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Abstract: In this paper, we derive the asymptotic estimates for the Gerber-Shiu discounted penalty functions
of the risk model with randomly paying dividends to shareholders and policyholders in [4] by constructing
renewal equations. For the model, the asymptotic estimates for the ruin probability are obtained, which
is a power function. Numerical examples show the e /ctiveness of the asymptotic estimates.
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1. INTRODUCTION

We consider the surplus process

t ¢
Ut)=u+t—3 &X— Y o I0k=1) > a) + 57 TUK-1) > a)],  (11)

k=1 k=1
where u > 0, a1 > 0, a2 > a1, t € N*, £ = {&t = 1,2,---}, X = {Xp,t = 1,2,---}
and n¥ = {fqig),t =1,2,---}{(z = 1,2) are stochastic processes in some probability space
(Q,F,P), I(B) is the indicator function of a set B. £ = {&,t = 1,2,---} is a series with
the common distribution which is the binomial distribution B(p)(0 < p < 1). X = {X;,t =

1,2,---} is assumed to be independent and identically distributed as F = {f(k) = Pr(X =
k;k=1,2,---} @ = {?}ii),t = 1,2,---} 1s independent and identically distributed; the
common distribution is binomial distribution B(¢;), ¢; € (0,1)(: = 1,2), and the random

series £, X, n'M, ® are mutually independent (see [4] for the study of related model). The
model had been built to describe the fact that the joint-stock company may pay the dividends
to the policyholders and shareholders by [4].

The model can be interpreted as follows: w is the initial capital; aq, as are the thresholds of
payving dividends for shareholders and policyholders respectively. The premium in unit time
is one and the number of claim is & in the time period (¢t —1,¢]. If a claim oceurs in (t —1,1],
the amount of claim is X;. When the surplus U(f — 1) is not less than a;, the dividends -?;rtm

will be given to the policyholders. The dividends #® will be paid to shareholders when the
U (t—1) is no less than a,. More detail can be seen in [4].
It’s known that the discounted penalty function can be used to obtain quantity related

with ruin, such as ruin probability. For discrete time risk model, recursive formulas of the
discounted penalty function about initial surplus are usually calculate the quantity related with ruin.
However, recursive formulas of the discounted penalty function is not effectively comparing to the
asymptotic results about it. The asymptotic results about quantity related with ruin in other risk
model have been studied extensively, such as [1, 2, 3], and so on. The estimation for the ruin
probability of a discrete time model under nonnegative random interest rate has been obtained in
[1]. And [3] establishes some asymptotic results for both finite and infinite ruin probability in a
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discrete time risk model with constant interest rate and upper-tail independent for the risks which
belong to regularly varying tail class. What’s more, the asymptotic estimate for the discounted
penalty function has been obtained in the compound binomial model with randomized decisions on
paying dividends, and used to derive the asymptotic estimates for ruin probability and other
quantity related with ruin in [2]. For the model (1.1), the recursive formulas of discounted penalty
function has been derived (see [4]), but the asymptotic estimate for penalty function have not been
obtained. Therefore, the aim of this paper is to obtain the asymptotic estimate for the discounted
penalty function  in [4], and use it to derive the asymptotic estimates for ruin probability and
other quantities related with ruin. The results improve the study about the ruin problem under the
compound binomial risk model with randomly paying dividends to shareholders and policyholders.
So it is meaningful for analyzing how quantities related with ruin of joint insurance company are
affected by the dividends paid to shareholders and policyholders.

This paper is organized as follows: In Section 2, the preliminaries will be shown. In

Section 3, we will derive the asymptotic estimate for the discounted penalty function. In Section 4,
the asymptotic estimates of the ruin probability and the distribution function of deficit at ruin will
be obtained by the discounted penalty function. The conclusions will be shown in the section 5.

2. PRELIMINARIES

Define ruin time with. 7" = inf{¢t = 0|U(t) < 0} The Gerber-Shiu discounted
penalty function is represented as

O (u) = Elw(Ur_q, |Ur V(T < +oc)rT |U(0) = u], (2.1)

where w(z,y) is the non negative bounded function for z > 0, y > 0, 0 < r < 1. In this
paper, we only obtain the asymptotic estimate for ¢1(u). Let ¢(u) = ¢1(u), i.e., the discount
factor = 1. And the fact E&i() my, = 0 is adopted. For the convenient of calculation, let

P(n)=Y;_, f(k), P(n) = 1— P(n). we always assume y = Z;E kf(k) = :j(] P(n) < o0,

and E(& X + 'T}‘i“ + -;;‘12)) = pi+ q1 + ¢ < 1, which leads to a positive security loading
0 = e
P

Lemma 1. For the model (1.1), let
H(x) =pip2f(x) + (q1p2 + p1g2) f(x — 1) + quga f(x — 2)

G(x) = pip2P(x) + (g1p2 + p1g2) P(x —_l) + G‘lGJQE(I —2),
T(r)y=pif(x) +aflz—1), Liz)=pPlz)+qP(r—1),

then, (A) (i) if a1 > 0, for all u < as, ¢(0),d(1),--- ,dlas) satisfy the following linear
equations:
49(0) — d(az — 1) — qd(ar — 1) =&, (2:2)
foru=20,1,---,a; — 1,
u—1
gd(u+ 1)+ (pf(1) = 1) d(u) +p Y _d(k)flu+1—k) = Ay(u=1), (2.3)
k=0
foru=a;,a1+1,--- ;a2 — 1,
u—1
gp1é(u+ 1) + (g +ppif(1) — D d(u) +p D _ d(k)T(u+1—Fk) =Ag(u+1),  (2.4)
k=0
where
+oo
Af(u+1) = —p > wluk—u—1)f(k)

k=u+2
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Ag(u+1) = —pZ (u, bk —u)T(k+1)

k=u+1
+oo oo ap—2 +oo
0 o= pY Y wlki-k+DH(i+2)+pY Y wlki-k)f(i+1)
k=a; i=k k=a; i=k
+00
+ppy Z wlag—1,i—ay+1)T(i +1)
i=az

+oo
tppr Y wlar—Li—ay+1)f(i+1).

i=a)

(i) if ay =0, foru < ag, ¢(0),0(1), -+, ¢(ay) satisfy the following linear equations

p16(0) — pd(as —1) =0, (2.5)
foru=0,1,-- a9 —1,
u—1
ap1p(u+1) + (gq1 + ppr f(1) = 1) d(u) +PZ (k) T(u+1-Fk)=Ay(u+1), (2.6
k=0
Where
az—1 +oo az—2 oo
= pp2 Y > wluwk—w)T(k+1)+pp> > wuk—u)T(k+1)
w=0 k=u+t1 u=0 k=u+1
+oo foo

+p > D> wl(u,k—u+ 1)H(k+ 2).

w—az fke—mu

(B) for u > as,

Su+l) = I_Q(qmﬁplq’*})ga(u}—q“?% u—1)— ZM (ut+1—k)
qpai mp2 qpipa =0
+o0
- w(u,k—u+1)H(k+2). 2.7
q_plmkz::( JH(k +2) (2.7)

Proof. See [4].
Let D=§X1 + Tﬂl} + ni”. Denote the generating function of D by Gp(r), then

Gp(r) = (pGx +q)(p + qir)(p2 + @r), (2.8)

where Gy is the generating function of X.

Similar to the one in [2], assuming exists a r,, such that Gx(r) — +oo(r — 7 ) (7 18
possibly +00).

Consider equation

(pGx(r) + @) (717 + 1) (po + qor) = - (2.9)
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Let H(r) = (pGx(r) +q)(p1 + qrr)(po + qor). H(0) = gqun, H(1) =1, H(r) is a convex
and increasing function in [0,r.), thus equation (2.9) has two real non-negative roots at
most, and one of them is 1. Because § > 0, H'(1) = pu+ ¢, + ¢ < 1. Owing to H"(r) > 0
i [0,ry), H(r) is strictly convex in [0,7.,). Therefore, there exist two real roots in (2.9).
Denote the other root by R, then R > 1.

Lemma 2. 7 is a set of integers, {ay,k € Z}, {bi,k € Z}, {w, k € Z} are sequences that
satisfy ag > 0, Efz 4 =1, Efz klay. < +00, Efz kay, >0, Efz by| < o0, the greatest
common dimsor of the integers k for which a, > 0 1s 1, the bounded series uy, satisfies the
following renewal equation

+00
W= Y Gotth,  n=0ELE2 (2.10)
k=—00

then limy—so0 t, and limy,_,_ u, ezist. Furthermore, 1f im,—_ u, =0, then

b
. N——
lim u, = Sh=== (2.11)
n—o0 K kﬂ-k
=—00
Proof. See [5](Chapter 3).
3. ASYMPTOTIC ESTIMATES
Let
u—2 +oo u—1 oo
Ei(w,w) =par » > wk,i—k—1)f@G)+pp1 Y > wlk,i—k—1)f(),
k=0 i=k+2 k=0 i=k+2
u—1 +oo u—2 oo
Zo(u,w) = ppgzz (ki — E)T(i+1) —|—qu22 kot — E)T(i+ 1)
k=ay i=k+1 k=aj i=k+1
a;—2 +4oo a1—1 +oo
tpgr Yy D wlki—k—1)fG) +pp > D wlk,i—k—1)f(),
k=0 i=k+2 k=0 i=k+2
u—1 +oo u—2 +oo
Ea(u,w) = pp2 Yy > wlki—K)T(i+1)+pgd > wlki—kT(i+1),
k=0 i=k+1 k=0 i=k+1
+oo 400
Sa(u,w) = (R—1R*D D wk,i—k+1)H(i+2),
h=u i=k

Theorem 1. For the model (1.1), when a; > 0, the asymptotic estimate for the discounted penalty
function ¢(u) is
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blu) ~ TR, (3.1)
Where
Koeo = FKi—(R— 1)Kz — (R—1) 3 R'Ss(uw)+p 3. Salw,w),
ey 1 u—az+1
Ko = lagi92 + ppip2P(1) + p(qip2 +ptqz) + pai1g2] R(R — 1)+
Y p(R — 1) f ER*G(k),
Ki = (R—1)(amipad(0) + (apipad(1) — (auas + pripa P(1)6(0) R)

—(pl@rp2 + Pra2) + par1g2) (0)R(R — 1) + (R — 1)gp1p20(2) R*
— (((gg1g2 + pp1p2)P(1) + pl(aip2pig2) + paigz) ¢(1) — pe(0)) R?
—g(0) (R — R?) — gop(ar — 1) (R — Rertly,

@il @z €]
Ko = qup2 > RU¢(u—1)+q2 > RUG(u— 1) + qige > _ R ¢(u— 2)
=2

u—2 u—=2 —

=51 al
—l—pgi El{tc,w)R“—Fng =i, w) R™.
w=2 u=2

Proof. When u = ag, rewrite (2.7), we can find

o(u) = gpiped(u+ 1)+ q(qip2 + prge)o(u) + gqrgad(u — 1)
+p Y ) H(u+1—k)+p Y wluk—u+1)H(k+2). (3.2)
E=0 k=u

For t = as, subtracting g¢(u) from both sides of (3.2), using the pips +gip2 +p1g2 +g192 = 1,
summing it over u from as to ¢ and interchanging the order of summation, we can obtain

¢
apip2 (8(t + 1) — d(az)) = qqiq2 (6(t) — dlaa — 1)) +p > _ P(u)G(t + 1 — k)
k=0
az—1
—p Y ¢(k)G(az — k)
k—0
t +oo
—p > Y wk,i—k+1)H(i+2). (3.3)
k—az i—k
Owing to the relative security loading 6 > 0, lim, .0v = 0, |¢(u)| < ||lw||¢(u), where
llw|| = sup{w(z.,y)|zx = 0,y = 0}, then lim, .o d(u) = 0. By the dominated convergence
theorem, the following inequality can be obtained:
0<p> d(RGEt+1—k) = p>_ é(t—kG(k+1)
=0 k=0
<p>_ ot —k)G(k+1) —0.
k—0
Then, p3>_t_o@(k)G(t +1 — k) — 0. Let ¢ — 0 in (3.3), it can be found that
az—1
apip2d(az) = qqiqed(az —1) +p D d(k)Glaz — k)
k=0
+p > > wk,i—k+ 1)H(i+2). (3.4)
k=az i=k

(3.3) plus (3.4), we can obtain

t
gmpe@(t + 1) — gqqigqe@(t) = p E k)Gt +1— k)
k—0

+oo oo

Py > wlkii—k+ 1)H(E+ 2). (3.5)

h—t+1 i—k
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Replacing ¢ + 1 by t and plus the (g1 + pi1go + ppip2)@(t) in both sides of (3.5), we get

+0oo 400

o(t) = (a1 +pig2+pop2)o(t) +pY Y w(k,i—k+1)H(i+2)

k=t i=k

"‘(qu&'z + pp1p2 P(1) + plipa + p1g2) + pa1ga2)d(t — 1)

—i—pz E)G(t — k).t > as. (3.6)

Rewriting the (3.4), for 0 <u < a;, a: > 0, we can obtain

u+1 +oo
o(u) = gd(u+1)+pY ou+1-k)f(k)+p Y wluk—u—1)f(k). (3.7)
k=1 k=u+2

Subtracting g¢(u) from both sides (3.7), summing itover u fromOtot—1(0 <t <
ai1), and interchanging the order of summation, for 0 <t < ai, we obtain

t—1 +oo

q(o(t) — 6(0)) —pZo Plt—k) —pd> Y wluk—u—1)f(k). (3.8)

u=0 f=u4+2

Replacing t by t — 1 in (3.8), and adding p¢(t — 1) to both sides of it, forl <t < a,, we get

t—2 +4oo

ot — 1) — qo(0) qu.) Plt—k)—p> > wluk—u—1)f(k). (3.9)

u=0 k=ut+2

From (3.8) x p1 + (3.9) x g1, for 1 < t < a;we obtain

o) + qd(t—1)—qd(0) = pY_ d(k)L(t— k) — Es(t,w). (3.10)
Replacing t by t — 1 in (3.10) and plus p¢(t — 1), for 2 < t < a;, we obtain

(qp1 +p)O(t — 1) + quo(t —2) —qd(0) = pY  S(k)L(t—k—1)
k=0

—E1(t — 1,w). (3.11)
From p, x (3.10) + g2x (3.11), for 2 <t < a;, we can obtain
ap1p2¢(t) = qcf*(U) (q1p2 + qpi1g2 + pg2)@(t — 1) — qrqa(t — 2)
+pZ E)G(t — k) — paZ1(t, w) — g2=1 (2 — 1, w). (3.12)

Rewriting (2.4), for a1 < u < a2, we obtain

“+oo
d(u) = gprod(u) +p2 ()T (u+1—k)+p> wluk—u)T(k+1). (3.13)
k=1 u+1

Subtracting g¢(u) from both sides of (3.13), summing it over w from a; to t — 1(a1 < t < a2)
and interchanging the order of summation, we obtain

ap1 (6(t) — d(ar)) = pzm}m—m—pzo{m(al—»ﬂ}

k=0
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t—1 4o
—p > > w(uk—w)T(k+1). (3.14)

w=t] fe=n—+4+1
Lett=a; in (3.10), we can obtain

ayp—1

gprd(ar) + q1d(a; — 1) — gp(0) = p2¢ 1 (t,w). (3.15)

Adding (3.14) to (3.15), for a; <t < a, we obtain
t—

qp1o(t) + qid(ar — 1) —qd(0) = p Y o(k)L(t —k)

[y

k=0
t— +oo
> Y wlwk—u)T(k+1). (3.16)
u=aj k=u+l

Replacing ¢ by t — 1 in the (3.16), and adding p¢(t — 1) to both sides of it, for a; <t < ao,
we can obtain

(p+ap1)o(t— 1)+ qip(a1 — 1) = qo(0 +p20 Lit—k—1)
t—2 400
Y Y wwk-uwT(k+1). (317
u=aj k=u+1l

From p % (3.16)+q9 x (3.17), and plus (g +p1g2+pp1p2)@(t) in both sides of it, for a1 < ¢ < as,
we obtain

o(t) = (g +pig +ppip2)o(t) — Za(t,w) — go(t — 1) — qé(a; — 1) + g6(0)
+(qq192 + pp1p2 P(1) + plqup2 + pige) + parga)o(t — 1)

+p2_: S(k)G(t — k). (3.18)
k=0

Combining (3.12), (3.18) and (3.6), we get

o(u) = (g1 +piga + ppip2)o(u)
+Hamao + pp1paP(1) + p(g1pa + p1go) + parge) du — 1)

u—2
+p Y o(k)G(u—
k=0
[ qpip29(1) — (9192 + pp1p2P(1)
+p(1p2 + P1%2) + P0192)9(0), u=1,
ap1Pa®(2) — (gq1g2 + ppapaP(1))0(1)

. —(plaip2 + p1g2) + pqiga) (1) — po(0), u=2, (3.19)
qo(0) — (@1p2 + q2)d(u — 1) — qrga0(u — 2) '
—p2=1(u,w) — =1 (u — 1,w), 2 < u<ay,
qcb(ﬂ) - qq:acﬁ(u —1) — gd(ay — 1) — Eo(u,w), a; < u < as,

LPZ Z f(kl— )H(?’—i_z} g < U.
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We denote d(u) = o(u)RY,

a1 + P1g2 + ppipe; u =10,
a, = § Rlgq1g2 +ppip2P(1) + plaip2 + p142) + pq1ga), u=1,
pR*G(u), u > 2.
qppa, ) u =0,
R(gpipad(1) — (9q192 + pp1p2 P(1),
+p(q1p2 + p192) + pa1g2)9(0)), u=1,
B2 (gpip26(2) ~ (aq142 + ppip2P(1)))
by = —R°((plgip2 + p192) + pq192) (1) — po(0)) , u=2
R*(qp(0) — (q1p2 + q2)0(u — 1) — q1q20(u — 2))
—R(pa=i(u,w) + @=i(u — 1, w)), 2 <u<ay,
Ruw ) @0l —1) - g8l ~ ) - S(we)), @ <uLa
\ ST f(ki—k)H(i+2), as < u.
Multiplying (3.19) by RY, we can obtain
d(u) = Zan_m(a) +by, u=0,1,2,---. (3.20)
k=0

We will prove that the (3.20) satisfies the conditions of Lemma 2.

+oo
E ap =
k=0

q1 + p1g2 + ppip2 + R(gq1q2 + ppip2 P(1) + p(aip2 + p1q2) + pqiga)

+oo

+ch k)R + pg1g2 R* > P(k
k=0

Gyx(R)—1
@1 +p1g2 + @R + (ppip2 + paip2 + p1g2) B +PQ’1*—?‘2R2)%

1.

where the last equation is valid because R is the root of the (2.9). The following step is to
prove 3.7 || < 0. For u >

then,

+oo
0 < by <pllw|[R" Y J(k = 1)G(k+1),
k=u

Z b, <p||.u||ZRuZG k+1). (3.21)

u=az+1

Considering the right part of the above inequality

+oo +o0 +oo k
pY R*Y Gk+1) = p) ) R'G(k+1)
u=1 k=u k=1 u=1
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o0 ,
RF—R
= p) G(k+1)
ot R-1
1 X
< pG(k + 1)RH!
R(R—l); (k+1)
1 X
<
= R(R—l)gak
1
= . 3.22
R(R-1) (3:22)

From (3.21) and (3.22), we can obtain ZI:Z?_I_] b, < +00. And Because |by| < +o0(0 < u <
ag), Y020 by < +o0.

+0o0 - asz +00
K, - ~ u— [ - .
Zbu = R_1 - Ky — Z R :‘Q(HS"‘J) TP Z :‘4(1“{'?:";)' (323)

= u=ay+1 u=ag+1
According to Lemma 2.2, we can get
. K,
lm é(u) = —= (3.24)
u—r+oo 0

(3.24) 1s equivalent to (3.1). The proof is completed.

Theorem 2. For the model (1.1), when a; = 0, the asymptotic estimate for the discounted
penalty function ¢(u) is

K(0,as)
}(iﬂ ~ 1(6

R (3.25)

where

K(0,a) = Ks—gq(R-1)) R'6u—1)-(R-1)) R'Es(u,w)
u=1

u=1
+oo

+p(R—1)) Ey(u,w)

u=as

+00
Ko = lsn12 + ppipaP(1) + plipr + p1a2) + o] R(R — 1)+ p(R—1) Y " kR*G(k),
k=2

Ky = qpipd(0)(R—1) 4+ qpid(0)(R" - R)
+ (qpip2é(1) — (90192 + pr1poP (1) + plarpz + p1go) + parge) 6(0)) R(R - 1).
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Proof. Subtracting gé(u) from both sides of (2.6), summing it over u from 0 to t —1(0 < ¢ <
as) and interchanging the order of summation, we obtain

t—1 t—1 +oo

qp1 (6(t) — ¢(0)) =p ) d(k)L J=pY_ Y wluk—u)T(k+1), (3.26)

k=0 u=0 t=u+1

Replacing t by ¢t — 1 in (3.26) and adding pd(t — 1) to both sides of it, for 1 < ¢ < as, we get

(gp1 +p)o(t — 1) — gp1d(0) = PZQ‘) Lit—k—1)

t—2 +oo

_pz Z (u, b —u)T(k+1). (3.27)

u=0 k=u+1

From (3.26) x pa + (3.27) X qo, for 1 < t < a9, and plus (g1 + p1g2 + pp1p2)¢(u) in both
sides of it,we obtain

u—2
$(u) = (a1 +pig2+ppip2)d(w) +p) _ $(k)G(u—Fk)

k=0
+(9q1g2 +PP1P2P( ) +p(€;‘1pz +P1QQ) +Pfi‘1qg)¢)(ﬂ —1)
+gp16(0) - qﬂfb{u -1)- (H D1<t<a (3.28)
Combining the (3.28) and (3.6), we can obtain

olu) = (g1 +pig2+ ppipa)dlu)
(qqlc}o+pp1sz(1) plgipa + p1ga) + pige)o(u — 1)

+PE o(k)Glu -
k=0
apipad(1) — (gq1qe + ppimP(1)) 6(0)
— (plgip2 + p1go) + parga) 6(0), u=1 (320)
Ei'Plff‘(U) ii‘sz‘(u —1) — Z3(u,w), 0 <u<a, '
py e f (ki — k) H (i +2), ay < U.

We denoted(u) = ¢(u) R,

Q1 + P1§2 + PP1Pa; u =0,
a = { Blgaq+ppipP(1) +plgipa + pige) + paage), v =1,
pR'G(u), u >,
apipe, ~ u=0,
(p1p26(1) — (qqia2 + ppipaP (1) + plgrpa + prep)) 6(0)) R
by = { +pago(0)R, u=1,
(qme(0) — o(u — 1) — Za(u,w)) RY, l<u<ay,
pEa(u,w), a9 < u.
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Similarly to Theorem 3.1, we also can prove > ar = 1, and 3 |bx| < +00. According to the
lemma 2.2, we can obtain

Jim o) = =2 (3.30)
(3.30) is equivalent to (3.25). The proof is completed
4. THE APPLICATION OF THE PENALTY FUNCTION

We will give some examples of ruin quantities (such as the ultimate ruin probability) to illustrate
the application of the recursive formulas and asymptotic estimates for the penalty function ¢(u).

Example 1. Let w(z,y) =1, ¢(u) = Pr(T < +oc|U(0) = u) = ¢’(u), which is the ultimate
ruin probability. By Theorem 3.1, when a; > 0, the asymptotic estimate for 1/(u) is

f j Kﬁﬂ&ﬂ—u 41
P(u) ~ K, 5 (4.1)
where
[ 5] o0
Kf, = Ki—(R—1D)Ky—(R—1) Y R'S(u,1)+p(R—1) Y  Ey(u1)
u—aj+1 u=—as+1
u=>0
El[u,l} = pplp{u]+p P{k-i'l].
k=0
u—2 az—2
Zo(u, 1) = ppaT(u) +pp1 P(w) +p > T(k+1)+p Y P(k+1),
k=0 k=0

K; = (R—1)(gpipa(0) + (gpipavo(1) — (gqugs + ppipa) P(1))0(0) R)
+(plqip2 + pra2) + parge) $(0)R(R — 1) + (R — 1) R? (qpipav(2)))
+(R — 1) (((qq192 + pp1p2) P(1) + plqupapras) + parge) ¢(1)) R?
—(R— 1)R°pyp(0) — q(0)(R™™" — R*) — qo(ay — 1)(R™M — R,

g aa iy
Ky = qipp) R'Wu—1)+g) Ryu—1)+qqp) Réu-—2)
u=2 u=2 u=2

— —

g aj
—I—pgz Zi(u 1)R* + q9 ZEI{H —1,1)R®
u==2 u==2

+ox
Ei(u,1) = R* ) G(k).

k=u+1

iy aj
+PEZ Zi(u, 1)R" + QEE Ei(u—1,1)RY,
u=2 u==2

+oo
Ei(u,1) = R* D G(k).

k=u+1
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Tablel. Adjustment coe fficients

Q (0.015,0) (0.015,0.025) (0.015,0.055) (0.035,0.055)
R 1.04417 1.041497 1.03812 1.035755
5. NUMERICAL SCHEME
In [4], the initial term ¢(0), #(1), - - -, #(az2) can be obtained by solving the set of linear equations,

and ¢(az + 1), ¢(az + 2), are deduced by the recursive formulas in Lemma 2.1. We will compare
the asymptotic values for the ruin probability, and analysis on the impact of the randomly paying
dividends on the ruin probability.

The numerical analysis will be carried out under assumption of parameter as follow- ing:
the distribution of claim amount X; is a zero-truncated geometric distribution with
parameter a = 7/8, then f(k) = (1 — 7/8)(1/8)' ',i = 1,2,---; p = 0.85, the threshold
(a1, a2) = (3, 5). And four cases with the probability of paying dividend Q = (q1, g2) =
(0.015, 0), (0.015, 0.025), (0.015, 0.055), (0.035, 0.055) will be performed. Under the four cas-
es, the relative security loading 8 > 0, thus the set of linear equations has unique solution in
Lemma 2.1, and the adjustment coefficient R exist. The adjustment coefficient R are

05 0.5
EV , EV
04l H"., ''''' AN oaty == AV
_oaf') R
= W = R
= , =
oz2r 0.2
01} 0.1
0 T — N o . — .
0 100 150 200 0 50 100 150 200
Ll u
(a) Q=(0.015,0) (b) @=(0.015,0.025)
0.8 0.8
EV =
----- AN e AN
0Gr 06}
=
EX P!
02t
-
_-—__'_|__ N D = '-__=—._.
100 150 200 0 50 100 150 200
u u

{c) ©=(0.015,0.055) {d) @=(0.035,0.055)

Figurel. Exact values vs asymptotic values for the ruin probability

computed and shown in Table 1. The exact values that calculated by recursive formulas in
lemma 2.1(see[4]) and the asymptotic values that are estimated by (3.1) are shown in 1 for the
ruin probability and the distribution of the deficit at ruin. In all of figures, the E.V means the
exact value, and the A.V means the asymptotic value.

Figure 1 shows that compare exact values with asymptotic values for the ruin probability under the
four cases with different probability of paying dividends. From the Figure 1, we can find the
asymptotic values are constantly close to the exact values with the surplus u increasing, and are
equal to the exact values when the u is large enough.

6. CONCLUSION

The asymptotic estimate for the Gerber-Shiu discounted penalty function of the com- pound
binomial risk model with randomly paying dividends to shareholders and policyhold- ers in[4]

International Journal of Scientific and Innovative Mathematical Research (IJSIMR) Page | 32



The Asymptotic Estimates of Discounted Penalty Functions in a Risk Model with Random Paying
Dividends to Shareholders and Policyholders

can be calculated in two case that the threshold of paying dividends to shareholders a; = 0 and a1
> (0. And the asymptotic estimates of the ruin probability and the distribution function of deficit
at ruin have been derived by the asymptotic estimate for the discounted penalty function in the
case a1 =0and a; > 0.
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