™.
k k

Proof We know that B by AA; =A/A Qis an orthogonal matrix ,and
A =Q' = Q
a,

0<a’ <1 then

lfzi:ali ]
-3 A =Q' 1 Q

k o
1->a)
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1
: - 1
1+> & we get 1—Za|'<< — by
. _ a

, 1+

1
a+>A)"=Q 1+2> 2 Q
‘ (@]

1
1+> a)

Weierstrass inequality, so this proposition can be proved.

Corollary 3 We assume that0 < A <1,k =1,2,...,n and AAJ. = AJA )
Then tr(1-Y> A)<tr(l+> A)™

k K
Corollary4 We suppose that0 < A <1,k =1,2,...,n ,and AAJ. = AJA )
Thendet(l - > A) <det(l + > A)™

k K
Proposition> We suppose A < A, <...< A and AA, = A A,
then > (I + A)(I +A,) " <nl+(1+A) (O A —A)’ifand only A = A, the equation holds.

k K
Corollary6 We consider A <A, <..<A,,
and AA; = A/A  thentr ) (I1+A)(1+A.)  <n+tr[(1+ A 2O A - A)]
K K
Corollary 7 We assume A < A, <...< A and AA; = A/A,
thendetD> (I + A)(I + A) 1< det[nl + (1 + A) 2O A —A)’]
K K

Proposition8 We suppose that 0<al <A <A,,AA =AA.

Then Ap — Ar < (A, —al)” —(A —al)" < (A, —A)"-

Proposition 9 We suppose A>B >0, AB = BA then (AP —B”) < p(A—B)(A"™* +B"™), when

1< p<oc

Proposition 10 A, B are real symmetric positive definite matrices, A>B and AB =BA, for

everyn € N ,we say
(A— B)2n+1 < 22n (A2n+l _ BZn+l)
Proposition 11 c>0 and A , B are real symmetric positive definite matrices,
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thentr(A+ B)? <tr[(A+Cc)A® + (1+%)BZ]'

Proposition 12 1< p<o,0<t<1l, A/B are real symmetric positive definite matrices,

and AB = BA, then (A+B)” <t"PAP +(1-t)""BP".

Proposition13 We suppose t >0, Zn:tk —1,A,...., A are real symmetric positive definite matrices,

k=1

and AAJ. = AjA ,whenl< p <oc

(Zn:tkﬁk)p < (Zn:tkAkp) is established, when0 < p <1, we get (Zn:tkAK)p > (Zn:tkAkp).
k=1 k=1 k=1 k=1

n
Corollary14 We assume thatt, >0, Ztk =1,A,...., A, arereal symmetric positive definite matrices,
k=1

and AA; = A;A \when1< p <oc, we have

trO t AP <tr(O_tA?) ,whenO< p<1,weget tr> tA)° =trQO tAP).
k=1 k=1 k=1 k=1

n
Corollary15We supposet, ZO,Ztk =1,A,....., A, are real symmetric positive definite matrices,
k=1

and AA; = A;A ,whenl1< p <oc, we have

detQ t A)P <detO_t, AP), when0< p<1, O tA)* = _tAP).
k=1 k=1 k=1 k=1
Proposition16 A,...., A, are real symmetric positive definite matrices, and AAJ- :AJ-A .when

p =1, we get that

2A" QA =TI AT

=

PrOpOSiti0n17 0<A<I , p>1,then(l)%| <AP+ (1 —AP <1 (2)AP(l — AP SZ .

Proof When 0<x<1 we choose a function f(x)=x"+(1—-x)" ,it is not difficult to get

f(x)> = and f(0)=f (@) =150 f(x)<1.
By the same way, we can prove = I <AP+(1-A)F<I.
1

Similarly, we get AP (1 — A)" SZI .
Proposition18 A >0 ,when a>1,we have(l +A)* > I +aA—%a(1_a)[A(| AT

1
Proof We notice that when x>0anda>1, (I +x)% > I +ax—Ea(1—a)(1L)2 is established.
+ X

Then we can prove this Proposition.
Corollaryl® A>0,n isapositive integer, then
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M tr(I+A)" >n +tr[nA—%n(1—n)[A(I +A ]

(2) det(l + A)" > det[I + nA—%n(l—n)[A(l +A)]

Proposition20 0<a <1, A+1>0 then(l + A)* > 1 +aA[l +(1—a)A]™".

Proof whenO <a <1, x> —1,we have (1+Xx)* >1+ & ,50 this proposition can be proved .

1+@—-a)x

Note whena >land —I < Aéill J(1+ A <l +aA[l +(1-a)A]™.
a_

Proposition21 A+1>0,when0O<a<1, (I+A)*<Il+aA,whena<0ora>1,

(I+A)®*>1+aA

Corollary 22 A+1>0 ,when O<a<l1l , tr(l+A)*<n+atrA ,when a<0 or a>1 |,

tr(I + A)* > n+atrA

Corollary 23 A+1>0 ,when0<a<1, det(l + A)* <det(l +aA) whena<0 ora>1,we have
det(l + A)® > det(l +aA)

Corollary24 A>0,whena<0or a>1,det(l + A)® >det(l +aA)>1+a"detA.

Proposmon 25 A=A >..2A >20and AA = A/A,B,B,,..,B  are real symmetric matrices,
ﬁtrZA <trZB 1<k<n thentrZA <trz B?.
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