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1. INTRODUCTION

In recent years, the theory of fractional differential equations has played a very important role in a
new branch of applied mathematics, which has been utilized for mathematical models in engineering,
physics, chemistry, signal analysis, etc. There has been a tremendous development in the study of
differential equations involving fractional derivatives (see [4, 12, 16], and the references therein).
Recently, a study of Hilfer type of equation has received a significant amount of attention, we refer to
[5, 6, 11, 12, 13, 20].

The Ulam stability of functional equation, which was invented by Ulam on a talk given to a
conference at Wisconsin University in 1940, is one of the essential subjects in the mathematical
analysis area. The finding of Ulam stability plays a pivotal role in regard to this subject. For extensive
study on the advance of Ulam type stability, readers refer to [1, 9, 8] and the references therein. The
credit of solving this problem partially goes to Hyers. To study Hyers-Ulam stability of fractional
differential equations, different researchers presented their works with different methods, see [7, 18,
19].

The aim of this paper is to study pantograph equation with nonlocal conditions involving Hilfer
fractional derivative of the form

{ngrﬁ;r(t) = Ft.z(®), z(At), DSPa(At)), 0<A<1, tel0,T), 0

Ié:“";r(D) =>" czx(rn), a=y=a+F—]ad<1l, 7 €[0,T],

o, 3
where DD+ is the Hilfer fractional derivative, 0 <a<1,0<p<1,0<A<1land let
X be a Banach space, f:J x X x X x X — X is given continuous function.

1—y, _§5"m o
In passing, we remark that the application of nonlocal condition Tor'2(0) = 2y ci(mi)

1—, -
physical problems yields better effect than the initial condition Io+7w(0) = @o.

in
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The pantograph equations have been studied extensively (see, [2, 14, 15] and references there in)
since they can be used to describe many phenomena arising in number theory, dynamical systems,
probability, quantum mechanics, and electro dynamics. Recently, fractional pantograph differential
equations have been studied by many researchers. One of interesting subjects in this area, is the
investigation of the existence of solutions by fixed point theorems, we refer to [2].

The pantograph type is one of the special types of delay differential equations, and growing attention
is given to its analysis and numerical solution. Pantograph type always has the delay term fall after the
initial value but before the desire approximation being calculated. When the delay term of pantograph
type involved with the derivative(s), the equation is named as neutral delay differential equation of
pantograph type. Recently, Vivek et. al.[17] investigated the existence and Ulam-Hyers stability
results for pantograph differential equations with Hilfer fractional derivative. The novelty of this
paper is that existence and stability results devoted to neutral pantograph equations with Hilfer
fractional derivative.

The outline of the paper is as follows. In Section 2, we give some basic definitions an results
concerning the Hilfer fractional derivative. In Section 3, we present our main result by using
Schaefer’s fixed point theorem. In section 4, we discuss stability analysis.

2. PRELIMINARIES

In what follows we introduce definitions, notations, and preliminary facts which are used in the
sequel.

For more details, we refer to [5, 6, 12, 13, 20].

Definition 2.1. The left-sided Riemann-Liouville fractional integral of order o« & R+ of function f(t)
is defined by

1

(Igs FHx) = TC(a)

&
fo (t — =)Y*1 f(s)ds. (& = O),

where N ( + ) is the Gamma function.

Definition 2.2. The left-sided Riemann-Liouville fractional derivative of order « € [n—1,n), n €
Z+ of function f(t) is defined by

_ e a r
(DS, FI(E) — F{% (E) fo (t — =)™ fls)ds, (£ = O),

— )

Definition 2.3. The left-sided Hilfer fractional derivative of order 0 < o<1 and 0 < <1 of function
f(t) is defined by

o, f 01 —ex (1 — = 1 —ex
DL ) = (1507 D (15707 1)) (o,
whhere I -— %

The Hilfer fractional derivative is considered as an interpolator between the Riemann- Liouville and
Caputo derivative, then the following remarks can be presented to show the relation with Caputo and
Riemann-Liouville operators.

Remark 2.4. 1. The operator alz>7r ;" 2 written as

DS =10 pr 0T — ST Y = a4+ 8 — af.

2. Let B =0, the left-sided Riemann-Liouville fractional derivative can be presented as
x L a0
Dg, = D3:P.

3.Let B =1, the left-sided Caputo fractional derivative can be presented as

g, =I57D.
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Secondly, we need the following basic work spaces. Let C[J,X] be the Banach space of all continuous

functions from [J,X] into X with the

norm ||z||. = max {|xz(t)| : t € [0,T]}. For 0 < v < 1, we denote the space C,[J, X] as

CL[J, X] :== {f(t) : [0.T] — X|[t"f(t) € C[J, X]},

where C, [J, X] is the weighted space of the continuous functions f on the finite interval [0, T ].

Obviously, Cy [J, X] is the Banach space with the norm

NAlle, = 17 F @)l -

Meanwhile, C7'[J, X] := {f e C"1[.J, X] : FASRE=N NP A X1} is the Banach space with the

norimn

W lles = S |lr*| + [|lre]| - = e v
i=0 ¥

Moreover, C, [J, X] :=C, [J, X].
Lemma 2.5. If o > 0 and B > 0, there exist

[750=7—1] > = w5557
And
[Dg+-5a_l] (t} — O, O = v — 1.

Lemma 2.6. If a>0, >0, and f € L'Y(R"), for t € [0, T ] there exist the following properties

(1" 1" H)(®) =1 ) (©)
and
(Do* 10" F) (1) = F (1).
In particular, if f € C, [J, X] or f € C[J, X], then these equalities hold at t € [0, T ].

Lemma2.7. Let0<a<1,0<y<1 IffeC,[J, X]and I, e C,'[J, X], then

§+D3—f(t}:f(t)—w s vt e [0,T].

Lemma 2.8. For0<y<1landfeC,[J, X], then
I8 f(0) := 1il_g'1 I f(t) =0, 0=~ < .
f— 0+

In order to solve our problem, the following spaces are given

s — {f e Oy [T, X], D5 e Oy [, }f]}
and
7, = A e v L[S X D5 Ff e o~ [F. X ]}

It is obvious that

<y T X TS [ X
Lemma2.9. Leta>0,B>0,andy=oa+p—af. IffeC,", [J, X], then
lo's Do's f = 1o% Do®P, f, Doy 10 f = Do, 79F (1).
Lemma 2.10. Let f € LY(R,) and Do*.""“f € L}(R.) existed, then
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DOQ’B+ lo"s f= I05+(170[)D0ﬁ+(170[)1:-

Lemma 2.11. [5] Let f : J x X — X be a function such that f € C,_, [J, X] for any xe C,, [J, X]. A

function x € C,"_, [J, X] is a solution of fractional initial value problem:

D5 a(t) = f(t.x(£)). 0 = e = 1, O = 3 = 1.
ISIWQT(D} — o, > = e - T — w7,

if and only if x satisfies the following Volterra integral equation:

oY —1 * )
() — ‘121;?) 4 r(la) /D (t — =) F(s, x(s))ds.

Lemma2.12. Let0<a<1,0<B<landy=a+p—ap. IffeC, [J, X]and I " “fin C,", [J,
X], then 1%, Do*P, f exists in J and

lo% D™, f (t) = F (1).
Proof. By Lemma 2.9, we have
1%, D™, t () = 16, Do, F (1),
and applying Lemma 2.8 and Lemma 2.7

_ I F (O
I8 DEFF ) = Sy — o L

Finally, we get

1% Do™P. £ (1) = £ (1.

Lemma 2.13. [3] Let v : [0, T ] — [0, «) be a real function and w(:) is a nonnegative, locally
integrable function on [0, T ] and there are constants a > 0 and 0 < o < 1 such that
() = wer(£) 4 -[]'f e =L "1‘))" ol =
Then there exists a constant K = K(a) such that
() = w(t) + N a for %(Es,

foreveryte [0, T].

According to Lemma 2.11, a new and important equivalent mixed type integral equation for our
system (1) can be established. We adopt some ideas in [20] to establish an equivalent mixed type
integral equation:

Fpy—1 T T i
x(t) = %[‘t(o_») Z Ci fo (1: — 8)* ' K. (s)ds + ﬁ fo (t — )2 ' K. (s)ds (2)
i=1
Where
o 1 ) _ Eers ) ) ’?71
7T - e PO # 2o o
K, (t) == D x(t) = f(t,z(t), z(At), DG (). (1)

Lemma 2.14. Let f : J x X x X x X — X be a function such that f € C,_, [J, X] for any x € C,[J, X].

A function x € C,", [J, X] is a solution of the system (1) if and only if x satisfies the mixed type
integral (2).
Proof. According to Lemma 2.11, a solution of system (1) can be expressed by
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15+ = (0) 1 ‘ Sy 1 R (s)eds
e N R oy [ (8 — D K (s)ds (5)

Next, we substitute t = 1; into the above equation,

I3 7o)
()

w(t) = T4

1

GO+ s foﬂ (75 — =)™ LKL (s)ds, (6)

(7)) =
by multiplying c; to both sides of (6), we can write

1) 772(0)
T'(v)
Thus we have

1
I'(a)

c;x(T;) = ()7 +

cz-_/ (i — 8)* VK, (s)ds.
0]

TAT 7w (0) = > i)
=1

IS a0y I v—a 1 WAL " 1 X
= Ty '.E ey (73 ) —+ Ty ,-271 Lo ¥ ./(; (7 — =) I (s)ds

which implies

. I (~ - ™ 1 g -
Il 72 (0) = Fg;i = ;:E e /o (s — Y"1 FC, (s)ds. 7
Submitting (7) to (5), we derive that (2). It is probative that X is also a solution of the integral equation
(2), when x is a solution of (1).

The necessity has been already proved. Next, we are ready to prove its sufficiency. Applying lo", " to
both sides of (2), we have

= T T
FTY V() — Fr T ey — 11— <4 _/ (7% — =) W  (s)ds
A T () A oy > 4
o FATIS B ().

using the Lemmas 2.5 and 2.6,

Iolf'“";:c(t) = l{;glg = E’"" [= -/D‘Ti (7 — =) 1R _ (s)ds
2=—1

4+ IATPO T L ().

Since 1 —y<1—B(1 — a), Lemma 2.8 can be used when taking the limits as t — 0,

Il T e (0) — EE;S Z>S e [T T R (s (=)
=1

Substituting t = 7; into (2), we have

(1) = %(’I}')'T_l A e P s)* VK . (s)ds
—|—ﬁ Joi(ri — s)* ' K.(s)ds.

Then, we derive

e e

ST i) = iy So e [ G e K () S ey
(& 3 i—1 s

i—1 o E—

1 = E a—1 g
1 ) ’E_] <y }/(; 7z =) N (=)ds

— 1 - - o - Lyeor— 1 - " e - e —1
= (o) '§:1 fa> /L (7 — =) Ko (s)ds (I —+ = ;:] (7)Y )

3

re

U(y) < 7 et g
l‘((")ﬂ (.221 oy -/0 (7 — =) N (=)dds,

that is
Eﬂl‘ c;a (7)) = EE;;Z Em c; ‘/OT‘{T?. — s)* K. (s)ds. (9)
r—) i—1

It follows (8) and (9) that

Iér“’z—(o) — E‘In (72 ) -

E==1
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Now by applying DO, to both sides of (2), it follows from Lemma 2.5 and 2.9 that

DY a(t) = DT R (). (10)
Since x € C,", [J, X] and by the definition of C,'_, [J, X], we have D¢, x € C,-, [J, X], then, Do",""f
= DI PF e C., [3, X]. For f e C, [J, X], it is obivious that Io" P""f e C,_, [J, X], then
loh PF e C,1, [J, X]. Thus fand lo% *"f satisfy the conditions of Lemma 2.7.

Next, by applying 1o*."" " to both sides of (10) and using Lemma 2.7, we can obtain

— (1L —ax) —
s - i I (0)
IO () — K () — T(E(1 — o))

where 15°,""K,(0) = 0 is implied by Lemma 2.8.

Hence, it reduces to Do™", x(t) = Ky(t) = f (t, x(t), x(At), D", x(At)). The results are proved
completely.

3. EXISTENCE RESULTS

First we list the following hypothesis:

(H1) The function f: J x X x X x X — X is continuous.

(H2) There exist I, p, g, r € C-, [J, X] with I = supe; I(t) < 1 such that
[£(t, u, v, W) <1(t) + p(t) Jul + q(t) [v] + r(t) [w]

(tj_ﬁﬁl—cx)— 1)

forteld, u,v,weX.

Theorem 3.1. Assume the hypothesis (H1) and (H2) are satisfied. Then, the system (1) has at least
one solution in C,", [J, X] € C,*_, [J, X].

Proof. The proof will be given in several steps.

Consider the operator N : C,, [J, X] — C-, [J, X].

Z T T 1 t
(Nx)(t) = (o) tr—1 ; o /o (15 — 5)* 1 K. (s)ds + T(a) -/O_ (t — ) YR, (s)ds (11)

It is obvious that the operator N is well defined.
Claim 1: N is continuous.

Let x, be a sequence such that x, — x in C,-, [J, X]. Then for each t € J,

(V) () — (Nz)(@))e1—| < % zi; e /Oﬂ(ﬂ — 8) T K, (8) — K(s)| ds
< B8O 2 T e, () K Ol
%c:)a) 1K () — Kol
=BG (12135 ¢yt +T“) 1 Hen () = Fe Olley
i=1

()

where we use the formula

(flce — o =1 — arr—ras) Nl

— (AT B (. o) ||l ey

S — T )| s

A

since f is continuous, then we have
|INzp — Nzl  — 0 as mn — oo.

Claim 2: N maps bounded sets into bounded sets in C,-, [J, X]. Indeed, it is enough to show that for q
> 0, there exists a positive constant | such that
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xr e Bg{ax = Ch_ [0, X] - ||l=]] == g}. we have ||A-"'\f"'nl:.:.r:)||C;,J_7_)r = I.
l(vad et = = JLZ1 Z e ARSI b P S
i— Ay +— Ao
and
| (2)| = [ f (2, x(t), &(At), Ka(E))]
= 1(t) +p(@) |[=(@)| + q(@) |[z(AL)| + v (2) [ K (£)]
= I* + p* |x(t)]| + qg* |=(At)]| + v | K.(1)]
~Ir+p |z ()] + g~ |=(AL)] (12)
1 — *
Where
_ = - L= (7)™ - wy ()t . )
AL = G ey 2o (m + @ ey B “I”c--m.) .
1 I+ Tr:x—'vﬂ—l e
A — s (e oA Py BOhad ll=lle,, ) -
From (12), we have
AT e 1 —y — £ — s ox v -y — 1
| (V) (eye =G — T+ 'Z'Z ()T - T )
)* t !‘1 ) T“ i (7 oy —1 e Y . CX ax -
+“7,*)I( )(|7| (72) +T)B<., ) N lles
= I
Claim 3: N maps bounded sets into equicontinuous set of C,-, [J, X].
Lett;, t, €J,t, <t; and X € B, Using the fact f is bounded on the compact set
J = B, (these sup ;. .yer=m, [ (E)]|] := Co << o0) . we will get
Co | Z| B(~v., «x o ()t —1 —~— ~y—
(V@) (e2) — (V) (r2)] = CIZIBG 0 2oy c(r) |ev— — x|
ColB(v.®) |, ary—1 oty —1
RS %) v —t
_ Co|Z| By, a) 307, (7)1 [t — 2 [P
— I () 1o
CDB(A-"'Q) oy —1 oty —1
IR =% |5 — et

As t; — ty, the right hand side of the above inequality tends to zero. As a consequence of claim 1 to 3,
together with Arzela-Ascoli theorem, we can conclude that N : C,-, [J, X] — C,-, [J, X] is continuous
and completely continuous. Claim 4: A priori bounds.

Now it remains to show that the set
w={x e Ch1_[J X]|:x = &N (x), O <& < 1}
is bounded set.

Let X € o, x = 06N (x) for some 0 <& < 1. Thus for each t € J. We have

_,fl 1221 e < T e e

() — &5 I“(("r)t _,E - Pl _/{, C7= =) (=)
7j‘ ‘!(; > hini L ' .)(‘r..:l
T(ex) S - e - -

This implies by (H2)that for each t € J, we have

=~ = [V =dCede>—7]]
- Z™ - — s o R B 1
= TE — 7O (o~ = 1=1 2]_ 4z )
5 (,,l,(,,/» f)"’ 2 (I/I 2 Yoty —1 —,—‘.> 2 (~, o) e,
1

7v.

This shows that the set ® is bounded. As a consequence of Schaefer’s fixed point theorem, we deduce
that N has a fixed point which is a solution of problem (1).
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4. STABILITY ANALYSIS

Next, we shall give the definitions and the criteria of Ulam-Hyers stability and Ulam-Hyers-Rassias
stability for nonlinear neutral pantograph equations under Hilfer fractional derivative. We use some
ideas from [10].

Definition 4.1. The equation (1) is Ulam-Hyers stable if there exists a real number C; > 0 such that for
each € > 0 and for each solution z € C,"_, [J, X] of the inequality

DEP=(t) — f(t,z(t),z()\t),ngr*jz()\t})‘ < e, te .

there exists a solution x € C,", [J, X] of equation (1) with

|l=(£) — = (£)| = pre. r = .
Definition 4.2. The equation (1) is generalized Ulam-Hyers stable if there exists ys € C,-, [J, X], w(0)
= 0 such that for each solution z € C,", [J, X] of the inequality

1‘(_)”,,.--::({_) . = (Y. = NEY . _.!_)('}‘]-‘*,«,(,\r.))| - e, £ = .7,

there exists a solution x € C,", [J, X] of equation (1) with
|=(t) — ()| = 2P re. = g

Definition 4.3. The equation (1) is Ulam-Hyers-Rassias stable with respect to ¢ € C,-, [J, X] if there

exists a real number C¢ > 0 such that for each ¢ > 0 and for each solution ze C,", [J, X] of the
inequality
D3P 2(t) — f(t.=2(t). 2(At), DT 2(At))| = e (). t = 7.

there exists a solution x < C]__[J. X ]| of eguation (1) with

|=z(t) — ()| = T o (E). = g
Remark 4.5. A function z € C,", [J, X] is a solution of the inequality
DT =(t) — F(t.=(t). =(NE), Dg‘;ﬁz()\t}” = e, t = T,

if and only if there exist a function g € C,"-, [J, X] such that

() | (&) |== .t = .7,
(EE ) Dg_;;gz'(t} = F(#. =2(F). =(AL), Dg_"_"'::j‘z'{)\f)} 4 og(t),t = .7,

Lemma 4.6. If a function z € C,", [J, X] is a solution of the inequality

D52 () — f(t,2(t), =2(AL). Dg;*jz'()\t)]| = e. t e .,
then with A, = Pl{Zal)t”-*l ST e Joi (T — s)* VK (s)ds.
1 t 1 el
zZ\L) — T — = v — 8)* (o (s)d: < 0. -
(t)—A (@) /0 (t — s) K. (s)ds [la 1) (13)

Proof. The proof directly follows from Remark 4.5 and Lemma 2.14
Remark 4.7. 1. Definition 4.1=> Definition 4.2.

2. Definition 4.3= Definition 4.4.

We ready to prove our stability results for problem (1). The arguments are based on the Banach
contraction principle. First we list the following hypothesis:
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(H3) Let f:J =< X < X < X — X be a function such that f < C‘lﬁilﬁl,_a) [/, X] for any = in
C;Lw [7, X] and there exist positive constants K > 0 and L = 0 such that

lf(t v, v, w) — ft. w7, @) < K (Ju—2|+|v—7]) +L|w— |
for any w,v,w,w, v, w < X and t € J.

(H4) There exists an increasing function ¢ € €1 _[.J, X] and there exists A, > 0 such that
for any t € J
IS p(t) = Apep ().

Theorem 4.8. Assume that hypothesis (H1) and (H3) are fulfilled. If

oy el (121 S ey Tﬂ) =1, (14>

i=—1

then the system (1) has a unique solution.

Proof. Let the operator N : Ch_[J, X]| — C1_ [J, X].

1= | y—1 _ gye—1 = - — s)=—1 El s
Teast E jczf (s Yyl K, (s)ds + r‘(a) f I Yol K, (s)d

=1

(INa)(£) =

By Lemma 2.14, it is clear that the fixed points of N are solutions of system (1).

Let x;, X, € Ci, [J, X] and t € J, then we have

oy . ) )
[((IVa1)(2) — (Nan) (1)) el | = r'(“'_) > e S e L (=) a2 s

+ ;](f‘m) / (6 — =)™ |, () — Fpn ()|l (15)
And

K, () — Kao(0)] = | (t,21(6), 21 (AD), K, (1)) — f(t, 22, 22(A0), Kz, (0))]

= K (|'I’1(f) - IQ(t)l + |I1(At) — ‘T2()\t)|) + L |I{Il (t) - I{:rz (t)|

<< . Ay e — @a(0)]. (16)

By replacing (16) in the inequality (15), we get

IA

(V@) = (Vaz) () 17| = fZL ST e (BE S BOLa) @) ey — i, )
i=1

1= —y— 2K
e poty—1 ( L) B(~v, ) |1 — :E2||017ry

I 7
< ( 2 &L) o )B(, o) (|Z|Z‘Z:;ci(q—i)a+wfl +TO=) Il —:r2||017w

+

From (14), it follows that N has a unique fixed point which is solution of system (1).
Theorem 4.9. If the hypothesis (H3) and (14) are satisfied, then the system (1) is Ulam-Hyers stable

Proof. Let € > 0 and let z € C] [J X] be a function which satisfies the inequality:

D8P 2(t) — f(t,2(t),2(\t), DS 2(\t))| < € forany te J (17)

and let x € Cly_y [J, X] be the unique solution of the following nonlinear neutral pantograph system
D3P x(t) = f(t.x(t), o(At), DGPx(At)), te .J:=[0,T],

re
I)772(0) = > ciw(r), T e[0,T], vy =+ 58 — af
i=1

where 0 <a<1,0<f<1l,and 0 <A<I.
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Using Lemma 2.14, we obtain

. _ 1 ot oy — 1 g . .
@) = Aw + oy _/:, (t — =) K (s)ds,

where

[B=1 L ™ e 1 e
AL, = ¥ s Ty — = N (=s)ds.
.= Feay? > e o ) (=)
On the other hand, if o(7;) — =2(73). and 2(0) — =2(0)., then A, — .A_. Indeed,
- 1=~ T L yer—1 ey e (- -
- — a-) = g2, Z,.;,‘RL (e — =) £ m (=) K= (=)) ] o
= e e [T e — ot (5255 e — =1
=V =1 1 <= o
= e R— F(Q,)t' 11‘§:1 e IS | (7%) — =(7=)]|
= (.
Thus,
AX = Az.
Then, we have
() A 4 1L /t(t )1/, (s)ds
- - — = T S ar -
I (ex) (8]

By integration of the inequality (17) and applying Lemma 4.6, we obtain

(t A ! /f ; Yol i (s)ds| = — <L 18
=) — Ae — oy J, 3 C=()ds| = w1y (18)
We have foranyt € J
=&Y — =& = ‘:‘:(!) — A, — ﬁ _/(;((: — .s‘-)"'—'ffzf.s.-)rr.q|
1 - e — - - . -
e _/) e =) 1 A =) P (=) | o
) e 2 a1 - PR . X . ~ .
—— (] 1/) = C) ‘){, (¥ — =D Ll2(s) — ao(s)| s
By using (18), we have
T 2 K 1 + )
2 () — x=(2)] = r(.i+ 5+ (3 fo) ) /O (t — s)™ 1 |2(s) — x=(=)]| ds

and to apply Lemma 2.13, we obtain

e p b B S . e
I=C2> — =) = = 531> [1 1 T T (e 1 & ] <
1= e,

Where v = v(a) is a constant, which completes the proof of the theorem. Moreover, if we set y(Q) =
Cte; w(0) = 0, then the system (1) is generalized Ulam-Hyers stable.

Theorem 4.10. Assume that (H3),(H4) and (14) are fulfilled, then the system (1) is Ulam-Hyers-
Rassias stable.

Proof. Let e >0and let z € C,", [J, X] be a function which satisfies the inequality:
DS =2(t) — f(t,2(8), 2(At), DS 2(At))| < ep(t) for any t € J (19)

and let x € C,"_, [J, X] be the unique solution of the following nonlinear neutral pantograph system

D3 x(t) = F(t, (L), 2(NE), DT (L)), t = J :— [0,T7],
IS;TZ{O) = Zci;r(’rz—_),_. T o= [0.T7], v —m e +- F — 3
E=—1

where 0 <o <1,0<B<l,and 0 <A<l
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Using Lemma 2.14, we obtain

-
a(E) — A —+ ﬁ\/{j (¢ — S)C"*lfx’x(s)ds,
Where
| = | w1 - =y — b T = Dk =
A — Fras* ~— - S =) PO (=)eds

=1

By integration of (19) and applying Lemma 4.6, we obtain

= — - ‘ — ) VK. (s)ds _c ’ — s)* lyp(s)ds
20— Ar — pby [l — o as| = 1S [ @ — o e

< €A (t).
On the other hand, we have
= () — a=(ed| = |r:(f) — A — o5 _/{;’U — =)l A (s)dds
+ (3250 vcas S e s =) a (e e

By using (18), we have

|=(2) — @ ()] = €A () + (125(1,) I‘(la) fo (£ — =)™ 1 |2(s) — w(s)]| ds

and to apply Lemma 2.13, we obtain

2N Mo

=e> — =yl = | (x o+ 2 2e

V] g (T,
where v1 = v1(a) is constant, then for any t € J:

|2(2) — x(2)| = Crep(t),
which completes the proof of the theorem.
5. EXAMPLE

Example 5.1. Consider the following Hilfer type nonlinear neutral pantograph problem

1 1
D B ar(t) = 2 Y 30 (a(t]+.1 ( ) 4+ D5 x(—)) 2],
(20)
I a(1) —2::(—) v= o + 5 — 3.
Notice that this problem is a particular case of (1), where 0 << A < 1, @ = % 8 = % and
choose v = g.
Set
[t w, v, w) = 1 -+ Lu -+ i-U —+ iur for any w, v, w € X
T4 20 20 20 7 - T .

Clearly, the function f satisfies the conditions of Theorem 3.1.

For any w,v,w,w,v,w < X and ¢t & [1,2].

| f (o, v, w) — f(,7,7,@)| < 5o (v — 7] + v — o)) + o= lw — @] .
Hence the condition (H3) is satisfied with /< = L = J5.
Thus condition from (14)
= I~ FZ (. ex) = o —_— . o < — -
(1 — £ L (ex) = ?Z:; oGty e ) T OemEee =

where |Z| = 0.8959.

It follows from Theorem 4.8 that the problem (20) has a unique solution. Moreover, Theorem 4.10
implies that the problem (20) is Ulam-Hyers stable.

6. CONCLUSION

In this paper, we discussed existence, uniqueness and stability of Hilfer type neutral pantograph
diff erential equations with nonlocal conditions. The main results is verified by a simulation example.
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