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Abstract: Let R be the real field. We consider the two dimension systems: X(t) - Ax(t) + Bx(t _T)

det(/u —A—Be’”)

2x2
where ABeR e O. The characteristic polynomial of above system is

¢ . RZXZ N R2x2
determine the form of linear map * ° preserving the characteristic polynomial.
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1. INTRODUCTION

Let R be the real field. We consider the two dimension systems:

X(t)=Ax(t)+Bx(t—7) (1)
where A, B € R*?, 7 > 0. The characteristic polynomial of (1) is

det( Al - A—Be "

In this paper, we determine the form of linear map ¢:R
equation of (1).

Theorem 1. ([1,2,3]) Suppose ¢: R™™ — R™ is a linear map. Then
det (A1 — A) =det( Al —g(A))forall Ae R™
if and only if ¢ is of the form

X = PXP or X =5 PXTP vX e R™"
where P is a nonsingular matrix.

Theorem 2. Suppose ¢: R™ — R™" is a linear map. Then
det( Al —Be™*"|=det( Al —$(B)e " | forall Be R™
if and only if ¢ is of the form

X = PXP or X 5 PXTP vX e R™"
where P is a nonsingular matrix.

2x2 2x2

— R™ preserving the characteristic

Proof. Let E, (X)) is the sum of all principal rxr sub determinants of X . It is easy to see
det( A1 -Be ™" | =%, (-1)'E, (B) A" e ™",

By det(Al —Be ™" |=det( Al —$(B)e " |, we obtain E, (B)=E, (¢4(B)). Hence
det(A1-B)=3 (-1)'E,(B)A"" =%,(-1)'E, (#(B)) A" =det(Al1 —4(B)),

That is ¢ preserving ordinary characteristic polynomial.
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Theorem 3. Suppose ¢: R™ — R™" is a linear map and B € R™" is nonzero matrix. Then
det( Al — A—Be " |=det( Al —g(A)—g(B)e " |forall Ac R™"

if and only if ¢ is of the form

X = PXPor X —»PXTPvX eR™

where P is a nonsingular matrix.

Proof. Setting A =0, we obtain

det( 21 —Be " | =det( Al —¢(B)e " ).

Hence, B and ¢(B) have the same characteristic polynomial, so are the eigenvalues. Without loss of

generality, we may assume that B and ¢(B) are already in their canonical form.

We next assume N =2.
Case 1. B has mutually different eigenvalues. In this case, B and ¢(B) has the common canonical

form, say B=¢(B)="h ®b,. We assume ;g )_ {Xu X.LZ} in each determine. By
X1 X

—At _ —Ar __ _
det A— ble -1 0 — det A ble X1 X5
0 A—be ™" —X,y A—-be47—x,,

that is

(A—be* —1)(A—b,e ™ |= A" —1—(b +b,) le* +h,e " +bb,e "
=12—[ X3 + Xy j/”t—[bl +b, jie*/lf+[ Xpoby + %0, JeAe
+0b,87247 X X, =X, Xy

Hence,

(%1 + X —1) A+ (3Xp5hy + X330, =B, )€ (X, X5, — X35 %,, ) =0

We have X, =1, X,, =0 and X,,X,; =0. Similarly, we can obtain #(E.,) :[ 0 ylz},
Ya 1
(¢] 212:| ) with 212221 =0 ) #(Enn) |: o W12:| ) with W12W21 =0.We

with Y1,¥, =0. 5
Z,, (6] o

(20)=|
assume z,, # 0, then z,, =0. Itis easy tosee W, =0, and w,, 0, and z,W,, =1. Thus, we can
obtain X, =0, X,; =0, y, =0, y,, =0, hence, 4(g,)=E, . and 4(g,,) = E,, - Let

W,

P=1®z;, then 4(x)=pxp*.
Case2. B=ul,. Then 4(B)=ul,, OF $(B)=ul, +E,-

Subcase I. g —p(B)=ul,- Similar as Case 1, we can see det (E,,) =0, and trg(E,) =1, without
loss of generality, we can assume #(En)=E,- By B :¢(|3) = ul,, We can obtain H(Ep) = E,,-
Using the similar method as Case 1, we see the result holds.

Subcase Il. B = 41, and 4(B) = ul, + E,,- We Will prove this case cannot appear.
Noting that

_ —Ar __ ] _ —Az __ —Ar __
det A — e a b/1 — det A — e X e \
—C A—pue " —d —z A — ue —u

Hence 42 _(a+d)a+(a+d—2)ue™ + 172 +ad —bcand

A2 —(X+Uu)A+(X+u—2) e ™ +ze " + pfe? + xu—yz - Thus a+d =x+u,
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(a+d—-2)pu=(x+u—2)p+z, ad —bc = xu—yz.

This implies z=0, i.e. H(M,) =T, (the up triangle matrix set), and get x —det (X ) which is a
contradiction.

Case lll. g — ,,1, + g, Similar to the above, and then we complete the proof.
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