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1. INTRODUCTION

Circulant matrix have many special properties and have been one of the most important research areas
in the field of the computation and pure mathematics. In particular, they have important position and
application in solving coding theory, different types of partial and ordinary differential equations,
numerical analysis and so on.

An n x n r—circulant matrix has the form:

Co €3 €1 - Cp-2 Cu—1
MCn—1 i ] - Cp_y Cp_2

O = Fep—2 MCn—1 € " Cp—4 Cn—3

Ty Fa oy -~ TCp—1 O R

Obviously, (,..the T"-circulant matrix is determined by parameter 7°and its first row elements. When
the parameter satisfiesT” = 1, we can get circulant matrix.

In rencent years, it's a brisk research topic that circulant matrices have been studied in many aspects.
Particularly, manyscholars have learned comprehensively the norms of circulant matrices basing on
the special properties. For example, Solak has computed the lower and upper bounds of spectral
norms of circulant matrices involving the Fibonacci number and Lucas numbers in reference [1].
Later, Shen and Cen have has generalized the results of the reference [1] and obtained the bounds for

the spectral norms of r-circulant matrices involving Fibonacci and Lucas numbers[Q]. In 2014, coskun
established norms, the eigenvalues and the determinant of circulant matrices with Cordonnier, Van
Der laan numbers and Perrin by some properties of circulant matrix with third order linear recurrent
sequence[3]. In reference [4], [5], they computed the lower and upper bounds for the spectral horms
of Hankel matrices and Toeplitz matrices involving Pell number, Pell-Lucas numbers, respectively. In
[6], they aobtained the norms of semi circulant and circulant matrices with Horadam numbers. In [7],
they studied eigenvalues, determinant and the spectral norms of circulant matrix involving the
generalized k- Horadam numbers. In [8] authors have also studied the norms of many special matrices
with generalized Tribonacci sequences and generalized Pell-Padovan. In 2016, Can and Naim have
studied the bounds for the spectral norms of geometric circulant matrices involving the generalized
Fibonacci number and Lucas numbers [9], and so on.
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At this point, enlighted by above articles, in my present study, | obtained the lower and upper bounds
of geometric circulant matrix involving the generalized Tribonacci sequences and Chebyshev
polynomials.

2. PRELIMINARIES

The third order liner recurrence sequence has the form:

Qo =a,01 =b,0Q2=c,Qn=pQu1+qQn2+rQns,

where a,b,care positive integer.

Taking p = ¢ = r = 1 then we can obtain the famous generalized Tribonacci sequence:
R, = R, 1+ R, >+ R,_s;With initial conditions

RUZCL, Rlzb,RQZC.

The well-known Tribonacci sequence is defined by the following equations:

=0T =1.T1=11T,=T,_1+T,-0+ T,_s.

For the sequenceQn ,the characteristic equation 13 — pz? — g — r = () has three distinct real roots,
denoted by «v, 3, v Where

a+ 3+ =p,
afy=r,
af + By + ay = —q.

The Binet's formula (), can be represented by

Q _ an | gr . A" Hence, Clearly, for Rn.! o+ B + v = 1’(;[«]87 — 17
"B BB -an A

af + By +ay=—1.

The binet's formis 12, = % + ; + ?—{n,

X = ((y — ﬁ)(ﬂf — ’)’), Y = (‘,D) — O{) (,()) — ’}f)’u.f = (v —a)(y— A).

Definition1.The geometric circulant matrix OT* is defined by[g]:

&) 1 €1 Cp—2 Cp—l
rep—1 Cp €1t Cpe3 Cpe2
2 .
Cr=| 17%ci2 1ch1 o -0 Cupg Cpg
r-n— lcl T?i—282 -7*7’_:5(33 e TCh Cp nxn
We denote it easily by .. = C’?ﬁ’rcr*(co, C1,Coy " ", cnq).When the parameter 1 = 1;

geometric circulant matrix turns into circulant matrix.
Definition2. Let us take any matrix A = (a;;) € M,),,,(C'),the spectral norm and the Euclidean

norm of matrix A are

: ively.
A 2 = max /\? AHA : mon . reSpectlve
H HZ \/lgign ( ) |Allz = ( E E |u-i,;|“) ,

i=1 j=1

Where )\,;(AHA) is the eigenvalue of A7 Aand A is the conjugate transpose of matrix 4 .

The following inequalities hold between the Euclidean norm and spectral norm[15]:

LlAlls < |14l < [l

(1)
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[All2 < [|Allz < v/nllAll2 ?

Definition3.Let 4 _ )and B=(b;)arem X n matrices, then the Hadamard product of 4 and B
isthe ;m x n matnx of element wise products, namely 4. g — (abij).

Then we have the following inequalities[14]:
[A o Bllz < m(A)CL(B),
Where
Lemmal.[S] For any 71 Z 1.
4RTIR!J+1 ‘1[‘)0]?1 - (Rn+1 - Rn—l)z + (R_Q + RU)2 Hencel

> i

k=1
-1

o ARy —dab— (R, - Roo)' + (Ro+a) +4d°

T 1
k=0

Lemmaz2. For the Chebyshev polynomial T, (), U, (x),

To(x) = 1,Ti(x) = 2,111 (2) = 22T, (x) — T, (),

Us(x) =1, Uy (z) = 22, Upsy(x) = 220U, () = U, 1 (),
(a:+«a:z——1)”+(a:—m)” o+

7—;'1(:6) e 5 — = 2; ,
n+1 n+1
r+vr?—1 —z—va22-1 1 gntl
ndU,(z) = ( )2-\/1‘2(—1 ) == a—:B’ :
In particular,
n—1 n 1
Z Tk U" (n— 1) ) 2 + 1

3. MAIN RESULTS

Theoreml. Let R,. = C'irc,«(Ry, Ri, Ro, ..., R, 1)beann x n geometric circulant matrix.
0] If|7~| > 1, then

n—1

SRR <
k=0 5
@y If|r] < 1,then

‘r‘ |'ﬁ’"2" 4 lU()*lr"Q" i Qh'"+|." 2::{_:‘_24’, f.l l(_.\'gn+‘,.|‘2A'17U2“_2
[r[6+3]r[*+(9—Ag)|r]?—1

IA

n—1

[z <

k=0
Proof.
Ry Ry Ry o Rys R
T'Rnfl R{] Rl R”,g Rn 2
R 3

2
Rr* = r R”,q TRH*I RU U R?l*-l

e =

g l i 2 n— 3 l :
i Ry "Ry oo rRyy Ro ) (i) From‘?“’ > land by using the
definition of Euclidean norm, we have
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n—1 n—1
| R ||% = (n—k)R;+ Z k| Ry
k=0 =1
n—1 n—1
> (n—k)Rj, + Z kR}
k=0 k=1
n—1
=n Z 2
k=0
that is, | 2=l from (1), | have [,
||R || B Z Rz. 2 < P
gl 2T LT

For another, let the matrices A and B be presented by

1 1 1 - 11

T 1 1 - 11

A= » 1 11
,,.,nfl Tn;Q P 3 r o1

nxn

R(} lr21 RI e Rn—i Rn—l
RH—I RU RI e Rnffj Rn—?
B= R,,,—g Rufl RO e Rnfl Rnf‘}

RI RQ RS Rn—'l R(l

then R,. = A o B.So,
|Rellz = A0 Blla < (A)Ci(B).

n(d) = max, Zlﬂul’ Z\awl

X1

n
= max Z biil* = Z|b"”‘? =,
1<5<n
: par

So we have

n-1

N R <R <

k=0

n—1 n—1
1B} = > (n—k)RE+ > k" PR}
k=0 k=1
n—1 n—1
= Y (n=E) " PR D RPPRE
k=0 k=1
n—1
. Ry 2
= 'T]4|‘1"2”Z(W)
k=0
n—1 ok ¥ ~F
5t 5 + 5.
= iy ()
k=0
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By taking
Un \,2 + )U -|- A = 0"+ " 4 7" and the relation of

=o'+ f 4= (a +4+ “;f‘)Q -2af+fy+ay) =3,

we have
n—1 ok gk Ak

S+ &5+
12 X Ty TTw
b3 ()
_ n\r|2|""|2”+4U0 — [P K+ MU + [V + 1P Ky — Unas
- 7|54 3|r[* + (9 — Ay)|r]> =1
where KO = SUU - UQ, Kl - SUQn U2n+2-
For another, the matrices Aand B as mentioned above:

1 | 1 11
r 1 1 11
A= 7 r 1 11
7,.nfl Tn—? rnf;} | .
RU Rl JRI e Rn72 Rnfl
R” 1 R[] R| et R” 3 Rjj 2
B= RJJ 2 Rra 1 R(} e Rn 4 Rn 3

R] RQ Rd Rn—l RU

X1
Inthis case, R,- = A o B.
So,
[Bll2 = |40 Bll: < 1 (A)C1(B), ﬁ
ri(A4) = max Z lai;|?> = vn,
] P
n n—1
2
ci(B) = = uax Z |bi;|? Z [bin|? = Z R;.
1=1 k=0
So,

n—1

n E R,
k=0

Therefore, we have

|'?"| |T'|2“ t 1U(}-|f'|2“ 1 Qﬁ'()+|?' 207 o+ T'| 1{."'3“+|:‘|21'1’1—U2“,g
|?‘|“+3‘T'|4+(9—A4)‘?‘|2—l

I

n—I1

k=0

||Rr* 2 S

Theorem2. Let 7. = Clire,.(Ty, Ty, Ts, ..., T,_1) b€ an 5 x n, geometric circulant matrix.
Q) If|r| > 1, then

n—1
S < Rl <
k=0

(i) If|r| < 1,then

| | 2r |22 20 20Ty — 2|7 |2 T, 42T -2 2|r[Zn—2
Giese e = Rk

n—1

1— ‘n
ST,

k=0
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Proof.
Ty T T e Ty Ty
rTn.fl TO Tl e :Fu,fii ﬂ¢72
"Tlf.* = ?"ZII;?_Q ‘?"]—;\1_1 T[] T Tn—4 Tn—3
71—-1 T .n—IZT n—-BT T T
r 17 2 T 3 Tin— 0
Euclidean norm, we have
n—1 n—1
T3 = Z (n— k)7 + Z k|r P TE
k=0 k=1
n—1 n—1
=Y (n—k)RI+ kR
k=0 k=1
n—1

=n Z T2,
k=0

In this case,
1 n—1 ,
ﬁHTr'H!i > AZ::]TM

then by using (1),

we have

n—1

S T < T2
k=0

1 1 1 - 11
r 1 1 |
c=1 » r 1 - 11
rnfl rn;z Inf’ﬁ y
nxn
Th T Ty - T2 Ty
1—2471 I}J T] e -1[1”73 I’?”72
D= ITU—Z T,,,] IT{I e Tnf-l T;J—}
L LT T )

then 7,. = C' o D. So,
|72 = IC 0 Dll2 < ri(C)Ca(D),

n n
1<i<n Z |Ci‘j|2 - Z ‘C’*-flz
j=1 j=1

ri(C) = max

VIR 4t 12 =

So we have

1_|?.|2?r

T 2 T

IT.

2 < 11(C)er(D) =

Thus, we can obtain

n—1 n—1
) 1 — ‘T|2n 9
Ti < T ls < 1*—W E 1.
k=0 k=0

(iii) Fr0m|fr| <1,

—|p|2 e = max
1—|r| e1(D) max

(i) For |7~| > 1, from the definition of

nxn

For another, let the matrices (' and D be defined by the form:
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n—1

n—=1
1Tl =3 (0= )T+ Y kT
k=0 k=1
n—1 n—1

S (o [ o Y
k=0 k=1
n—1
5 T 2
- "rz|'r'l%:2(w)

k=0
n-1 2 n—1 9 n—1
nlr|* ok 8%k af k
=GR R e ()
4o\ I = |7 o |7l
Alrf? (2r2 = 20Ty = 2Ty + 2T | 2" — 2
I = 2T + 1 W1 )

2|22 — 2|r 2Ty — 27| Ty, + 2502 . 2r|* —2

Hence, U

. _ < || R,+||o.For another,
2 [ = 2P+ 1 o1 SR
let the matrices (' and D be defined as the same as mentioned above:
1 1 1 ... 11
r ] | 11
C=1 » 7 1 11
I”_l .’”_2 ',n—’i . 7

nxn

n n
rn(C) = Inax J Z leiil? = JZ |eni[?
I e j=1

\/1_1, n n n—1
a(D)= max |3 g = | Ml = | YT
JEN T j=1 k=0
Hence, we have n—1
[Bplla < 4|0 >_T7.
k=0

4. CONCLUSION

In this paper, we approximated lower and upper bounds of the spectral norms of geometric circulant
matrices with the generalized Tribonacci sequence and the Chebyshev polynomial.

In particular cases:

e Taking a = 0,b = ¢ = 1, then we get the inequality of the spectral norms with the classical
Tribonacci number.

e TakingT = 1,We can get the same conclusion as the circulant matrix.
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