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1. INTRODUCTION

In 1960, Opial [1] established the following interesting and important inequality:

Theorem A Suppose f € CY[0, a] satisfies f(0) = f(a) = 0 and f(x) > 0 for all x € (0, a).

Then the inequality holds

” o e _L<i - )2,
S as = 5 [ e, 1)

where this constant a/4 is best possible.

Opial’s inequality and its generalizations, extensions and discretizations play a fundamental role in
establishing the existence and unigueness of initial and boundary value problems for ordinary and
partial differential equations as well as difference equations ([2-6]). The inequality (1.1) has received
considerable attention and a large number of papers dealing with new proofs, extensions,
generalizations, variants and discrete analogues of Opial’s inequality have appeared in the literature

([7-18]).

Recently, some new Opial’s inequalities for the conformable fractional integrals were established (see
[19-22]). In the paper, we introduce two new concepts of a-conformable partial derivatives and o-
conformable fractional integrals. Some properties of these new concepts are proved. As applications,
we establish some Opial type inequalities for a-conformable partial derivatives and a-conformable
fractional integrals.

2. 0L - CONFORMABLE PARTIAL DERIVATIVES

We recall the well-known Katugampola derivative formulation of conformable derivative of order for
a € (0,1]andt € [0, =), given by

N i B A 0
Do (f)(t) = lim (2.1)

and

Da(£)(0) = lim Da(f)(#)

(2.2)
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provided the limits exist. If f is fully differentiable at t, then
_ l—o—ﬁ
Da(f)(t) =1t 77 (D)

A function f is a-differentiable at a point t > 0, if the limits in (2.1) and (2.2) exist and are finite. Inspired
by this, we propose a new concept of a-conformable partial derivative. In the way of (2.1), we define a-
conformable partial derivative.

Deftnition 2.1 (a-conformable partial derivative) Let o € (0,1] and s,t € [0,0). Suppose f(s,t)isa
continuous function and has partial derivatives, the a-conformable partial derivative at a point t > 0,

denoted byf (f )u(s, 1), defined by
S(s,test ") — f(s.t)

a -

provided the limits exist, and call a-conformable partial differentiable.
To generalize Definition 2.1, we give the following a definition.
Remark 2.2 Let o € (0, 1] and s, t € [0, o). Suppose f(s,t) Fy and (f) a (s, t) are continuous

functions and have partial derivatives, we define a bivariate partial derivative, denoted
by ci'sci'f (f) deflned by
= ) — it
==y (Flal(s. ) = E (a[f)a[s- }) 2.4)
And

2 . 92
HsHt (f)a(0,0) = 5—1-:1}%1—-[1 FsOt (fals. 1),

provided the limits exist, and call a-conformable partial differentiable.
Theorem 2.3 Let o € (0, 1], s, t € [0, ) and T (s, t), g (S, t) be a-conformable partial differentiable, then

(i)
82 82 8'2
950t [a ’ f T b- g)a(s,i) =a- 888f£f)a(8t) +b- f)‘sé‘f( } (S f\} (25)
forall a, b eR.
(i)
8'2 82 8'2
ﬁ(fgh(s:f} = f(s.t) - m{gja(&ﬂ + g(s,t) - ﬁ[}cjﬂ'(s:t)
ag(s f) 6’f'{s 9f(s.t)
+2; t)y  ——+ t
;(fa(?) - ( )a(t) - 26)
Proof Here, we only prove (2.6). Let
v =+tu and wu = te<t!
From (2.3), (2.4), and in view of L’Hospital rule, we obtain
a2 & &
m(f}a(s-.t) - = a(f}a—(sr-t})
o X s, tw) — (s, ¢)
~ Bs @E}) )
&
= &= @E})a—ﬂs “‘3')
=) l—cx
— E(}f})g—f{: 1) t-:.)
— % (fl_ﬁ'af[s,t})
1— o 8 s,
—f Tesa @.7)
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From (2.3), (2.4) and (2.7), we have

(s.t) = ¢t (f(s.t)g(s. 1))

1

(F(s.D)g(s, t)))

a ot
)
a—(
o
e (e

_ ag{s t) + a0)s, Bfé(_; t)
= () o (@)as. t)+g(s D22 (Pals)
+ (e 222D D gy @y 2L

This completes the proof.
Theorem 2.4 Let o € (0, 1], s, t € [0, ) and f (s, t), g(s, t) be a-conformable partial differentiable, then

9% - 0* d(g(s, 1)) 5‘2 a(f(w)
gsot 0 9)als:t) = 550 (Halw) - —5 gsot a(s:t) - —5 =
(2.8)
where u = g(s, t), and f is partial derivative at g(s, t).
Proof From Definitions 2.1 and 2.2, we obtain
62 _ 1— na (f Q)
st
_ pead (M)
s at
) (a(f(un | a(g{s...t)))
ds du ot
_ 9(g(s,t) Af(u)) & _
- T o aqau (Palw) + =5, gegr9als:t)
where u = g(s, t).
3. INEQUALITIES FOR Ol -CONFORMABLE PARTIAL DERIVATIVES
Deftnition 3.1 (a-conformable fractional integral) Let o € (0, 1] and 0 <a < b. A function
f(x,y) :[a, b] x [a, b] — R is a-fractional integrable on [a, b] x [a, b], if the integral
b o _ b d
f f f{.J—: yjdai:day = / / ya_lf{,r_,,y)d,z,dy
(3 L ('} - (31)

exists and is finite.

Theorem 3.2 Leta € (0, 1],0<s<¢, 0 <t <d, and p(s, t) be nonnegative and continuous function on
[0, ¢]¥[0, d]. Let u(s, t) be a a-conformable partial differentiable function on [0, c]x[0, d] with u(s, d)
= u(b, t) = u(b, d) = 0, then

t) t)|“d ‘:t wsdat t) dysdat
ff (o) o ) (f/ ’ )(f/aat 5 ) 2
Proof Let
y(s,t) = | H{u)a(a,?‘) doodaT,
and
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z(s, 1) = f f 60’0"T () oo, T}‘daadc\:"r-

Then
52 | &2 52
o (D)a(,0) = | gy (W, 8)| = g (a(s:) a3
and for all (s, t) € [0, b] x [0, d],
1) = L), B < z(s.1
u(s.1) < y(s,1), uls,t) < =(s.t) "
Hence
b pd 2

Cyls,t)+ z(s,t 1 d

'H-[S:f} = ( ) 2 ( ) - E\/EI A aﬂ'f}'}-(ujﬂ'(g: T) dagdaT- a5

from (3.5) and in view of Cauchy-Schwarz inequality for a-conformable fractional integral, we obtain

b d
/ / pls,t) lu(s,t) Qdasdat
0o Jo

o ([ oo
L[ o) ([ dﬁgdﬁ) ( A [ [paa et st
_ G (/0/0 msdf)( 2 dd)

This completesthe proof.

[/

2
dq crda'r) dysdat

[/

als,t)

Remark 3.3 Taking for a = 1 in (3.2), we have

fob Adp(s_,t) u(s, t)|* dsdt < — - (/ f . def) (fo A Qdet) (3.6)

Let p(s, t) and u(s, t) reduce to p(t) and u(t), respectively, and with suitable modifications, (3.6) becomes
the following result. Let p(t) be a nonnegative and continuous function on [0, h]. Let u(t) be an
absolutely continuous function on [0, h] with u(0) = u(h) = 0, then

h 2 h h " ’ 2
ﬁ p(t) |u(t)|* dsdt < 7 (L p(t}dt) (L o' (1) dt)

This is just an inequality which was established in [20].

82

.s_._t
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