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Abstract: In this paper, we find the best possible parameters % %2 A2 €1 ang %, f5; € [1/ 2’1] Such that

the double inequalities

E*(a,b)A"* (a,b) <T[A(a,b), Q(a,b)] < EA (a,b) A (a,b)
2,E(a,b)+(1-a,) A(a,b) <T[Aa,b),Q(a,b)] < BE(ab) +(1- 5, ) Aa,b)

E[ @a+(1—a;)b,ab+(1-a;)a|<T[A(a b),Q(a,b)]| < E[ Ba+(1—B;)b, Bb+(1-5;)a]

old for all &P > Oyin @%b ypere A@D) =(a+D)/2 Q(ab) = /(a® +b%) /2.

E(a,b) = 2(a2+ab+b2)/[3(a+b)] and T(a,b):%_[oﬂlzx/a2 cos?t+b?sin?tdt

denote the

arithmetic, quadratic, centroidal and Toader means of two positive numbers & and b , respectively.
Keywords: Toader mean, arithmetic mean, quadratic mean, centroidal mean, complete elliptic integral

2010 Mathematics Subject Classification: 26E60, 33E05.

1. INTRODUCTION

ForpeRanda,b>0 witha=b, the p -th power mean M (a,b)[1, 2], harmonic mean H(a,b),

geometric mean G(a,b) , arithmetic mean A(a,b) , quadratic mean Q(a,b) , contra-harmonic
mean C(a,b) , centroidal mean E(a,b) and Toader meanT (a, b) [3] are respectively defined by

M, (a.b)=[(a® +b°)/2] " (p=0).M,(ab)=ab,

H(a,b):%,G(a,b):m,A(a,b):a_Zk’,
a’+b? a’+Db?

Qa,b) =

,C(a,b) =

a+b
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2(a2 +ab+b2)

3(a+b)

E(a,b) =

T (a,b) =£IO”/2Ja2 cos®’t+b?sin?tdt - (1.1)
T

It is well known that Mp(a,b) is strictly increasing with respect to peR for fixed

a,b > 0witha # b, symmetric and homogeneous of degree 1, and the inequalities

H(a,b)=M_(a,b) <G(a,b)=M,(a,b) < A(a,b)=M,(a,b)
<T(ab)<E(ab)<Q(ab)=M,(ab)<C(a,b) (1.2)
hold for alla,b > Qwitha =b.

Letr (0,1). Then the elliptic integral of the first kind x'(r')and second kind £ ()

[4,5] are given by

x(r)= _[:/2(1— r?sin? t)fl/2 dt .

zl2

5(r)=_[0

respectively. We clearly see that the function ra (r) is strictly increasing from (0,1)

(1— r?sin? t)ﬂ2 dt s

onto(7z/2,+e0)and the functionra &(r)is strictly decreasing from(0,1)onto(1,7z/2), and they
satisfy the formulas (See [6, Appendix E, pp. 474-475]).

dr(r) _&(r)—(1-r*)x(r), dz(rr) _e(r)—x(r)

dr r(l— r2) r

d[e(-(-r)xm] _ ), deO=eO] rs(r),

dr dr 1-r?

the values '(~/2 / 2) and & (~/2 / 2) can be expressed as [7]
(

2 rz(1/4) V2 ar>(3/4)+rz>(1/4)
o X2 =2 7 _1.85407467---' Ne o =1.35064388---
[ 2 alz ‘9[ 2 j N

where"(X) = I: x*'e"'dt is Euler gamma function.

The Toader meanT (a,b) is well known in mathematical literature for many years, it
satisfies
T(a,b) =R (a’,b’)

where

roo [a(t +b)+b(t+ a):ltdt

1
Re (a,b)=—
E( ) o Jo (t+a)3/2(t+b)3/2

stands for the symmetric complete elliptic integral of the second kind (see [8-10]), therefore it cannot
be expressed in terms of the elementary transcendental functions, and the Toader mean T(a,b) can

be rewritten as
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22 ((fi=(oray ).a=b, (13
2 ,(fi(arvy).a<o.

Recently, the Toader mean has been the subject of intensive research. In particular, many remarkable
inequalities for Toader mean can be found in the literature [4,55,11-16].

T(a,b) =

Vuorinen [17] conjectured that
My, (a.b) <T (ab)

for alla,b > Owitha = b. This conjecture was proved by Qiu and Shen [18], and Barnard et al. [19],
respectively.

Alzer and Qiu [20] presented the best possible upper power mean bound for the Toader mean as
follows:

T(ab)<M a,b)

log 2/log(7/2) (

foralla,b>0with a=b.

Hua and Qi [21,22] proved that the double inequalities

aE(a,b)+(1-a)A(a,b)<T(ab)< BE(a,b)+(1- B)A(ab),
E[2a+(1- )b, Ab+(1-2)a]<T(a,b) < E[ pra+(1-u)b, ub+(1-u)a]

hold for all a,b>0witha=bif and only if a£3/4,,8212/7r—3,/1£(1+\/§/2)/2 and
u=1/2+\12/7-312.

Xu and Qian [23] present the best possible parametersa, <3/4, 3, > 25(\/5/ 2)/7r

=0.8598L , &, <5/6, 3, > 22(~/2/2)/ 7 =0.8598L , o, <\25(x2/2)/ 7 =0.6080L and
B, >5/8 such that the double inequalities

@Q(ab)+(1-a)G(ab) <T[A(ab),Q(a,b)]< AQ(ab) +(1-4)G(ab),
@.Q(a,b)+(1-a,)H (a,b) <T[A(a,b),Q(a,b)] < £4Q(ab) +(1- 4)H (a,b),
a,C(a,b)+(1-a;)H (a,b)<T[ A(a,b).Q(a,b) | < £C(a,b)+(1-£;)H (a,b)

hold for alla,b > Qwitha =b.

In [24], the authors prove that the double inequalities

[a(r) A" (a,b)+(1-a(r)Q" (ab)]
<[A() A (ab)+(1-4(r)Q (ab)]

hold forallr <landa,b >OQwitha=Db.

1/r

<T[A(a,b),Q(a,b)]

1/r

Chu et. al. [25] proved that the double inequalities
Q[ Aa+(1-A4)b, 4b+(1-4)a]<T[A(a,b),Q(a,b) ] < Q[ rsa+(1-14)b, b+ (1- 1 )a],
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C[4a+(1-4,)b,4b+(1-4,)a]<T[A(a,b),Q(a,b) | <C[ sma+(1- )b, b+ (1-1,)a |

hold for allr <landa,b >Owitha = bif and only if 5, 51/2+\/282(\/§/2)/,,2 _1/4

=0.8459L , 1 >1/2+~2/4, 5, Sl/2+\/\/§€(\/§/2)/(2ﬂ')—1/4 —0.7323L and, >3/4

For fixeda,b > Owitha = b, letx [1/2,1], f(x)= E[xa+(1—x)b, xb+(1- x)a:|.

Then it is not difficult to verify that f (x) is continuous and strictly increasing on[0,1/2].

Note that
f (1/ 2) = A(a, b) <T [A(a, b),Q(a, b)] < E(a, b) =f (1) (1.4)

Motivated by inequalities (1.2) and (1.4), it is natural to ask what are the best possible

parameters &, @,, 3, B, €(0,1)and a, B, €[1/ 2,1] such that the double inequalities
E*(a,b)A ™ (a,b) <T [A(a, b),Q(a, b)] <E”%(a,b)A ™ (a,b),
,E(a,b)+(1-a,) Ala,b) <T [A(a,b),Q(a.b)] < AE(a,b) +(1- 5,) Ala,b),

E[csa+(1-a, )b ab+(1-a;)a]<T[A(a,b),Q(ab)|<E[ Ba+(1-B;)b, Bb+(1-5)a]
hold for all a,b >0 with a = b? The main purpose of this paper is to answer this

guestion.
2. LEMMAS
In order to prove our main results we need some Lemmas, which we present in this section.

Lemma 2.1 (See [4], Theorem 1.25) Let—w<a<b<+wo, f,g:[a,b]—>R be continuous
on [a,b] and differentiable on (a,b), and g’(x)-20 on (ab). If f'(x)/g’'(x) is increasing

(decreasing) on (a,b), then so are the function

[f(x)-f(a)]/[g(x)—-g(a)]and] f(x)-f(b)]/[a(x)-g(b)]. 1f f'(x)/g’(x)is strictly

monotone, then the monotonicity in the conclusion is also strict.

Lemma 2.2 (1). The functionr a [g(r) — (l— r ) K‘(I’):|/ ris strictly increasing from
(0,)onto(7/4,1).

(2) The functionr a [ x(r)—&(r) ]/ r?is strictly increasing from (0,1) onto( 7/ 4,+o0).
(3) The functionra &(r)/ J3-2r2 s strictly increasing from (0, J21 2) onto

(ﬁﬂ/e,g(ﬁ/z)/ﬁ).

(4) The functionr a /3—2r2 I:g(r) ~(1- rZ)K(r)}/ r2 is strictly decreasing from

(0,\/5/2)0nt0(J§(2g(J§/2)—K(J§/2)),J§z/4)-
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Proof. Parts (1) and (2) can be found in [6 Theorem 3.21(1), Exercise 3.43(11)].

For part (3), Letg(r)=&(r)/~/3—2r? . Then simple computations lead to

37
$(0 )=T,¢(«/_ “)=v2s(V212)12, 2.1)
Diﬁerentiating¢(r)gives
‘(r _3e(r)—3x(r)+2r’x(r)
(1) r(3—2r2)3/2
_ r [Zs(r)—(l—rZ)K(r)_K(r)_g(r)}. (2.2)
(3—2r2)3/2 r2 r2

From (2.2) and Lemma 2.2(1)-(2) that

, r 7 (2.3)
é (r)>m|:2xz—2(x(\/§/2)—g(\/§/ 2))} >0
forr e(O,«/E/Z).

Therefore, part (3) follows form (2.1) and (2.3).
For part (4), Letp(r) = J3=2r? I:g(r) _(1_ rz),((r)]/ r2. Then simple computations lead to

OV o[£+ £)]

2

Differentiating ¢( ) gives

—6£(r)+2r?s(r)+6x(r)—5r zc(r)

¢'(r)= N (2.5)
Let

@ (r)=—6&(r)+2r%(r)+6x(r)-5r’x(r), (2.6)
%(07)=0, @7)
()= rz[ (r)— (1—r )x<(r) 6 (r)} (2.8)
From (2.8) and Lemma 2.2(1) together with the monotonicity & (r)on(0,1) we get
¢1’(r)<1_r—r2[85(\/§/2)—71c(\/§/2)]<0 (2.9)

forre(O,«/EIZ).

Therefore, part (4) follows form (2.4)-(2.7) and (2.9).

Lemma 2.3. The function

(2r2 —1)g(r)+(1— rz)zc(r)
r’Ji—r?

is strictly increasing from (O, J21 2) onto (3;;/4, JEK(JE/ 2)) .

y(r)=
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Proof. Simple computations lead to

7(O+):3T”,7/{£J:\/§K[§], (2.10)

2

Differentiating y () gives

(2-r?*)e(r)—2(1—r?)x(r) 2.11)

7'(I’)= r3(1_ r2)3/2

Let

n(r)=(2-r*)e(r)-2(1-r*)x(r), (2.12)
Then we get

n(07)=0, (2.13)
ri(r)/3r? =M- (2.14)

It from (2.14) and Lemmas 2.2(2) that

7(r)>0 (2.15)
forallr e(O,x/EIZ).

Therefore, Lemma 2.3 follows from (2.10)-(2.13) and (2.15).

Lemma 2.4. The function A(r) = ree(r)+(1—r?)[x(r)—=(r)]js strictly increasing from
r’\1—r?

(0, J21 2) onto(37/4,42«(v/212))-
Proof. Let 2 (r)= r’e(r)+(1-r*)[x(r)—e(r)]» A4(r)= r21—r2 and

a(ry=A() _ rre(r)+@-—r?)[x(r)—s(r)]. (2.16)
A (r) r’vi—r?

Then simple computations lead to

4(07)=4(0)=0, (2.17)
'(r) 3V1i-r?[2s(r)—x(r)]. , (2.18)

zgr)) - E—?ﬁ2 :I': 3ue(r)

where

4e(r) = Vi-r? [;fgrrz—'f(r)] . (2.19)

y(o*)=%, (2.20)

2[e(r)—x(r)]+r?[e(r)+x(r)]
rvi—r? (2—3r2)2
_ 2r [8(r)—ff(r)+8(r)+ff(r)] (2.21)
Vi-r2(2-3r?) r 2
From (2.21) and Lemmas 2.2(2) that

w(r)=

1 (r)>0 (2.22)
foll allr e (O,JE/Z).

International Journal of Scientific and Innovative Mathematical Research (IJSIMR) Page | 40



Optimal Bounds for Toader-Type Mean in Terms of Arithmetic and Centroidal Means

It follows from (2.18)-(2.22) we clearly see that 4/(r)/A;(r)is strictly increasing on (O,\/EIZ).

Note that
. 3 .
JLrQﬂ(r):Zﬂ,rEJmii(r):\/fx(\/flz). (2.23)

2
Therefore, Lemma 2.4 follows from Lemma 2.1, (2.17), (2.23), and the monotonicity of

A(r)1 25(r).

3. MAIN RESULTS

Theorem 3.1 The double inequality

E*%(a,b)A™(a,b) <T[A(a,b),Q(a,b)] < E”(a,b) A% (a,b)

holds for all a,b > Owitha = b if and only if

o, s[Zlogg(ﬁ/2)+3log2—2log ﬂ}/(mog 2-2log3)=0.6798L and 3 >3/4.
Proof. Since A(a,b),T (a,b)and E(a,b)are symmetric and homogenous of degree 1.

Without loss of generality, we assume thata >b>0. Letr =(a-b)/ lz(az +b2) e(o,ﬁ/ 2).
Then follows from (1.1) and (1.3) lead to

T[A(a,b),Q(a,b)]:%\/i'_?g(r)’ (3.1)
£ (a.b) = A(aéﬁl)ﬁ:)ﬂz) . (3.2)
Then it is follows from (3.1) and (3.2) lead to
2 f 2
logT [ A(a,b),Q(a,b) |—log A(a,b) log [;g(r)J—log -r (3.3)
log E(a,b)—log A(a,b) " log (3—2r?)—log [3(1— rz)]
Let fl(r):|og|:§g(r)j|_|og./l_ z, fz(r):Iog(3—2r2)—log[3(l—r2)} and
f,(r) 'Og[i‘g(r)}'og - (3.4)

Fr)= f,(r) Iog(3—2r2)—log[3(1—r2)]
Then simple computations lead to
f,(07)=f.(07)=0, (35)
f/(r) _ (3—2r2)|:g(r)—(1—r2)/c(r):|
f (r) 2r2e(r)
=EX\/?:—ZrZ [e;(r)—(l—rz)rc(r)]/r2 . (3.6)

2 e(r)/<3-2r?

From equation (3.6), and Lemma 2.2(3) and (4) we clearly see that f(r)/ f,(r) is strictly decreasing
0n<0,\/§/ 2) . Note that

lim f (r)= lim () _3, (3.7)
r—>0* r—0* fz'(r) 4

2logg(\/§/2)+3I092—2log7r
4log2—2log3

=0.6798L (3.8)

IirJnT f(r)=

r—>——
2
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E[ pa+(1-p)b, pb+(1- p)a]=MF(2p2 ~2p-1)r? +1}

1-r° [3
we get
A(a,b
E[ pa+(1-p)b, pb+(1-p)a]-T[A(a,b),Q(a,b)] = 1(_ar2 ) h(r), (3.15)
where
h(r):g(sz—2p—1)r2+1—£\/1—r25(r). (3.16)
T
Then simple computations lead to
h(0")=0, (3.17)
2 |2, V2 (2
h[7 —g(p —p+1)—78 7 y (318)
Let
h(r)=h(r)/(2r). (3.19)
Then (3.19) and Lemma 2.4 lead
1rzg(r)+(1—r2)[zc(r)—g(r)] 2
q(r)=; T +§(2p2—2p—1), (3.20)
+ 1 2
h(0 )=E(16p ~16p+1), (3.21)
2 V2 (V2). 2,

We divide the proof into four cases.

Case 1. p=1/ 2+\/3[2\/§728(\/§/ 2)—72’2j| /(27). Then (3.18), (3.21) and (3.22) lead to

h(ﬁ JZO’ (3.23)
2

I’H(O+):M—%=—O.O33QQL <0 (324)
h1[%_}\/5[28(\/5/’i)ﬂc(\/zlz)]—2_o.osoeL >0 (3.25)

It follows from (3.19), (3.24), (3.25) and Lemma 2.4 that there exists r’ e(O,x/EIZ) such
thath(x) s strictly decreasing on (O, r*] and strictly increasing on [r*,\/i/ 2) .

Therefore,

T[A(a,b),Q(a,b)] > E[ pa+(1-p)b, pb+(1-p)a]

for all a,b >0 with a=b follows from (3.15), (3.17) and (3.23) together with the piecewise

monotonicity of h(x).
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Case2.p=1/2+ J374. Then (3.21) becomes

h(07)=0, (3.26)
From Lemma 2.4 and (3.20) we know that h, (x) is strictly increasing on (0, «/5/ 2) and
h(r)>h(0")=0, (3.27)

for all (O, «/5/ 2) .Therefore,

T[A(a,b),Q(a,b)] < E[(%+£ja+[i—§Jb,(l+£]b+[i—£]a}

4 2 2 4 2 4

for all a,b > Owitha # b follows from (3.15), (3.17), (3.19) and (3.27).

Case3. 1/2+ \/3[2\/572'8(\/5/ 2)—%2} /(27)< p<1.Then (3.18) leads to

h[ﬁ ]>o. (3.28)

Equations (3.15) and (3.28) imply that there exists 0 < &, < 212 such that

T[A(a,b),Q(a,b)|<E[ pa+(1-p)b, pb+(1-p)a]

for alla,b >Owith|a—b|/4/2(a2+b2) e(\/§/2—51,«/§/2).

Case4. 1/2<p<1l/2+ J3/4. Then equation (3.21) leads to

h(07)<o0. (3.29)
Equations (3.15), (3.17), and (3.19) and inequality (3.29) imply that there exists

0< 6, <~[2/2such that

T[A(a,b).Q(a,b)]>E[ pa+(1-p)b, pb+(1-p)a]

foralla,b > Owith|a—b|/,[2(a® +b%) (0,6,).

Therefore, Theorem 3.3 follows from Case 1 to 4.

As an application, Corollary 3.4 follows immediately from Theorems 3.1-3.3. We establish three new
inequalities for the complete elliptic integral of second kind.

Corollary3.4.  Let al:[ZIogg(«/El2)+3I092—2Iog7[}/(4I092—2I093):0.6798L ,
ﬂl=3/4aa2=[6\/§5(\/§/2)J/7r—3=0.6480L B, =314,

a, :1/2+\/3[2\/§7rg(\/§/2)—;ﬂ /(27)=0.9024L and B, =1/ 2 ++/3/ 4 Then the double inequalities

%(1—2r2 /3)“l (\/1— r2 )Hal <e(r)< %(1—2r2 /3)ﬁ1 (\/1— r2 )Hﬂl ;

7 (3_2r2) 2 4 (3—2r2) 2 |,
Eliaz sl +(1—a2)\/1?}<5(r)<5[,82 S +(1—,82)\/:I?}
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7| 2(203 — 20, —1)r? + 3]
61— r?

forallre(O,«/E/Z).

ﬂ[2(2,832 —2p,-1)r? +3} .
61— r?

<e(r)<
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