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1. INTRODUCTION 

We consider the surplus process 

 

will be given to the policyholders. The dividends η(2) will be paid to shareholders when the 

U (t   1) is no less than a2. More detail can be seen in [4]. 

It’s known that the discounted penalty function can be used to obtain quantity related 

with ruin, such as ruin probability. For discrete time risk model, recursive formulas of the 

discounted penalty function about initial surplus are usually calculate the quantity related with ruin. 

However, recursive formulas of the discounted penalty function is not effectively comparing to the 

asymptotic results about it. The asymptotic results about quantity related with ruin in other risk 

model have been studied extensively,  such as [1, 2, 3],  and so on.  The estimation for the ruin 

probability of a discrete time model under nonnegative random interest rate has been obtained in 

[1]. And [3] establishes some asymptotic results for both finite and infinite ruin probability in a 
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discrete time risk model with constant interest rate  and upper-tail independent for the risks which 

belong to regularly varying tail class. What’s more, the asymptotic estimate for the discounted 

penalty function has been obtained in the compound binomial model with randomized decisions on 

paying dividends, and used to derive the asymptotic estimates for ruin probability and other 

quantity related with ruin in [2]. For the model (1.1), the recursive formulas of discounted penalty 

function has been derived (see [4]), but the asymptotic estimate for penalty function have not been 

obtained. Therefore, the aim of this paper is to obtain the asymptotic estimate for the discounted 

penalty function     in [4], and use it to derive the asymptotic estimates for ruin probability and 

other quantities related with ruin. The results improve the study about the ruin problem under the 

compound binomial risk model with randomly paying dividends to shareholders and policyholders. 

So it is meaningful for analyzing how quantities related with ruin of joint insurance company are 

affected by the dividends paid to shareholders and policyholders. 

This paper is organized as follows: In Section 2, the preliminaries will be shown. In 

Section 3, we will derive the asymptotic estimate for the discounted penalty function. In Section 4, 

the asymptotic estimates of the ruin probability and the distribution function of deficit at ruin will 

be obtained by the discounted penalty function. The conclusions will be shown in the section 5. 

2. PRELIMINARIES 

Define ruin time with.                                                           The Gerber-Shiu discounted 

penalty function is represented as 

 

 

Lemma 1. For the model (1.1), let 
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Where 
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Proof.  See [5](Chapter 3). 

3. ASYMPTOTIC ESTIMATES 

Let 

 

Theorem 1. For the model (1.1), when a1 > 0, the asymptotic estimate for the discounted penalty 

function ϕ(u) is 
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Rewriting the (3.4), for 0 ≤ u < a1, a1 > 0, we can obtain 

 

Subtracting qϕ(u) from both sides (3.7), summing it over u from 0 to t − 1(0 < t ≤ 
a1), and interchanging the order of summation, for 0 < t ≤ a1, we obtain 

 

Replacing t by t − 1 in (3.8), and adding pϕ(t − 1) to both sides of it, for1 < t ≤ a1, we get 

 

From (3.8) × p1 + (3.9) × q1, for 1 < t ≤ a1we obtain 

 

Replacing t by t − 1 in (3.10) and plus pϕ(t − 1), for 2 < t ≤ a1, we obtain 

 

From p2 × (3.10) + q2 × (3.11), for 2 < t ≤ a1, we can obtain 

 

Rewriting (2.4), for a1 ≤ u < a2, we obtain 
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Let t = a1 in (3.10), we can obtain 

 

Adding (3.14) to (3.15), for a1 ≤ t < a2, we obtain 
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We will prove that the (3.20) satisfies the conditions of Lemma 2. 

 

 

Multiplying (3.19) by Ru, we can obtain 
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(3.30) is equivalent to (3.25).  The proof is completed 

4. THE APPLICATION OF THE PENALTY FUNCTION 

We will give some examples of ruin quantities (such as the ultimate ruin probability) to illustrate 

the application of the recursive formulas and asymptotic estimates for the penalty function ϕ(u). 
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Table1.  Adjustment coefficients 

Q (0.015,0) (0.015,0.025) (0.015,0.055) (0.035,0.055) 

R 1.04417 1.041497 1.03812 1.035755 

5. NUMERICAL SCHEME 

In [4], the initial term ϕ(0), ϕ(1), · · · , ϕ(a2) can be obtained by solving the set of linear equations, 

and ϕ(a2 + 1), ϕ(a2 + 2),    are deduced by the recursive formulas in Lemma 2.1. We will compare 

the asymptotic values for the ruin probability, and analysis on the impact of the randomly paying 

dividends on the ruin probability. 

The numerical analysis will be carried out under assumption of parameter as follow- ing: 

the distribution of claim amount Xi is a zero-truncated geometric distribution with 

parameter  α  =  7/8,  then  f (k)  =  (1 − 7/8)(1/8)i−1, i  =  1, 2, · · · ;  p  =  0.85,  the  threshold 

(a1, a2) = (3, 5). And four cases with the probability of paying dividend Q = (q1, q2) = 

(0.015, 0), (0.015, 0.025), (0.015, 0.055), (0.035, 0.055) will be performed. Under the four cas- 

es, the relative security loading θ > 0, thus the set of linear equations has unique solution in 

Lemma 2.1, and the adjustment coefficient R exist. The adjustment coefficient R are 

 
Figure1. Exact values vs asymptotic values for the ruin probability 

computed and shown in Table 1. The exact values that calculated by recursive formulas in 

lemma 2.1(see[4]) and the asymptotic values that are estimated by (3.1) are shown in 1 for the 

ruin probability and the distribution of the deficit at ruin. In all of figures, the E.V means the 

exact value, and the A.V means the asymptotic value. 

Figure 1 shows that compare exact values with asymptotic values for the ruin probability under the 

four cases with different probability of paying dividends. From the Figure 1, we can find the 

asymptotic values are constantly close to the exact values with the surplus u increasing, and are 

equal to the exact values when the u is large enough. 

6. CONCLUSION 

The asymptotic estimate for the Gerber-Shiu discounted penalty function of the com- pound 
binomial risk model with randomly paying dividends to shareholders and policyhold- ers in[4] 
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can be calculated in two case that the threshold of paying dividends to shareholders a1 = 0 and a1 
> 0. And the asymptotic estimates of the ruin probability and the distribution function of deficit 
at ruin have been derived by the asymptotic estimate for the discounted penalty function in the 
case a1 = 0 and a1 > 0. 
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