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Abstract: The purpose of this paper is to study the existence of continuous solutions of an integro-differential
equation with implicit derivative, on bounded intervals. In our investigations we aimed to extended the use of
fixed-point theorems for uppersemicontinuous mapping with acyclic values in a Banach space to get the
result.
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1. INTRODUCTION

In this paper we study, in an abstract setting, the solvability of a nonlinear integro-differential
equation of Volterra type with implicit derivative like:

X (t)= Ik(t,s) f(s.x(s).x'(s))ds,x(0)=0,t[0,1] (1)

We will look for solutions of these equations in the Banach space of all real C* functions which are
defined in the real interval [0, 1].

Equation (1) is a special case of integro-differential equation. It is well known that the theory of
integro-differential equations has been emerging as an important area of investigation in recent years
and has been developed very rapidly due to the fact that such equations find a wide range of
applications modelling adequately many real processes observed in physics, chemistry, biology, and
engineering (see, e.g., [1], [2], [3], [4], [5], [6] and the recension therein).

Particularly, the integro-differential equations are involved through modelling in the framework of
heat flow in material, kinetic theory, electrical engineering, vehicular traffic theory, biology, queuing
theory, population dynamics, control theory, mathematical economics, mechanics. For example,
Balachandran and Somasundaram (see [2]) proved an existence theorem for the optimal control of
nonlinear system having an implicit derivative with quadratic performance involving an integro-
differential term also by using the same method of functional analysis, i. e. a fixed point theorem.

The integro-differential equations have been studied in various papers with the help of several tools of
functional analysis, topology and fixed point theory. For instance, we can refer to [1], [2], [4], [5], [6],
[7].

So, the crucial key of our approach in order to find solutions of equation (1) consists in the use of a
very useful fixed point theorem for multivalued, compact, uppersemicontinuous maps, with acyclic
values in a Banach space.

2. PRELIMINARIES AND NOTATIONS

Let B = C'(J, R") be a Banach space of all continuously differentiable function defined on J = [a, b]
with the norm

1[I, = rrasc{ | | [} ] } where I x || = max{| x@®) |, t <[a,b] } and

x| =max{ [x @], te[a,b]}

International Journal of Scientific and Innovative Mathematical Research (IJSIMR) Page 10



Existence of Solutions for Volterra Integro-Differential Equations with Implicit Derivative

Asubset A C C*(J, R" is a relatively compact set if and only if the functions of A are equicontinuous
and uniformly bounded (together with their derivatives on J).

Let M be a subset of the Banach space B and let T : M — B be a map. Let {gn} be an infinitesimal
sequence of positive real numbers. A sequence {Tn} of maps T, : M — B is said to be an én-
approximation of T if | Tn GO =T Oy =#n forevery x € M.

Let us denote by C(B) the family of all nonempty and compact subset of B and denote by B(0, r) the
ball of B defined by

BO.n) ={xeB:|x|<r}(andby B(0 r) itsclosure).

Let X be a subset of B; a multivalued map S : X — C(B) is said to be uppersemicontinuous (u. s. c.) if
the graph of S is closed, i.e. for any sequence {Xn}C X X, — Xo, Yo = Yo asn — T we have
Yo €S(xo).

A mapping from B to C(B) is said to be compact if it sends bounded sets into relatively compact sets.
We say that A C B is an Rs —Selin the space B if A is the intersection of countable decreasing

sequence of absolute retracts contained in B. It is known that Rs =St s an acyclic set, i.e. it is
acyclic with respect to any continuous theory of cohomology (see for instance [8]).

Let M be a closed and nonempty subset of Band let T: M — B be a compact mapping. Let T,: M —
B be an

£n - approximation of T, where T, are compact mappings. It is known that, if the equation x - T, (X)
=y has at most one solution belonging to  B(0, &,) for every natural number n, then the set of

fixed points of T is a compact Rs —Set (see [9]).
The well-known Gronwall Lemma, from the standard theory of Ordinary Differential Equations, will
be used.

Proposition 1: Let u, v, g : J: — R be continuous and nonnegative functions; moreover, assume
that g is a nondecreasing function on J. If the following inequality holds:

u(t) < g(t)+jv(s)u(s)ds ,t e J, then we have:
ut) < g(t)exp(jv(s)ds ), ted 2

The following proposition can be deduced from Theorem 1 of [10] and it will be useful in the sequel.

Proposition 2: Let B be a Banach space, let M be a closed and convex subset of B. Assume
that S: M — C(B) be an uppersemicontinuous, compact multivalued map with acyclic values. Then,

if S(M) & M, S has a fixed point.
3. MAIN RESULT

We want to deal with the existence of solutions of integro-differential equation (1).
The following theorem holds.

Theorem: Assume that the following conditions hold:
i) f:[0,1] x R"x R"— R is a continuous function such that, for every (s, X, y) € [0, 1] x
R" x R", we have
[f(s,x,y)<ax+bly], ab=o0.
i) k : [0, 1] x [0, 1] — R" is a C" function such that there exists a continuous nonnegative

function
h:J: — R satisfying the following conditions:
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<h(s)  forevery (t,s) € [0, 1] x [0,1].

Ik(ts)[=h(s)  ang ‘%k(t,s)

iii) Putting h =sup{|h(s) |, s = [0,1]}, the following inequality holds: 2ha + hb <1.
Then, if the conditions i), ii), iii) hold, equation (1) has at least one solution.

Proof. Let g be a function belonging to C'(J, R") and consider the following integral equation:

y()= Ik(t,S) f (S,J‘q(t)dr,y(s)jds, t€[0,1] ©)
0
Let = : C'(J, R") - C'(J, R") be the map which associates to every q € CY(J, R") the set of

solutions of equation (3). Clearly, putting > = Ly(s)ds' we have x’(t) = y(t) and x(0) = 0; so

that, the fixed points of the map = are the solutions of equation (1).
To that aim, the following steps in the proof have to be established:

a) there exists a closed and convex set C such that = (C)cc :
b) themap = is an uppersemicontinuous and compact map;
c) the set =(a) isan acyclic set for every q € C.

a) LetC= B(0, M) the closed ball of C'(J, R") ; hencey € Cifand only if | YlI=M and

[y'll=™m
Letq € C; we have:

J.ot k(t,s)f [s, j‘ a(z)d =, y(s)}ds

So that we have: |y|=haM +hb| y|.

S

J-Q(T)df

o

ly®] =< <

+ b| y(s]]ds

J: h(s)[a

ham ha

“hence, lYl=M if — <1,

1—hb 1—hb

Then it follows: ||Y[ <

Since 2ha + hb <1, then the last inequality holds.
Moreover, we have:

y'(t)=£%k(t,s)f{s,jq(r)dr, y(s)}ds+k(t,t) f[t,jq(s)ds, y(t)].
(o] (o]
Hence, we obtain:

abhM _oh aM

1—hb 1—hb

[y ||sﬁ(aM +b| y||)+ ﬁ(aM +b| y||)=25(aM + b y||)s 2h| aM +

2ha

Thus, we have | Y' [[=M jf <1:since2ha+ hb <1, then the last inequality holds.

1-hb
Then condition =(C)<= C is satisfied.
b) We want to prove that the map = : C — C iscompact. Lety € Cand fix €>0 . Foranyt,,
t, € [0, 1] we have:
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|y t2) = v ()] = _f = (tz,s)f{s. j a(z)dr. y(s)}m k(tz.t2) f {tz, J' a(s)ds, y(tz)] -
O
o

[0}

_[: lit—"(tl.s)f[s. _f a(e)dz, y(s)}dskm,tl) f[tl, _f a(s)ds, y(t1>]

0 0

J:l%(tz ,s)f {s,'.-q(z-)d z, y(s)]ds +

k(tz,tp) flto, | a(s)ds, y(to) |—k(ty,tp) f|tg, | a(s)ds, y(ty) |— %(tlvs)f[& a(z)dz, Y(S)}ds
R R Y N L

+

J.%k(tz ,s)f (S,J‘q(r)dr, y(s)]ds <

J:)tl %k(tz,s)_aat_k(tl,s)( [ajq(z—)dz‘ +b|y(S)}dS+

to

_[ f [s,j'q(r)dr, y(s>]

lak

h +h ds.

o (¢]

f[tz, J' a(s)ds, y(tz)]— f[tl, J' a(s)ds, y(tl)}

By the continuity of the functions g, h, f and k it follows that there exists 0 >0 such that
ly'(t2) = y' ()l < € forany t;, t, € [0, 1], [tz —ta] <.

Since |YWI=M and [Y' I =M it follows that the set = (C) is (relatively) compact.

Let us now show that the multivalued map 2 is uppersemicontinuous.

Let {Qn} be a sequence converging to g in the C'-norm, Yn EZ(Qn), i.e. let

yn () = J.t k(t,s)f {S,an (z)dz, yn (S)st, te[o,1]
o

[¢]

Assume that y, — Yo in the C'-norm; we need to show that Yo €% (QO )
From the Dominated Lebesgue Convergence Theorem it follows:

tim f[s.jqn(r)dr. Yn (S)Jds f[s.j‘%(r)dr, yo(S)]dS and

o (0]

S S

im yn(t)—ninfoo.[:k(tS)f[syjqn(f)dryyn(S)}?ls—_[:niﬂ:@o k(t,S)f{S-J‘qn(f)dr.yn(S)]dS =
o

o

s

:'Ck(t,s)f[s,jqo(r)dr, yo(s)}ds.

(o]
Hence, we have:

Yo (1) J‘tk(t,s)f[S,J‘QO(T)dT- YO(S)}C’S' i.e. Yo eZ(C]o)_

o
o

c) Now we want to show that, for every fixed g e C , the set = (q) is an acyclic set.
Consider the following integral equation:

y(t) = J.Ot k(t,s)f [s, fa(r)d z, y(s)]ds, teo,1] ()

(0]
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s

Putting T [Sv j a(z)dz, y] = a(s. ¥), then the equation (4) can be written in the following way:

o
v = [k vis)as, t o] 5)
Consider the operator H: C— C'(J, R") defined as follows:
HXO = [ ke oats, ye)ds, t < fo.1] (6)

Observe that the operator H is compact. Clearly the fixed point of the operator (6) are the solutions of
equation (5).

For every natural number n there exists a Lipschitz function g, : [0, 1] x R" — R" such that we have
for every (s, y),

(s,2) €[0,1] x R":

1
| 9n (s, )~ gn(s.2) [<Ln|y—2| and | gn(s.y)- g, y)|3_2 - (see [9]).
n

Let H,: C— C'(J, R") be the operator defined as follows:
Hn (v = J;k(t, s)gn (s, y(s))ds, t<[o,1] (7
The operator H, defined in (7) is a compact operator for every natural number n. Moreover, we have:
2
t h
[olk@9)1 0,65 y6)» 9(s. y(s))lds < — <

|H n(Y)(t) - H(Y)(t) |S onh and
[H' (y)t) — H'(y)t) |<

U; 2@ Danls s — [ Z @ DalE v(eds + kDG € YO K(EDFE v©)| =

S|

t

t —_

_ 2h 1

J.h(s)l gn(s. y(s))—g(s. y(s))|ds + h| gn (t. y(1)) — g(t, y(t))| < — = o
0 2nh

Let now 5 < C- Consider the equation Y —Hn(¥)=/: we want to prove that this equation has at

most one solution.

Let z be another solution; we have:

| y(®) — z(®) |S J-th(s)\ gn(s.¥v(s)—gn(s.z(s))|ds =L, —.-th(s)\ y(s) — z(s) |ds )
o o
Using formula (2) we obtain: | Y — 2(® | = 0. Hence, y(t) = z(t) for every t < [0,1].
Then we can conclude that the set = (q) of the solutions of equation (4) is an acyclic set.
4. EXAMPLE

Let us consider the following integro-differential equation with implicit derivative:

' cost sin(x'(s))+In(|x(s)|+1) ds

)= 0)=0, tel0,1
O 052+4 x2(s) +1 x(0) =0l (®)
cost
By recalling our result, we have for every (t, s) € [0, 1] x [0, 1]: kaﬁ):m and so
1 1
h(s) = <=
s24+4 4

1 = 1
=h(s)= . So,wecanput:a=1,b=1, h=7.

ok
In analogous way we have: | 5 (t.s)

- 3
Finally, the we obtain: 2ha+hb=z<1.

Then we can say that the conditions of our theorem are satisfied and that the equation (8) admits at
least one solution.
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