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1. INTRODUCTION AND PRELIMINARIES

The most dynamic research subjects in nonlinear sciences is fixed point theory. The study of fixed
points of mappings satisfying contractive condition in the area of nonlinear equations has become the
central issue for several research activity and a number of interesting results have been obtained by
various authors. The most vital result of this theory is contraction mapping principle and given by
Banach called the Banach contraction mapping principle. The Banach contraction principle, appeared
(in explicit form) in Banach's thesis in 1922, when it was used to establish the existence of the
solution for an integral equation. Banach established how to find the desired fixed point by offering a
smart and plain technique. This Theorem has had many applications, including establishing the
existence and uniqueness of solutions of certain ordinary or partial differential equations, and
providing a different proof of the implicit function theorem. These methods leads to increasing of the
possibility of solving various problems in different research fields is increased by these plain
technique. In many abstract Spaces for distinct operators, this result has been generalized.

Applying mathematics means, in many cases, solving equations. If that is the case, then the important
thing to know is whether a particular equation has a solution or not. The presence of solutions is
guaranteed by so-called existence theorems. Existence theorems are often expressed in the form of
fixed point principles. It is an active area of research with wide range of applications in various
directions (see, for instance, [30, 31, 32]).

In 2000, Hitzler and Seda [4] introduced the notion of dislocated metric space in which self distance
of a point need not be equal to zero. They also generalized the famous Banach contraction principle in
this space. The study of common fixed points of mappings in dislocated metric space satisfying
certain contractive conditions has been at the center of vigorous research activity. Dislocated metric
space plays very important role in topology, logical programming and in electronics engineering (see
[2]). Aage and Salunke (][5, 6]) established some important fixed point theorems in single and pair of
mappings in dislocated metric space. Later Karapmar and Salimi [1] discussed the existence and
uniqueness of a fixed point of a cyclic mapping in the context of metric-like spaces. Many authors
proved fixed point theorems results for cyclic mappings (see, e.g., [14-29]). Some interesting results
in FPTA can be seen in ([33-41]).
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Definition1.1: Let X be a nonempty set. A dislocated metric is function d: X xX— [0, +) such that
forall a, b, ¢ in X, following conditions holds:

(d1) ifd(a, b) =0thena=b,
(d2) d(a, b) = d(b, a),
(d3) d(a, b) <d(a, c) + d(c, b).

The pair (X, d) is called a dislocated space. In logic programming semantics this results has better
applications, (see [1, 3]). In this space lots of papers have been published by many authors (see, e.g.,
[see [5-13]). kirk et al. proved generalization of the Banach contraction mapping principle, see ([14]).
He proved the results for existence and uniqueness of a fixed point of cyclic mappings (i.e. a mapping
T: AuB—A UB iscalled cyclic if T (A) € B and T(B) CA).

Theorem 1.2: (See [14]) Let(X,d) be complete dislocated metric space with two non empty A and B
closed subsets. Suppose that F: AUB—A UB is cyclic with following axiom:

(C) for all x €EA & y €B, there be a constant k € (0, 1) such thatd(Fx, Fy)<kd(x, y). Then F has a
unique fixed point and that belongs to ANB.

In the present paper, we establish the existence and uniqueness of fixed point theorem of a cyclic
mapping in dislocated metric space with certain properties of this space. Before proving result, first
we recall some basic definitions and lemmas on the topic.

Definition 1.3: (See [3]) Let (X, d) be a dislocated metric space and U be a subset of X, then
1. Uiscalled ad -open subset of X if for all x €X there exists r >0 such that Bq4(X, ) € U.
2. Also, B cXisad -closed subset of X if (X\B) is a d -open subset of X.

Lemma 1.4: Consider a dislocated metric space (X, d) with d -closed subset B of X. Consider a
sequence {Xn} in B. If x,—X, as n—oo, then x €B.

Lemma 1.5: Let (X, d) be a dislocated metric space and let {x,} be a sequence in X such that
i) Xn—Xasn—o and

ii) d(x, x) =0then

n|L|mwo|(xn, y)=d(xy),forall y €X.

Lemma 1.6: Let (X, d) be a dislocated metric space. Then
(A) Ifd(x,,x,)=0,thend(x,x)=d(y, y)=0;

(B) If{x,}is a sequence such that r!i_r:nood(xn,XM):O, then
lim, d(%,, %, )= im d(Xy,1, Xns1)=0;

oo N0

C) If x=ythend(x,y)>0;

(D) d(xx)= 2 S d(x,x ) holds for all x, x, < X , where1<i<n,
n i=1

We first define the class of @ and WV as:

Y = {{: [0, ) — [0, ) Such that y is non decreasing and continuous} and

® = {@:[0,00) — [0, ) Such that ¢ is lower semi-continuous}.

Definition 1.7: Consider dislocated metric space (X, d) and let m € N. Also consider non empty
subsets A1, Az ... Anof X which are d —closed andY = U:n A, . Then F is cyclic generalized ¢-y-

contractive mapping if
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i) Y= U:n A is a cyclic representation of Y with respect to F.

i) YOy +0(8)>0 g4 5)) t>0gngs=tors=0 gng w(o(Fx, Fy)) < w Wy (x, ) - g (x Y)), (1)

d(y,Fx)+d(y,Fy)+d(x, Fx)ed(x, Fx)d(y, Fy)}

Wy (X, y) = max{d(x, y),d(x, Fx),d(y, Fy, 6 , a0Cy)

Let F be a given map from non empty set X to itself. Then set of all fixed points of F will be denoted
by Fix (F) and is given by Fix(F) = {x e X : x = Fx}.
Theorem1.8: Consider dislocated metric space (X, d) with m € N. Also consider non empty subsets

A1, Az ... Anof X which are d —closed andY :U:nAI . Suppose F: Y — Y is a generalized ¢-y

contractive mapping which is cyclic then F has fixed point in ﬂ:lA,— . Moreover if for all x, y € Fix(F)
, d(x,y) =d(x,x) then F has a unique fixed point in ﬂ:;lAi :

Proof: Let us consider an arbitrary point Xo of Y. There be somei,such thatx, € A, . When
F(A))c A we decide thatFx,eA ;. Hence there exist a pointx e A such thatFx; =X .
Recursively Fx, = X,,,wherex, e A . Thus for n > 0 there existi, €{,23,...m} such thatx, e A . If

Xy, = Xp.1 fOr some ny =012....then it indicates thatX, is a fixed point of F. Now suppose that if

X,#X,,; for all n. Hence from lemmal.6(c), we getd(x, 4,x,)>0, for all n. We shall now prove that
sequence {d, } is non-increasing, whered,, =d(x,,x,.;). Imagine that there is some n, in N such that

d (xno_l, X, )s d (xno , xn0+1).

Thus we have

wld(xny-1.%, )< wld ke, Xy ) 2
Now Substituting x=x,andy=x, in equation (1) together with equation (2) we obtain

l//(d (Xn ’ Xn+l) = l//(d (FXn—lv Fxn ))

< w[max{d (X1, %0 ), A (X, 1, FX, 1), d (X, X)), 000, Pl0) + (%, g o) + 001, P 1) , 401, dlz();"‘l)i();”' FX”)}]
n-1'n

(Xn ' I:Xn—l) +d (Xn ’ FXn) +d (Xn—ll I:Xn—l) d (Xn—ll I:Xn—l)d (Xn ' Fxn)}
6 d(Xp1:%n)

d
_(o[max{d (Xn—lvxn)ld(xn—li FXn—l)ld(anFXn)i '

d (X, Xn) A (X, Xnag) A (Xoog X ) A Xy X0 )A (X X
gyx[max d(xn—llXn)yd(xn—llxn)vd(xnvXn+1)! ( ) ( 6 1) ( ! )! ( (lj(x) (X) 1)}]
n-11"n

—@(max{d (Xn—ll Xn)vd(xn—ll Xn): d(Xn , Xn+l)l d (Xn ' Xn) + d(Xn ’ Xn+1) +d (Xn—l' Xn) d(Xn—1' Xn)d (Xn ' Xn+1)}}

6 l d (Xn—l' Xn)

< y/(max{d (Xn—ll Xn)l d (Xn , Xn+1)l d(xn ’ Xn) + d(xn lgnﬂ) + d(xn—l' Xn)}j

_W(max{d (Xn—lr Xn)ad(xn ) Xn+1)’ d(xn : Xn) . d(xn ,grﬁl) : d(Xnil, Xn)}j . (3)

By lemma 1.6(D) we get

d(%y, %) <d (X1, %)+ (x,, %,,4) and
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d(xn!Xn)+d(xn7xn+1)+d(xn—lvxn) < d(Xn—lvxn)+d(Xn!Xn+1)+d(xnﬁxn+1)+d(xn—1vxn)

6 6
003, %) X Xy
B 3
Hence max{d (anlr Xn)vd(xn 1 Xn+1)| d (Xn ’ Xn) + d(Xn lgn+1) + d(Xn—lv Xn)}

d (Xn—ll Xn) +d (Xn ! Xn+l)}

< max{d (Xn—l’ Xn)ld(xl’]’XI'Hl)’ 3

= max{d (Xy_1, Xn ), d (g, X1 ) -

From equation (3) we have

w(d (%, Xn1) = (et (1, %0),0 Ot X)) = AMax{d (¢ 1,00, (% i) )-

But if max{d (X, 4, %), d (Xn, Xns1) } = d (X, %) then

d (X Xnp1) < 0d (X, Xnag) — A (X s Xnag) -

Which is a contradiction, hence we have

w(d (X, Xnin)) <A (X, Xn))—(d (X1, X)) foralln € N 4)
By substituting in (4) and using (2) we find that

y/(d (Xng-1+ Xn, )S y/(d(xno_l, Xn, )— (p(d(xno_l, X, )

This is contradiction. Hence we decide thatd, <d, i.e. d(x,,%,,3)<d(X,4.X,)holds for alln € N.
Thus there is » > 0 such that limd,, = lim d(x,,x,,;)=r . We shall now prove that r = 0. For this
n—o0 n—o0

purpose we suppose that » > 0. From equation (4) together with the property of ¢ and 1, we obtain
that

/() = lim supy(dy )< lim suply(dy 1) p(dy 1 )] < w(r) - ().
This shows that ¢(r) < 0, and is contradiction. Thus we find that
limd,, < lim(d,,d,,;)=0. (5)
N—0 N—0
Now we shall prove that the sequence {x,} is a Cauchy sequence. To show this first we assume the

followings claims:
(K) For every € > 0 there exist ne N thatif r,q > n withr — g = 1(m) theno(x,,x,)<e.

Assume that there existe >0 such that for any n in N, we can find I, >(Q, = nsatisfying
d(x X )ZG with r, —qg, =1(m). (6)

On '

We now consider n > 2m then corresponding to g,, = n, select I, in a way that it is the smallest
integer withr, >, which satisfy the conditions r,—-q,=1m)andd(x, x )>c. Therefore
d(xq X _m )<< by triangular inequality we have

m m
e<d (an Xy )s d (an X _m )+ led (Xrn,. X ) <€ +led (Xrn,. X )

i= i=

Taking the limit as n — oo in the above in-equality and considering (5) into account, we find that

r!i_r;r;d(an,x,n):e. ©)
Using (d3) we prove that
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e< d(an X )
<d (an , an+1)+ d (anﬂ, xrn+1)+ d (xwl, X, )

<d (an , an+1)+ d (an+1, Xq, )+ d (an X )+ d (xrn , Xrn+l)+ d (xrnH, Xy, )

<2d (an , an+1)+ d (an X )+ 2d (xrn , xrn+1>

Considering (5) and (6) together we get r!iinood(an”’ X a)=e . (8)
Hence using (d3) we get

d(an : xrn+1)£ d(an Xr )+ d(xrn , xrn+l)and 9)
d(an Xr )s d(an , Xrn+l)+ d(xrn , Xrn+l)' (10)
Taking limn — oo in (9) & (10) we have lim dlxg % 1)=€. (11)
Also by (d3) we get

d (xrn , anﬂ)s d (xrn : Xrn+l)+ d (xrnﬂ, anﬂ)and (12)
d (xrnﬂ, anﬂ)s d (xrn+l, X, )+ d (xrn , anﬂ). (13)
Taking n — oo in (12) and (13) we prove that r!Znood(xrn,anﬂ):e. (14)

We know that X, and X, lie in different adjacent labeled sets A; &A;, for certain intervall <i <m

Considering F is a generalized cyclic ¢ — 1y contractive mapping together with the equations (5), (7),
(8), (11) and (14) we find that

wd (%, 0%, 2))=w(d(Fxq, . Fx, )

d(x, ,Fx, )+d(x. ,Fx. )+d(x, ,Fx d(x, ,Fx, )d(x, ,Fx
Sw[maX{d(an,xrn),d(an,qun),d(xrn,Fxrn), (g + PXg,) (fn6 n) (X, qn), (%, d(;n):r)n rn)}]
qn' rn
<

d(x, ,Fx, )+d(x, ,Fx, )+d(x, ,Fx d(x, ,Fx, )d(x, ,Fx
(p[max{d(anyxm),d(x%,qun),d(xrn,FXrn), (O, FXg, )+ At Pty )+ g, P, ) kg, Pt ), )B

6 d(Xq, X, )

d(X, ,Xq 1) +d(X X 1) +d(Xq , Xq 41) d(Xg,  Xg 10)d (X 1 X, 11)
W[max{d(an’xrn)*d(an'an+1)'d(xrn'xrn+1)' S r 6 . e dq(n; X r) -
qn’ r"

d(x, ,x +d(x, ,X +d(Xx, ,X d(x, ,X d(x, ,x
Sw[mﬂ{d(an.xrn),d(an,xqﬁl),d(xrn,xrnﬂ), O ayia) + 408, o) + 900, Yggr) A0, Xay2)A08, )H

6 ' d(xq . X )

In the last in equality, considering the property of ¥ and ¢ we find thaty(e)<w(e)-¢(e), this is a
contradiction. Hence the condition (k) is a satisfied.

Now Fix € > 0, we find that ny e N such thatif r,q = ny with r—qg =1 (m) d(xr,xq)sg : (15)
We know that lim d(x,,x,,;)=0, we also get n,e N such thatd(xn,xm)s% : (16)
N—0

For any n > n;. Assume that r,s > max{ny,n;} ands > r; there exist k e{L23.....m} such that
s—r=k(m).Hences-r+¢p=1m), forp=m-k+1, Sowe haveforje{L2,3, ....... m},s+j—rsl(m),

A%, %)< Ay, X 0Ky j X jog oot DX g, X ).
From the last inequality and using (15) & (16) we have

d(Xr,XS)SE+j><£SE+mxi:e.
2 2m 2 2m
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This shows that sequence {x,} is a d —Cauchy sequence. Since € is arbitrary there fore sequence {x,,}
is a Cauchy sequence. As Y is d-closed in (X,d) then (Y,d) is also complete there exists

xeY =UL/\ such that lim x, =x in(¥,d) and d(xx)= lim d(x,%,)= lim d(x;,%,)=0- (17)

We now prove that x is a fixed point of F. The sequence {x,}has infinite terms in each A;for

ie{],2,3, ....... m} because lim x, =x andY =ULA,— is a cyclic representation of Y with respect to F.

n—o0
Assume thatxe A ,Fxe A, we consider a subsequence {x,, } of {x,} with X, €A . Using the
contractive condition we are able to find

otEx Fx )< W{max {d (ot 0P80 ) d(x,, ,Fx) + d(xnke, o) +d (6 F) d(x, ngi (:nk), Fxy, )H

_ go[max{d (X Xq, ), d (X, F),d (X, , X, ), 90, PO+ 60 Pn ) + AP d00PII0 Py )B :

6 ' d (XX, )

Taking limit as n—-o and usingX, — X, lower semi-continuity of ¢ we have
w(d(x, FX) <p(d (x, Fx) - pld (x, X)) .

Hence d(x,Fx)=0and thus x is a fixed point of F. It remains to show the uniqueness of fixed point.
Let’s assume y, z are two distinct fixed points of F in X. By cyclic property of F and using the fact

that y,z € X are fixed points of F, we have X,y € ﬂim:lAi . Assume that x # y and for allu,w e Fix(F),

d(u,w)>d(u,u). By the contractive condition, we get

(A (Fx Fy)) < y/[max{d(x, .40 F0.A (Y. FY, d(y, Fx)+d(y, Fy)+d(x, Fx) d(x, Fx)d(y, Fy)H

6 Cd(xy)
—¢(max{d(x,y),d(x, Fx),d(y,Fy,d(y’ Fx)+d(y(,3Fy)+d(x, Fx)yd(x,l;)g(d)(/;/, Fy)}}

= p(deey)<p(dy)-eld(x y))
This is a contradiction, henced(y,z)=0<y=z.

If in theorem 1.8 we take A; = X for all 0 < i < m, then we deduce the following theorem.
Theorem 1.9: Let (X, d) be a complete dislocated metric space with self map F on it. Suppose that
there exist ¢ €D, y €Y such that for all X, y € X we have

wA(d (Fx, Fy)) < yrWg (% y))— oW, (x, y)) where

W, (x,y) = max{d(x, 0.4 06 Fx).d(y, Fy, d(y, Fx)+ d(yéFy)+d(x, Fx) | d(x, zgd)(/;/ Fy)} .

Then F has a fixed point. Also F has a unique fixed point, ifd(x,y) >d(x,x), for all x,y e Fix(F) .

If we take w(t) =tand o(t)=(1-r)t; wherer[0]1) in theorem (1.8), then we obtain the following
result.

Corollary 1.10: Let (X, d) be complete dislocated metric space and let m € N. Lets consider non
empty d —closed subsets of X be A1, Az ... Anandy = U:n A . Assume F: Y — Y is an operator such

that
i) Y= U'::' A is a cyclic representation with respect to F of X.
i=

refol)

i) There exist such that,
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d(Fx, Fy) <r max{d(X, Y).0(x Fx),d(y, Fy, 20:P0 (yéFy) +d(P9 dx ';?ng Fy)};

forany x € Aj, ye Ais1, i =1, 2,3 ... mand An1=A:1.Then F has a fixed pointz ﬂi"ilAi . Also F has a

unique fixed point ifd(x,y) > d(x,x) for all x, y € Fix(F) .

Example 1.11: Let X= R with dislocated metric space with d(x,y)=max{ % ‘%H for all x, ye X.
. 2 ifxe[-2,0]
Assume A =|-2,0land A, =(0,2|&Y = fzzAi. DefineF: Y > Yby Fx =1¢ & '
A [ ] AZ [ ] UI:l X if x€e[0,2]

5

It is clear that U:jA is a cyclic representation of Y with respect to F. Let xe A =[-2,0]and

y e A, =[0,2]then
—_y‘}gmax{z,z}glmax{z,x}gid(x,y)
10 4 4 2 2 2 2

d(y,FX)+d(y,Fy)+d(x,Fx) d(x,Fx)d(y,Fy)
6 ' d(x,y) '

X2

d(Fx,Fy):d[XT:,_?szmax % % :max{—

2 | 2 16

and so d(Fx, Fy) S%max{d(x, V), (x Fx),d (Y, Fy,

Hence the condition of corollary (1.10) (theorem 1.8) holds and F has a fixed point in A N A,. Here x
= 0is a fixed point of F.
Examplel.12: Let X= R with dislocated metric space, d(x,y)= max{|x|,|y| } for all x € X. Assume

_L1oland A —[orl&y —| [ we define F: Y — Y by Fx = z X710
A [l]an A [ ] Ui:lA1We efine y Fx {j eeto

4

It is clear that U:jA, is a cyclic representation of Y with respect to F. Let XEAiz[—LO]and
y € A, =[01]then

d(Fx, Fy)= d[x—;’—;’J = max{

and so d(Fx, Fy) s%max{d(x, V), (x Fx),d (Y, Fy,

X2

2

4 2’ 2

,V}smax{x L} = g maxixy}= S maxdlyi}= FdGxy):

d(y,FX)+d(y,Fy)+d(x,Fx) d(x,Fx)d(y,Fy)
6 ' d(x,y) '

Hence the condition of corollary (1.10) (theorem 1.8) holds and F has a fixed point in A, N A, . Here
x = 0 is a fixed point of F.
In corollary 1.10, if we take Aj= X for all 0 <i < m then we obtain the following corollary.

Corollary1.13: Let (X, d) be a complete dislocated metric space with self map F on X. Suppose that
there exist r €[0,1) such that

d(Fx,Fy)srmax{d(x, y),d(x,Fx),d(y,Fy,d(y’ Fx)+d(y,Fy)+d(x,Fx) d(x, Fx)d(y,Fy)};

6 ' d(x,y)
holds for all x, y € X then F has a fixed point. Also F has a unique fixed point, ifd(x,y)>d(x,x), for
all x,y e Fix(F).

Examplel.14: Let X= R with dislocated metric space withd(x,y)=max{x y }, for any x € X. Let F:

E if0<x<;
X—>Xbedeﬁnedbny=!"?2 if s<x<1
z ifx>1

7
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Proof: We consider the following cases to prove the existence and uniqueness point of F

Let0 <x ,y<%then

d(Fx,Fy)= % max {x, y} < % max{x, y} = %d(x, y)

Let%Sx ,y < 1then

d(Fx,Fy)= % max{xz, y? }s%max{x, y}s%max{x, y}= %d(x, y)

Letx, y > 1then
1 1 1
d(Fx, Fy):7max{x, y}simax{x, y}:zd(x, y)

LetOSx<%and% <y < 1then

2

d(Fx,Fy)= max{%y?} < %max{x, yj= %d(x, y)

LetOSx<%andy> 1 then
d(Fx Fy):max{i X}glmax{x y}:ld(x y)
, 6'7] 2 , 2

Let%nglandOSysithen

d(Fx,Fy)= max{g%} < %max{x, y}= %d(x, y)

d(Fx,Fy)ﬁlmax{d(x, V. (x Fx),d (Y, Fy, d(y,Fx)+d(y, Fy)+d(x, Fx)’d(x, Fx)o(y, Fy)}l
and so 2 ® d(x.y)

Thus all the condition of corollary (1.13) (theorem 1.8) holds and F has a fixed point in[0, »). We
now prove the following corollary.

Corollary 1.15: Let (X, d) be a complete dislocated metric space and let m € N. Lets non empty d—
closed subsets of X be Ay, Az ... Apand Y = U'T A . Assume that F: Y — Y is an operator such that
1=

i. Y= U'T A is a cyclic representation with respect to F of X.
1=

pt)dt < rj "0yt

J-d(Fx,Fy) N (x
ii. There existre[o’l) such that % 0 ,

where n(x, y) max{d(x,y),d(x,Fx),d(y,Fy,d(y’FX)+d(yéFy)+d(X’FX),d(X'FX()Xd;;I'Fy)}, for any x € A, y€ A1 , 1 =1, 2
O\ X,

...,m. and

Ama=A; and p:[0,00)—[0,0) be Lebesgue -integrable mapping satisfying Ep(t)dt >0, fore>0,
then F has a fixed pointZeﬂLAi. Also F has a unique fixed point, ifd(x,y)>d(x,x), for all
X,y € Fix(F).

Definition 1.16: Let F: X — X. Lety: X —[0,0) andy[01]. A mapping F is called a y —y sub
admissible mapping if

(X)) <y =y(Fx)<y,xeX.
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Examplel.17: Let F:[-z,z]—[- 7 z]and y:[-7,7] >R, . Define FX=%tanxandy/(x):

1 1
X—=7ml+=

4 2
11

then F is a y —y sub admissible mapping, whereyzg, indeed ify(x) = +EsEthen X:%ﬂ

1
X—=1
4

and hence F(x) = %75, w(FX) =% .

Let Abe the class of all the functions ¢:[0,00)° —[0,0)that are a continuous with the property:
o(X,y,z)=0ifand only ifx=y=2z=0.

Definition 1.18: Let (X, d) be a dislocated metric space, m € N, let d —closed non empty subsets of
(X.d,) be Ay, Az ... An and Y =U:"A, Assume that F:Y —>Y is y-y sub admissible mapping,

where y = % then F is called y —cyclic generalized weakly C- contraction if
) Y= U':" A is a cyclic representation with respect to F of .

) d(Fx, Fy) <y (x)d(y, Fx) +y (F)d (X, Fy) +p (F2)d (y, Fy) + (F*x)d (x, FX)

+W(F4X)W+W(F5x)% _

forany x € A, y€ Ainii = 1, 2 ,3... m, where Anvi=Azand p e A.

<o{d (x Py, Fy). 5 [ Fy) +d(y, Fx)]}. (18)

Theorem 1.19: Let (X, d) be a complete dislocated metric space and m € N. Let d —closed non empty
subsets of (X, d) be A;, Az ... Amandy :U:nA, . Assume that F:Y —Y is a y —cyclic generalized

weakly C- contraction. If there exist Xo € Y such that ¥ (x,) < % then F has a fixed pointz e ﬂ?_lA,-.

Also if Y(z) < % then z is unique.

Proof: Let xo be an arbitrary point of Y such that(xy) < % . We know that F is a sub y —admissible
mapping with respect to % then Y(Fxy) < %and Y(F"xy) < %, forall ne N UO0. Also there be some
io such thatx € A . Now F(A)c A, imply thatF(x) e A ;. Hence there isx in A ,; such that
Fxo=x. In the same way we prove thatFx, =x,,,, wherex, € A . Hence for n > 0, there exist
i €{,2,3...m} such thatx, e A, andx,, € A . IF X, =X, 1, for somen, =012...., then it is obvious
thatX, is a fixed point of F. IfX,#Xfor all n and as F:Y —»Y is a cyclic generalized weak C-
contraction we have foralln e N*

d (X Xp.1) =0 (FXy 1, o)

< l//(xn—l)d (Xn ! FXn—l) + V/(Fxn—l)d (anl’ FXn) + V/(F 2Xn—l)d (Xn ! Fxn) + V/(F 3Xn—l)d (anll I:Xn—l)
d (Xn—ll I:Xn—l)d (Xn ) FXn) + W(F 5Xn—1) d (Xn—lv I:Xn—l)d (Xn—ll FXn)
d(xn—l’ Xn) d(an I:Xn—l)

- (o{d (Xn J l:Xn )1 d (Xn J FXn)*%[d (Xn—l’ Fxn) +d (Xn J FXn—l)]}

+1//(F4X

1)

< l//(xn—l)o_(xn ) Xn) + V/(Xn)a(xn—b Xn+l) + V/(Xn+l)o-(xn ) Xn+1) + ‘//(Xn+2)o_(xn—l' xn)
0 (Xn_1, Xn) 0 (Xns Xn41) +y(Xo,s) 0 (Xn_1, Xn) 0 (Xn_1, Xn1)
O-(Xn—17 Xn) G(anxn)

+ ‘/’(Xn+3)

- (p{O‘(Xn + Xn11), 0 (Xns Xn+1)a%[o-(xn—1l Xn11) + 0 (Xq, Xn)]}
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1 d(X,_1, %, )d (X1, X
<= d(xnlXn)+d(xn—l!Xn+1)+d(xn’Xn+1)+d(xn—l!xn)+d(xn!Xn+1)+ ( nl n) ( e n+1)
8 d(Xy,X,)

—¢{d(xn,xn+l>,d<xn,xm)%[d(xn_l,xn+1>+a<xn,xn)]}

d (Xn J Xn) +d (Xn—l’ Xn+1) +d (Xn ’ Xn+1)

d(X,, X)) <= d X ) (X1 Xnsa) 1 -
Hence ( n n+1) 8 +d(Xn_1,Xn)+d(Xn,Xn+1)+ (Xn—l (;(El)z (;(n)l Xn l) (19)
n:*n

From (d3) we obtain

d (X1, Xn11) A (X1, %) +d (X, Xp2) 5
and from lemma (1.6D) we get
d(X,,X,) <d (X1, %)+ A (X s Xrh1)

d (Xn—l’ Xn) +d (Xn ’ Xn+1) +d (Xn—lv Xn) +d (Xn ' Xn+l) +d (Xn ' Xn+l)

d(X,,Xp,q) <= d(X,_q, X )O[d (X4, X, ) +d(X,, X
( n n+l) 8 +d(Xn—1vXn)+d(Xn7Xn+1)+ ( n ld(;)[ (Xn)idn()x X( n) n+1)]
n-1'*n n:An+l

< l{d (Xn—l’ Xn) +d(xn ) Xn+l) +d(xn—l’ Xn) +d(xn ) Xn+l) +d(xn ’ Xn+1)
8 +d(xn71!Xn)+d(xn’xn+l)+d(xn71!xn)

} S%{‘ld (anl,xn)+4d(xnvxn+1)}’

1
d (Xn ' Xn+l) < E{d (Xn—ll Xn) + d(xn ' Xn+1)} .

Thus we have
d (Xn 1 Xn+1) < d (Xn—lﬂ Xn) ' (20)

In support of n>1- set t, =g(x,,x, ;). Using the facts above {¢t,,} is a decreasing sequence of positive
real numbers. Therefore there exist L >0 such that

lim d (X, X,,1) = L. (21)
s

Now we show that L=0. Asd(x,,x, )< 2¢(x,,%,.; ) then lim d (xq, x,) =2L.

In the same way we can prove r!i_rfld(x"*l’ Xhg) <2L. Then

I!Ln;[d(xn,xn) +d(Xo1, %) | <AL

By taking limit as n — oo in (19) we have,

L s%[4L+{d(xn,xn)+d(xn,l,xn+l)}],

This shows that 4L < lim {d 0, %) +d (% g, %)} -

Thus we get lim {d(xy, %) +d (X1, Xqug)} = 4L .

Now by (18) we have

1:n+1 < V/(Xn—l)d (Xn ’ Xn) + W(Xn)d (Xn—l! Xn+1) + W(Xn+1)tn+1 + V/(Xn+2 )tn
d (Xn—lf Xn+1)
d (Xy: Xn)

- @{tn 'tn+1’%[d (Xn-1, Xns1) +d (Xn s Xq )]}

+ 1 (Xnig)thg + i (Xni )ty

Letting limit as n — oo in the above inequality, we realize that
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L<L-g(L,L,2L),
and so ¢(L,L,2L) =0.Hence p(x,y,z) =0<> x=y =z =0, we get L=0.

Due to limd(x,,X,)<2L & limd(X,_,X,1) <2L we have

N—0 N—0
lim d(x,,%,) = lim d(X, 4, X,.1) = im d(X,,X,,;) =0. (22)
N—0 N—0 Nn—o0

We shall demonstrate that the sequence {x,} is a d- Cauchy sequence. For this first we prove the
following fact:

(K) for every € > 0 there be ne N such that if if r,qg > nwith r—q=1(m)then d(x,,x,) <e.

Assume that there existe > 0, such that for any N, we be able to find r, >q, >nwith r, —q, =1(m)
which satisfy d(x, ,x, )><. (23)

Following the related lines of the proof of theorem (1.8) we have

limd(x, ,x )=¢€

N—>0 n n

l!Lmood(an-¢-l! Xrn+1) =<

lim d(x, % 1) =< and

N—0 n n

lim d(x, X, 1) =€. (24)
n—0 n "

AsX, &X, lie in different closely labeled sets Ai and A for a certain 1 < i <m. By using the
condition, F is y-cyclic generalized weakly C- contraction, we have

d (an X +1): d (qun X )

<y (xq )X, Fxg, )+ (Fxg ) (xg « FX, )+ (F 2% )d (X, , Fx, )+ (F3xg )d (g FXq )
d (an FXq, )d (xrn , Fxrn) d (an FXq, )d (an , Fxrn)
d (X, %;,) d(x, ,Fxq )

1
_¢{d(an g ),d (%, FX, ),E[d (Xq  FX, )+ (X, ,Fxq, )]}

w(T°%g )

+1//(F4an)

d(xg,  Xq11)d (X Xp a)  dXg 1 Xg 2)d (X X, 1)
d(an ’Xrn) d(xrn 1an+1)

1
< g{d (Xrn ! an+1)+ d (an J Xrn+1) +d (Xrn ! Xrn+1) +d (an ’ an+1) +

1
- (o{d (an ! an+1)’d (Xrn ! xrn+1)15[d (an ! Xrn+1) +d (Xrn ! an+1)]} .
Letting limit as n — oo, we obtain that
es%[e+e+0+0+0+0]—g0[0,0,e]£%e.

This is a opposition. Hence condition (k) holds. We are proving the sequence {x,} is a Cauchy. Fix
€ > 0, by the assert, we findn, e N such that if r,q>n, with r —q=1(m)

d(X, %) <= < (25)

&
4-2°

As lim d(x,,X,,;) =0 we get n, e N such thatd(x,,X,.;) < % . (26)
N—o0

In support of any n>n;, suppose that r,s>max{n,,n} ands>r. Then there bek {],2,3,....,m}such that
s—r=k(m). Thus,s—r+¢=1(m), for p=m—k+1. Hence we have, for j e{l,2,3,....,m}, S+ j—r=1(m),
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A% X ) S A (X s X J+ Ao X jog ) oeenenet DXy, X ) -

From equations (25) and (26) and from the last inequality, we obtain

d(xr,xs)gf+jxigf+mxi:e,
2 2m 2 2m

This shows that the sequence {x,,} is a d- Cauchy sequence.
We know that Y is d- closed in(X,d), hence(y,d)is also complete, there exists z in Y where
Y =U, A such that

lim x, =z in(Y.d), equivalently d(z,z) = lim d(z,x,) = lim d(x,,%,)=0. (27)
n—>o n—o m,n—o

We shall now prove that x is a fixed point of F. Since lim x,=zand as Y =U[, A is cyclic

i=1
n—oo

representation of Y with respect to F, the sequence {x,,} has infinite terms in each A forie {],2,3,....,m}

Assume thatx € A, Fxe A and we consider a subsequence X, of {x, } withx, e A_;. By contractive
condition (18), we find that

d(Xp, 41, FX) = d (Fx,, ,FX)

<y (X, )d(x, FX,, )+ W (Fxo )d (X FX) + 7 (F 2%, )d (X, FX) + 7 (F 3%, )d (X, FX,, )
(Xn, » FXp, )d (X, FX) d(Xp, , FXp, )d (X, FX)
+
d(Xp, ,X) d(x, Fxp, )

—(p{d (X, Py 0 (%, Fx),%[d (X, F)+ A (X, P, )]}

,
+y(F™X, )

w(F°%,,)

<

|

d(x, ,X d(x,Fx) d(x, ,x d(x, ,Fx
{d(x,xnk+l)+d(xnk,Fx)+d(x,Fx)+d(xnk,xnk+1)+ o, X 2)A O FX) | A0, X, 12)d O, )}

d(xnk ,X) d(Xv Xnk+1)

—co{d(xnk a2 0GR, 2 [0, P+, xw)]},

Letting limn—coand using X, — X , and using lower semi-continuity of ¢, we obtain that
1 1 1
d(x, Fx)sg{0+d(x, Fx)+d(x, Fx)+0+0+0}—¢{0,d(x, Fx),E[d(x, Fx)]}szd(x, Fx) |

Hence d(X, FX)=0, so x is fixed point of F. It remains to show the uniqueness of fixed point.
Assume that y,z are two fixed points of F in X. Using the cyclic character of F and the fact that y, z

belongs to X are two fixed points of F implies that y,ZeﬂLAi. Also assume thaty/(y)s%. By
contractive equation (18) we obtain that

d(y,z)=d(Fy,Fz)

<y (Nd(z,Fy)+w (Fy)d(y,Fz)+y(F*y)d(z Fz)+y (Fy)d(y, Fy)

ety SOEYBEL) oy SO SIMOEE) f oy, e o) oy, ) e )

1 1
< g{d(y, 2)+d(y,2) +0+0+0+0}—¢[0,05[d(y, 2)+d(z, y)]} < %{Zd(y, z)}—(p(o,o,%[d(y, 2)+d(z, y)]j
s%d(z,y) .

Which implies thatd(y,z)zo, that is y = z. Hence F has unique fixed point in X.
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Corollary 1.20: Let (X, d) be a complete dislocated metric space and m € N. Let non empty d —
closed subsets of X be A, Az ... Am and Y = U:" A . Assume that F :Y — Y is an operator such that

I=m
i) - Ui:l "is cyclic representation with respect to T of X and

ii) thereexist ge {0%} such that

d(x, Fx)d(y,Fy) N d(x, F)d(x, Fy)
d(x,y) d(y, Fx)

d(Fx, Fy) sﬁ{d(y, Fx)+d(x,Fy)+d(y, Fy)+d(x,Fx)+ } . (28)

forany x € A, YE Air,i=1,2,3,.......m. Where An.1=Asthen F has fixed pointz e ﬂ:nA. :

Examplel.21: Let X= R with dislocated metric space and d(x,y)=max{x,|y|} for any x, y € X.
Suppose A =[-2,0]and A, =[0,2] &Y = U:lz A . We define F: Y — Y by

—X

— if xe[—2,0]
Fx = _3)%
16 if €[0,2]

it obvious that U:ZA is cyclic representation of Y with respect to F.

Proof: Letx e A =[-20]and x, € A, =[0,2]

! <mn| 5 o525} < o mob- occ.

d(x, FYd(y. Fy) , d(x,Fd(x, Fy)}
d(x.y) o(y.F) )

Hence the condition of corollary (1.20) (theorem 1.19) holds and F has a fixed point in A N A, . Here
x = 0 is a fixed point of F.

d(Fx,Fy) = max{‘ H

d(Fx, Fy) < %{d (y,Fx)+d(x, Fy)+d(y, Fy) +d(x, Fx) +

If we take Ai= X for all 0 <i<m in the above theorem 1.20 then we deduce the following theorem.

Theorem 1.22: Let (X, d) be a complete dislocated metric space, and let F: X — X be a sub -
admissible mapping such that

w(x)d(y, Fx) +p(F)d (x, Fy) +w (FX)d(y, Fy) +(F*X)d (x, FX)
d(Fx,Fy)<p 4 d(x F)d(y, Fy) s d(x, Fx)d(x, Fy)
+y(F X)—d(x,y) +y(F X)—d(y, )

—(p{d(x, Fx),d(y, Fy), [d (x, Fy)+d(y, Fx)]}

for any x, y € X, where ¢ e A,y € ¥ then F has unique fixed point in X.

Corollary 1.23: Let (X, d) be a complete dislocated metric space and F: X — X be a sub -
admissible mapping such that

d(x, Fd(y.Fy) , d(x,Fx)d(x, Fy)}

d(Fx, Fy) < ﬁ{d (y, Fx)+d(x, Fy) +d(y, Fy) +d(x,Fx) + d(xy) d(y,Fx)

for any x, ye X, where g € {0,%) then F has unique fixed point in X.
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Examplel.24: Let X= R. with dislocated metric space and d(x,y)=max{x y }, for any x, y € X. Let F:
x2+x
X — X be defined by Fx = { 18

12

if0<x<1

ifx>1

Proof: To prove the existence and uniqueness point of F, we examine the following cases
Let0 <x ,y < 1then

2 2
X“+X X“+X 1 1
d(Fx, Fy) = max , <—maxix, yi=—d(x,
( y) {18 18}10{)/}10(”'

Letx, y = 1 then
d(Fx, Fy) :imax{x, y}simax{x, y}:id(x, y) .
12 10 10
Let0 <x < 1landy > 1then
X*+x y

1 1
d(Fx, Fy) = maxs ———, <—maxix,y;=—d(Xx,y)-
(Fx,Fy) { T 12} 15 maxix, v} = Tod(x,y)

Hence

d(Fx, Fy) < %{d(y, Fx) +d(x Fy) + d(y, Fy) + d (x, Fx) + 20400 FY) | d(x, Pd(x, Fy)} .

d(xy) d(y, Fx)

Hence all the conditions of corollary (1.23) (theorem 1.22) are satisfied. Thus F has a unique fixed
point in X. In fact O is the unique fixed point of F.

Corollary 1.25 : Let (X, d) be a complete dislocated metric space and m € N, Let non empty d —
closed subsets of X be Ay, Az, . .., An and Y :U!TA . Assume that F :Y —Y is an operator such
=

that

i) vy= U:ﬂ A is cyclic representation of X with respect to F,

- d(Fx,Fy) N(x,y)
i) I p(t)dt< j p(t)dt
0 0

d(x,F)d(y,Fy) d(x,Fx)d(x,Fy) ]
d(xy) + d(y,Fx) , for any X € A, ye Ai+1, i =1,

Where N(x,y) =d(y, Fx)+d(x, Fy) +d(y, Fy) + d(x, Fx) +
2..m and Ami=A: Also p:[0,00)—[0,:0)is Lebsegue-integrable mapping satisfying fp(t)dt >0,
fore> 0 and the constant g e {0%) then F has unique fixed pointz ﬂ:nA, .

If in corollaryl1.27 we take Ai=X, for,i=1, 2, 3,......,m, we obtain the following result.

Corollary 1.26: Let (X, d) be a complete dislocated metric space and F: X — X is a self mapping
such that for any x, y in X we have

8y, FX)+d (x Fy)d (7, Fy)d o F) S COPR0GFY) AP (1,Fy)

o< B ) AR (it

d (Fx,Fy)
|

Where p:[0,0)—[0,:0) is Lebsegue-integrable mapping satisfying fp(t)dt>0,fore>0 and the

constant g e [0,%) then F has unique fixed point.
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2. CONCLUSION

In this paper the investigations concerning the existence and uniqueness fixed point of a cyclic
mapping in the context of dislocated metric space are established. We considered some examples to
illustrate the validity of the derived results of this paper.
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