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1. INTRODUCTION

The geometric study of dynamical systems is an important chapter of contemporary mathematics due
to its applications in Mechanics, Theoretical Physics. the most important papers on the topic entitled
Mechanical Equations.

R.Ye developed a general framework for embedded (immersed) J-holomorphic curves and a systematic
treatment of the theory of filling by holomorphic curves in 4-dimensional symplectic manifolds [1].
Audin and Lafontaine introductioned to symplectic geometry and relevant techniques of Riemannian
geometry, proofs of Gormov.s compactness theorem, an investigation of local properties of
holomorphic curves, including positivity of intersections, and applications to Lagrangian embeddings
problems [2]. Tekkoyun submitted paracomplex analogue of the Euler-Lagrange equations was
obtained in the framework of para-Kahlerian manifold and the geometric results on a paracomplex
mechanical systems were found [3]. Lisi considered three applications of pseudoholomorphic curves to
problems in Hamiltonian dynamics [4]. Tekkoyun and Yayli shown that generalized-quaternionic
Kéhlerian analogue of Lagrangian and Hamiltonian mechanical systems. Eventually, the geometric-
physical results related to generalized-quaternionic Kéhlerian mechanical systems are provided [5].
Kasap submitted Weyl-Euler-Lagrange equations of motion on .at manifold [6]. Kasap and Tekkoyun
obtained Lagrangian and Hamiltonian formalism for mechanical systems using para/pseudo-Kahler
manifolds, representing an interesting multidisciplinary. field of research. Also, the geometrical,
relativistical, mechanical and physical results related to para/pseudo-Kahler mechanical systems were
given, too [7].

Kasap examined Weyl. Euler. Lagrange and Weyl. Hamilton equations on R2™ which is a model of
tangent manifolds of constant W-Sectional curvature [8]. Oguzhan and Zeki Kasap submitted
Mechanical Equations with Two Almost Complex Structures on Symplectic Geometry, using two
complex structures, examined mechanical systems on symplectic geometry. [9].

In this paper, we study dynamical systems with four Almost Complex Structures. After Introduction in
Section 1, we consider Historical Background paper basic. Section 2 (Preliminaries) deals with the
study Almost Complex Structures. Section 3 is devoted to study Lagrangian Dynamics.

2. PRELIMINARIES

In this preliminary chapter, we recall basic definitions, results and formulas which we shall use in the
subsequent chapters of the paper. Most of material included in this chapter occurs in standard literatures
namely

2.1. Symplectic Manifolds

Definition 2.1.1 A symplectic manifold is a pair (M, o)such that M is a smooth manifold and o is a
closed non-degenerate differential 2-form on M. This means that in each tangent space T, M, o gives
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a non degenerate, bilinear, skew symmetric form op: M XT,M — R such that Op varies
smoothly in p.

2.2.Complex Manifolds

Let M be configuration manifold of real dimension m. A tensor field J on TM is called an almost
complex structure on TM if at every point p of TM, J is endomorphism of the tangent space T, (TM)
such that J? = —I. A manifold TM with fixed almost complex structure ] is called almost complex
manifold. Assume that (x;) be coordinates of M and (x;,y;) be a real coordinate system on a

neighborhood U of any point p of TM. Also, let us to be {(ai) ,(%) }and {(dxi)p, (dyy)p} tO
Xj p Yi p
natural bases over R of tangent space T, (TM’) and cotangent space T; (TM) of TM, respectively.

Let TM be an almost complex manifold with fixed almost complex structure J. The manifold TM is
called complex manifold if there exists an open covering {U}

of TM satisfying the following condition: There is a local coordinate system (x;, y;)on each U, such
that

1(£)=% , 1((%1):—6%i )

2.3. Integrable Almost Complex Structures
Definition 2.3.1[6]

Every complex manifold is itself an almost complex manifold. In local holomorphic coordinates Z =
Xy + iyy one can define the maps

1) o )=
Proposition 2.3.2

Suppose that {x;, x,, X3, x4, X5, X, X7, Xg}, b€ a real coordinate system on (M, ]). Then we denote by

0x, 0x, 0x5 0x, 0xs 0xg 0x, 0xg

{dx;, dx,, dxs, dx,, dxs, dxg}

a a a a
1Ga)=5  IG)="a
() =5 () =5
J x3)  0x, o x,)  0xs
oy_ 9 oy _92
](E)_aXG ! ](axﬁ)_ dxs
(6)_ a <6>_ d @
J dx,)  Oxg o oxg)  0x,
Let
Zi =X, tixy , Zp =X3+1iX4 , Z3 =Xg5+1iXq , Z4=Xy;+1iXg
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P o) =1 6) = -3
P (5 =5
Pae) =1 (o) =5

X,
,( 0 9] 9]
o) =1 5) =
dxg dx Jdxg
Theorem 2.3.3 [3] Let M be m-real dimensional configuration manifold .A tensor field J on T*M is
called an almost complex structure on T*M if at every point p of T*M , J is endomorphism of the

tangent space T,," (M) such that j2 = —1 are complex is J** = J* o J* = —1 is called structures are
complex manifold

3. LAGRANGIAN DYNAMICAL SYSTEMS

In this section, we shall obtain the version Euler-Lagrange equations for classical mechanics structured
with Four Almost Complex Structures on Symplectic Geometry introduced in

Definition 3.1. A Lagrangian function for a Hamiltonian vector field X on M is a smooth function
L: TM — Rsuchthat

ix¢py = dE, 3
Let ¢ be the vector field by
d d

=X —+X—+X—+ X, —+ X —+ Xg—+ Xy —+ Xg— 4
¢ Lox, Z0x, 3 0x, *0x, 56x5 66x6 7 0x, 8ax8 )
And
X1 =%, Xy =% ,X3=%3, Xo=%4, Xs =%5 , Xo =X, X7 = X7 ,Xg = Xg

a a a a 3 a a ]
U=J@) =Xi5 -~ Xog -+t Xsg-—Xag -+ X7 =Ko + X5 -~ X7 - 5)

Let that Liouville Vector field on complex manifold (M, U)
Kinetic energy given T:TM - M

1
T =5m( + 45 + %5 + X3 + x5 + %8 + %5 + %3)
Potential energy P:TM —» M
P =m;gh

Here m;, g and h stand for mass of a mechanical system having m particles, the gravity acceleration
and distance to the origin of mechanical system .

Then L : M — R is a map that satisfies the conditions;

i)L = T — P isalLagrangian function,

ii) the function determined by E;, = V (L) — L, is energy function.
The function io induced by F° and denoted by

r
Xy, Xp, ) Xp) = Z 0Ky, e, JXi, ) X1) 6)
i=1

is said to be vertical derivation, where w € A" M, X; € X (M). The vertical differentiation d; is defined
by
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where d is the usual exterior derivation.
¢y, = dd;L such that

d =Lty =L e, + =y — Ly + - dg — 2 dy = dr — 7
1= ox, P T gy, e gy, s T gy, e T g s T gy e t g 4% T 5 dXs ™

Defined by operator d;: A(M) - A'M

0 d 0 0 0 0 ] ]
d,L = (— dx; —5—dx; + —dxz ———dx, + —dxs — —dxgs + —dx; — dx8>
dx, 0x;

X
0x, 0x5 dxg dxs ° Oxg dx,
QL oL p daL o, L o L o L o L oL, JaL o, JaL d ®)
= —ax X X X X X X7 ——ax
YT 0x, Y axg 2+ ax, ° 0xs s+t dxs 0 Oxs 6t xg | Ox, ©°
That
¢ d(dg,) d(ad O eyt Ly - L dxy + 2 0 4 +6dd>
= — = - —ax, ——dax X X Xg — X X-AX
L G 9x, 1 0x, 2 ox, ° 0xs st Oxg ° Oxg ° Oxg B
dL = o°L ——dx; Ndx a dx Adx dx Adx * Svoms dx; Ndx o°L dxi A
L ax ax, 1 1 dx, 1 2 a 1 3 1 4 dx,0%x 1
dx + dx Adx 0°L dx Adx 0°L dx Ndxg — 62L dx, ANdx{ + L dx, A
5 1 6 ax 1a 1 7+ 6x1 1 8 Gx,dx, 2 1T ox,0x, 2
0%L 2L
dx, — 6x26x dx, Adx; t 5vons dxz ANdx, — Py Za - ——dx, ANdxs t 5nons P dx, Adxg Sxioms dx, A
dx; + —— o°L dx, ANdx dx ANdx +de ANdx, — o%L dx; Ndx; + o°L dx; A
77 9xy0x, 2 8 ax3 3 1 ax3 3 2 9xzdx, 3 37 9xz0xs 3
dicg — —ZL dxy Adxs + — daty A dxg — 5og—dai; A dx OL xs Adxg — 2L dxy A
4 Gxgxg 3 57 9xs0 3 6" ax 3 7t 5% x30x7 3 8 ox,ox, %
dx; + oL dx, Ndx oL dx Adx + 2 dx ANdx o%L dx, Ndxs + o°L dx, N
17 ax,0x, % 2 3x,0 4 3 4 Y x,0xg 5T ax,0 4
dxg — o°L dx, Ndx +de ANdx —a—dx ANdxq + o%L dxs Adx o°L dxs A
6 0x,0xg 4 7 6x4 4 8 6x5 5 1 0x50x1 5 2 x50 5
dx +£dx ANdxy ———dx:s Ndx + dxs ANdx 0%L dxs ANdx; + 0°L dxz A
37 Oxsoxs 0 4 Gxgoxg O 5 5 6" 9x50 5 7" 9xsox, o
dxg — o°L dxg Ndx +de ANdx —de ANdx +£dx ANdx o°L dxg A
8 dxgdx, O 17 gxgox, 6 2 Bxgdx, 6 3 7 Bxgdxz O 4 Bxg0 6
dxs + oL dxg Ndx o°L ———dx, Ndx L ———dx, Ndx o°L dx, Ndx, +
57 9x40 6 6 9xgdxg © 7% ox §dx, 6 87 T axyox, 7 1
%L 9°L %L 2L
ax7ax1dx7/\dx2_a 76 4dx7/\dx3 Py 7 dx7/\dx4 Py 7a de7/\dx5+ xsdx7/\dx6—
9L %L L
Sxioms dx; ANdx; + Wda@ ANdxg — P 86 - ——dxg Adx; + 6x86x1 ——dxg ANdx, — oms dxg Adx; +
0L dxg Ndx, — dx Adx + dx Adx 0°L —dxg ANdx; + i dxg N dx
0xg0x3 8 4 0xg0 8 5 8 6 Oxg0xg 8 7 80X 8 8
Calculate ¢,(8)
2 2 aZL
ixpp = dr(§) = (— — — dx, Ado, + ——dx; Adx, - dx; A dxs + dx; A
X1 0%, X10x1 0x10xy4 0x10x3
4 8L 4 4 9L LT 4 9L LT 4 8L LT 4 8L 4
X, — x; A dx x; A dx x Adx x; Adxg ———dx, A
4 0x16x6 1 5 axlaxS 1 6 axlax8 1 7 0x10x7 1 8 axZaxZ 2
8L 2 9L 2 8L
dx; + ——dx, Adx, — ——dx, ANdx; + ——dx, Adxy, — ———dx, ANdxs + ——dx, A
0x26x1 0x26x4 0x26x3 0x20x6 axZaxS
dr — 25 e, A diey + — i, A dig — — ey A iy + iy A d
Xe — x, A\ dx —dx, Ndxg ———dx, ANdx; + ——dx, Ndx, —
6 0x10xg 2 7 0x50x7 2 8 0x30x, 3 1 0x30xq 3 2
8L 8L 9L 8L 2L
dx; ANdx; + ——dxg ANdxy, ———dxz ANdxg + ——dx3 ANdxg — ——dx3; Adx; +
aX3aX4 aX3aX3 0x36x6 aX3aX5 aX3aX8
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oL dx, A dx —a—zde ANdx +£dx Adx —a—dx ANdx +ﬂdx ANdx, —
0x36x7 3 8 6x4 4 1 0x40x1 4 2 0x40%, 4 3 6x4 4 4
2L d%L
6x46x6 dxy N dxs * 5rons dx4 ANdxg — mdm ANdx; + delt ANdxg — 2e9ns dx5 Adx, +
oL dx: Ndx dx ANdx o°L dxs Ndx o°L dx ANdx o°L dx ANdx
xsdx, 0 27 9x 5 3t 5 xs0x3 O 47 Gxgoxg S 5+ ox a 5 6
o°L dxs Ndx; + dx Ndxg — o°L dxg Ndxy + —— o°L dx ANdx dx Adx
dxgdxg O 7 a 5 8 ax6ax2 6 1 ax 6 2 a 6 3
a2%L
Sxeons dxg Ndx, — Py a dx6 Adxs * 5o dx6 ANdxg — P a dx6 Adx; + 6x6 dx6 Adxg —
a2L a a
~ nions dx7 ANdxq + P dx7 A dxz oxions dx7 ANdxs + Py dx7 ANdx, — a—aédx7
62
dxsg +3 dx7 A dx6 dx7 ANdx; + dx7 A dxg dxg ANdx; + —dxg A
ox 6 6 ox Xg x1
aZL d%L
dx, — oxaors dxg Adxz + mdxg ANdxy — o) dx8 Adxs t 5o dxg ANdxg — mdxg A
92%L
dx; + mdk’g Adxg)
1.0 2 0 3 0 4 0 5 0 6 9 7 0 g 0
(X dxq +X dxyp +X 0x3 +X 0xy4 +X Oxs +X Oxg +X dxy +X 68) (9)
From the energy equation we get
LOL 0L . 0L oL . oL . oL 9L 0L
E,=V(L)-L=X'—-X X X XS — X X7 —— — X8 —— — | (10)
dx, 6x1 0x, 0x5 0x¢ axs dx; d0x;

In the equation of the energy equation we obtain

9 9 9 9 9 9 9 9 aL
dE, = (— Ay = o —dxy + o —dxy = o~y + 5y == —dxg + 5 —dxy == — dxg) (Xl el

o o oL o 4aL o 63L aaz gLS ai ’ aLax7 e
X2 X Xt XS — X6 X7——X8——L)
0x, 0x, J0x5 0xg O0xs J0xg Jdx;
ZL 2 2 ZL 2L
dE, = X! d X! d X! d X1 d X d
L 0x,0x, ot 0x,0x, Xt dx30x, X3+ 0x,0%, ot 0x50x, s
aZL 2 2
X! dxgs + X1 dx, + X* d
T axean, ot 5, T T axgax, 8
262d Xzzd XzazLd XzzLd XzzLd X22Ld
9,00, T Bx,00, T2 T By 2T Gxgdxy T Gxgdx, T Gxgax, 6
, 0%L e _ 2 9%L 4
0x,0x; X7 0xg0x; s
2 2 2L ZL ZL 2L
X3 d X3 d X3 d X3 d X3 d X3 d
+ 0x,0x, ot 0x,0x, Xt 0x30x, X3+ 0x,0x, Xt 0x50x, Xs + 0x50x, %o
+ X3 o°L dx, + X3 o°L d
92,000 7 TN Gxgdns E
9%L 02 2 9%L 9%L 2],
—x* d 4 dx, — X* dx; — X* dx, — X* dxs — X* d
02,023 T 7 B0 2 TN Gxains TP T G0 TN Gxgdng T Gxgdns 6
, 0°L p 0°L p
0x,0x, X7 0xg0x, s
2 2 2 2 2 2
+X5 dx, + X° dx, + X° dxs + X° dx, + X° dxs + X° oL dx,
dx,0x5 * 0x,0x¢ Ox30xg - dx,0xg * Oxs0xg  ° dxgdxs ©
+ X5 oL dx, + X5 o°L d
9x,0%5 7 T Gxgixg 8
9%L 02 2], 92L 2], 2],
_yb6 d 6 d 6 d 6 d 6 d 6 d
9x,0%5 T 7 B0s 2 TN Gxping BT Gxa0s TN Gxgdxg 7 Gxgdng 6
o 0°L p 0°L p
0x,0x, X7 0xg0x, e
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+X7 oL dx; + X7 L dx, + X7 L dxs + X7 o°L dx, + X7 L dx, + X7 o°L dx,
dx,0xg * dx,0xg - Ox30xg ° O0x,0xg Oxs0xg Oxg0xg ©
+ X7 o°L dx, + X7 o°L dx
dx,0xg Oxgdxg °
-X8 L — X8 L dx, — X o°L dxs — X L dx, — X L dxs — X L dx
dx,0x, * dx,0x, ° Ox30x, > dx,0x, Oxs0x, - dxgdx, °
g 0% e 0L
dx,0x, Oxgdx, °
daL daL daL daL daL daL aL aL
—a—XIdx1 axzd 5 3dx3 8x4d a—dx5_8x6 dxg _6—x7dx7_6—xgdx8 (11)
Equation of Equation (10) with Equation (11) we obtain
ixdy, = dE|,
(X1 g +X2i+X3i+X4i+ 0 —dx +X6i+X7idx + X8 0 )(a—L)dx
dx, axzaL dxs dx, x5 ° dxs ax, ° dxg) \ox,) "t
+a—xldx1
(Xli+X2i+X3i+X“i+Xsialx5+X"’i+X7idx5+X8i)<a—L)dx2+6—de2
dxq dx, a dx, O0xg 0xg dx, 0xg/ \0x, dx,
—(Xli+xzi+x3i+x4 o 0 —dx +X61+X7idx + X8 0 )(aL)dx
dx, ax, dx5 ax, a x5 ° dxg ox, ° dxg) \ox,) 3
6L
6 3dx3

(Xli+Xzi+X3i+X‘*i+Xsidx5+X61+X7idx5+Xf‘i)(a—L)dx4+—Ldx4
dx, dx, dxs dx, dxs dxs dx, dxg/ \0x5 x
0

9 9 9 9 9 J 0 o
(Xl X2_+X3—+X4—+X5—dxs+X6—+X7_dx5+Xsa )( )dxs

dx, ox, dx3 ax, dxs 0x, dx, dx¢
6 des
(X1 ARG IS ¢ A € HA NG R Ay M (. )(aL)d + 2Ly
ox, | ax, T ks T Oxg T P P P R P AT R P
(X1 4 + X2 g + X3 g + Xx* J +X g —dxs + X J + X7 g dxs + X8 J )(aL)d
ox, % Ox, 7 Ok | C Ox, 6x5 S PR P I P AT Al
6 7dx7
] ] ] ] ] ] ] /oL L
1 _ 3_7 4_— 5 6__— 7 8 —
(X a X X ax2+X ax3+X a 4+X a deS + X a 6+X a 7d.x5 + X a )(ax7)dx8 a deg 0 (12)

Be an integral curve .in local coordinates it is obtained that
Suppose that a curve

a:]l € R » T*M = R*"

is an integral curve of the Lagrangian vector field Xy, i.e.,

X (a®) _da(t) , tEeL

In the local coordinates, if it is considered to be
a(®) = (x1(8), x2 (1), %2 (0), x4 (D), x5(1), X6 (1), X7 (1), x4(D))
we obtain

da(t) dx; 0  dx; 0 +dx3 0 +dx4 0 +dx5 0 +dx6 0 +dx7 d +dx8 0
dt ~ dt dx, dt dx, dt dx; dt dx, dt dxg dt dx, dt dx, dt dxg
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0 0 0 d d d
XE'FXZax +X3§+X4a—+ P dx5+X6
1 2 3 X5
Taking the equation (12) = the equation (13)
6(6L>dx1 6de1_0_) _E(@L) JaL
ot\d x4 ot \dx, 6x1
6<6L)d oL oL 0 6<6L>+6L
= - @ —|=— — =
at\ax,) 2 T oy, 2 = 9t\ox,/) " ox,
6(6L> oL o, 0 5 6<6L) oL
at\ax,) 3 T ox, 13 = at\ox,) T oxs
d /0L aL d (0L aL
( )dx4 —dx, =0 - —<—)+—
at 0x3 0x, Jt\0x3 0x,

d /0L aL d /0L oL
——(—)dx5+—dx5=0 —>——(—)+—=
Jt\0xg 0xs 0t\dxgs/ 0Oxg

d (0L aL d /0L aL
( )dx6 —dxg=0 - —<—>+—=
0t \0xg 0x¢ 0t \0xg 0x¢
L L L L
6(6 )dx7 g —dx; =0 4—2(6—) 6_=
Jt\0xg 0x; dt\dxg/ 0x;
d (0L aL d /0L dL
( )dxg —dxg=0 - —(—) —=
Jt \0x, O0xg 0t\dx,/ Oxg
And
6(6L> 8L_0 6(6L) oL
at\ox,/) ' ox, Toat\ax, /) ox,
d /0L aL d (0L dL
L
ot\dx,/ 0Ox; 0t \0x3 0x,
d /0L JL d /0L oL
“ailo) om0 5 (5x) 3. =
d /0L aL d /0L oL
o) tae =0 wle) e

(13)

(14)

Hence the triple (M, ¢, %) is shown to be a Lagrangian mechanical system which are deduced by
means of an almost real structure ] and using of basis {% :i=1,2,3,4,5,6,7,8 } on the distributions M

4. CONCLUSIONS

Thus, equations Lagrangian of equations (14). with four Almost Complex Structures.
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