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Abstract: A finite element method involving collocation method with Cubic B-splines as basis functions have
been developed to solve sixth order boundary value problems. The third order, fourth order, fifth order and
sixth order derivatives for the dependent variable are approximated by the central differences of second order
derivatives. The basis functions are redefined into a new set of basis functions which in number match with
the number of collocated points selected in the space variable domain. The proposed method is tested on six
linear and five non-linear boundary value problems. The solution of a non-linear boundary value problem
has been obtained as the limit of a sequence of solutions of linear boundary value problems generated by
quasi-linearization technique. Numerical results obtained by the present method are in good agreement with
the exact solutions available in the literature.
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1. INTRODUCTION

In this paper, we developed a collocation method with cubic B-splines as basis functions for getting
the numerical solution of a general linear sixth order boundary value problem, which is in the form

ag ()Y@ ) + a; Wy () + a; WyP(x) +az )y () + ay )y () + as )y () + ag Dyx) =
b(x), c<x<d (D)

subject to the boundary conditions
y(c) =4y, y(d) =By, y’ (c) =44, y'(d) =By, }’N(C) =4, y”(d) =B,. (2)
where Ag By Ay Bi A, B, arefinite real constants ay(x), a; (x), a,(x), az(x), as(x), as(x),

ae (x) and b(x) are all continuous functions defined on the interval [c, d].

Generally, these types of differential equations have special significance in astrophysics. The dynamo
action in some stars may be modelled by sixth order boundary value problems[1].

The narrow convecting layers bounded by stable layers, which are believed to surround A-type stars,
may be modelled by sixth-order boundary value problems[2]. Moreover, when an infinite horizontal
layer of fluid is heated from below and is subjected to the action of rotation, instability sets in. When
this instability is an ordinary convection, the ordinary differential equation is a sixth-order ordinary
differential equation. For further discussion of sixth-order boundary value problems, see[3,4,5].

The existence and uniqueness of solution of such type of boundary value problems can be found in
the book written by Agarwal [6] . EI-Gamel et al.[7] used Sinc-Galerkin method to solve sixth order
boundary value problems. Akram and Siddiqi[8] solved the boundary value problem of type (1)-(2)
with non-polynomial spline technique. Siddiqi et al. [9] solved the same boundary value problems
using quintic splines. Also Siddigi and Akram[10] used septic splines to solve the boundary value
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problems of type (1)-(2). Lamini et al.[11] used spline collocation method to solve the sixth-order
boundary value problems.

Further, decomposition methods [12], Ritz's method based on the variational theory [13], and the
homotopy perturbation method [14] have been applied for the solution of sixth-order boundary value
problems. Variational iteration method for solving sixth-order boundary value problems have been
developed by Noor et al. [15]. Siraj-ul-Islam et al. [16,17] developed non-polynomial splines
approach to the solution of sixth-order and fourth-order boundary-value problems. Viswanadham et
al. [18,19] used sixth order and septic B-splines to solve sixth order boundary value problems.

The above studies are concerned to solve sixth order boundary value problems by using quintic or
sextic or septic B-splines. In this paper, cubic B-splines as basis functions have been used to solve the
boundary value problems of the type (1)-(2).

In section 2 of this paper, the justification for using the collocation method has been mentioned. In
section 3, the definition of cubic B-splines has been described. In section 4, description of the
collocation method with cubic B-splines as basis functions has been presented and in section 5,
solution procedure to find the nodal parameters is presented. In section 6, numerical examples of both
linear and non-linear boundary value problems are presented. The solution of a nonlinear boundary
value problem has been obtained as the limit of a sequence of solutions of linear boundary value
problems generated by quasi-linearization technique [20]. Finally, the last section is dealt with
conclusions of the paper.

2. JUSTIFICATION FOR USING COLLOCATION METHOD

In finite element method (FEM) the approximate solution can be written as a linear combination of
basis functions which constitute a basis for the approximation space under consideration. FEM
involves variational methods such as Ritz's approach, Galerkin's approach, least squares method and
collocation method etc. The collocation method seeks an approximate solution by requiring the
residual of the differential equation to be identically zero at N selected points in the given space
variable domain where N is the number of basis functions in the basis [21]. That means, to get an
accurate solution by the collocation method, one needs a set of basis functions which in number match
with the number of collocation points selected in the given space variable domain. Further, the
collocation method is the easiest to implement among the variational methods of FEM. When a
differential equation is approximated by m®" order B-splines, it yields (m + 1)** order accurate
results [22]. Hence this motivated us to use the collocation method to solve a sixth order boundary
value problem of type (1) — (2) with cubic B-splines.

3. DEFINITION OF CUBIC B-SPLINES

The existence of the cubic spline interpolate s(x) to a function in a closed interval [c,d] for spaced
knots (need not be evenly spaced) a = Xo < X; < X, < ....... < Xn.1< Xp = b is established by constructing
it. The construction of s(x) is done with the help of the cubic B-Splines. Introduce six additional
knots  x_3,x_2,X_1,Xp41,Xns2 and x,,3 sSuch that x_3 <x_, <x_; <xp and x, <xp4q <

Xni2 < Xp43-
Now the cubic B-splines , given in Cox[23] and Boor[24], are defined by

[ (r_ 3
B;(x) ={ ertzi—Z );(xi);' xe[x;—2, X;42]
0, otherwise
Where
_ o ((x — )3, if x, >2x
(o =x)% = {o, if x, <x
and

m(x) = letzl—z X = xr)-

It can be shown that the set {B_;(x), Bo(x),"::, B,(x), B,+1(x)} forms a basis for the space S5 ()
of cubic polynomial splines[22]. Schoenberg[25] has proved that the cubic B-splines are the unique
nonzero splines of smallest compact support with knots at
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X_3 < X_» < X_1 < X0 < < Xn < Xn+1 < Xn42 < Xn43 -
4. DESCRIPTION OF THE METHOD

To solve the boundary value problem (1)-(2) by the collocation method with cubic B- splines as
basis functions, we define the approximation for y(x) as

y(x) =¥21 B (x) @)

where a; 's are the nodal parameters to be determined. In the present method, the internal mesh points
Xz, X3,..., Xnp are selected as the collocation points. In collocation method, the number of basis
functions in the approximation should match with the number of selected collocation points [21]. Here
the number of basis functions in the approximation (3) is n+3, where as the number of selected
collocation points is n-3. So, there is a need to redefine the basis functions into a new set of basis
functions which in number match with the number of selected collocation points. The procedure for
redefining the basis functions is as follows:

Using the cubic B-splines described in section 3 and the Dirichlet boundary conditions of (2) , we get
the approximate solution at the boundary points as

y(©) = y(x9) = Xj-_1 4 B; (x0) = Ao 4
y(d) = y(x,) = Era_y o By (x,) = By. (5)

Eliminating a_; and a,, 1 from the equations (3), (4), and(5), we get the approximation for y(x) as

y(x) = wi(x) + Yoo o B (x) (6)
where

Ao
wy(x) = B—(x) 1(x) t3 ( ) Bpy1(x)
and

B, (x) — = :‘”} B_,(x), for j=0,1
B;(x), for j=23,...n—2
B;(x }— 5 ) Byii(x), for j=n-—-1,n

B(x) = tlon)

Using the Neumann boundary conditions of (2) to the approximate solution y(x) in {6), we get

y (€)= v (xg) = wy (xg) + oroPy(xg) + &y P (xg) = Ay )

y(d) =y(x) =w (x,) + @, 1B, (x,) + @, B, (x,) =B, .

8
Now, eliminating e and @, from the equations (6),(7) and(8), we get the approximation for
y(x) as

n—1
y(x) = wa() + ) a0;()
7= 9)
where
wo(x) ulfx}+%f Pylx) + B:—IE"} P (%)

and

International Journal of Scientific and Innovative Mathematical Research (IJSIMR) Page 3



Cubic B-Spline Collocation Method for Sixth Order Boundary Value Problems

Bilxg) .
P;(x) — Pi':in:' Py(x), for j=1
P;(x), for j=23,..,.n—2
Pilzxy) .
0, = PO~ 23R, for j=n-1

Using the boundary conditions ¥ (¢) = A; and ¥ (d) = B; of (2) to the approximate solution y{(x)
in (9], we get

y' () = 3" (xg) = wylxo) +a1 Q4 (x0) = A, (10)

y'(d) = v (x,) = wy(x,) +a, 10, _,(x,) = B,. (11)

Now, eliminating o; and o ,; from the equations (9),(10) and (11), we get the approximation for
y(x) as

y(x) = wix) +E_?:_22 a;B;(x) (12)

where
Az—wolx —wy (s
wix) =w,(x) + Q,—x;}Ql":}f} +ﬁ9n—1(ﬂ
and B;(x) =Q;(x), forj=23,..n-2

Now the new basis functions for the approximation y(x) are{B,(x),j = 2,3, .., n— 2} and they are in
number matching with the number of selected collocated points. Since the approximation for y{x) in
(12) is a cubic approximation, let us approximate ¥, ¥ v and y'€at the selected collocated
points with central differences as

i i
e Yi+rTNi-n)
L 2h
o L
) Musn I FM-n
p = =

. i i o i
B I e e L Ay L

L FhE

(8) _ Visem— i FEVH 0 Vi

¥i R forj=2,3,...n-2 (13)
where
yi = y(x:) = wix;) + 057 oy B (x). (14)
Now applying collocation method to (1), we get
Qg ":x:'}}’;ﬂ +ay (x :‘j"}’flﬂ““ az (xi}}’fw +ag (x:)y;"
+ay (o " +as Gyl + ag (xdyy = bx)  for i=23,...n-2. (15)

Using (13) and (14) in (15), we get

[ i+ Ei“;zz“:iﬁ;‘:fiﬂj'} — 4w () + B “1%:(3413'}
El;:l} + 5{"‘-’"(31} + E}"z_zz o B; ":3'51}} - 4{wnfxi_l} + E}‘:‘f oy ":7'51—1}}
+ [ (xisp) + TR ()}
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= p

ayix) [ W i) + i oyB{ (mi, )] — 2{w' {x,+LI+E] P8 (%4 q)) ]
: + 2{w" o) + G B (o0} — (W nsg) + ER o B (i)

ag(x) [(W" (i) + EF o8 (i)} — 2{w" () + 2] 0B (30}
+
25 G0+ T o)

+ “32E: [ (i) + E]_ |1]E§ My 0} — W (i) +Z]!’=':: u,jﬁj"[xi_,_]}]

+a,(x }[w "(x,) + 5t a B”(x }] +35(K Iw' () + Ejn:_g o, B] (x;)]

|

+a (x;) [w(x:-} + f=5 a; E. (xt-}] =b(x;) for i=2,3,...,n-2. (16)
Rearranging the terms and writing the system of equations(16) in the matrix form, we get
Aau=B
(17)
where A = [a;]; (18)
Iy a x]l a, (x) Iy 42 x]' a. (x| aglx)  aglx)
i =B'(x —j{n 2h® )+H (% ﬂj( W 2o T zhﬂl_szhl)

%) (x;) = () 2 (x5) (=) (=)
5 ) (65452~ 252) 45 ) (4552 -2 320+ 320+ 250)

1 ap | X]' El'-“::' 1]
+B] () (22 + 2220) + B (x)ag (x) +B](x)as(x,) + B, (xag(x)
for i=2,3,...,n— 2, ji=23,...,n—2.

E = [hi]F (19)

w''(x;— z}( 0t —rall}ﬁ})

1 g 300 a1'x13' az'x13' 23 (%)

+w (xi—i}( 4 o +2 1 + h )
) (62 p2)

1t a[;.l x1 521l (g} | =pl xﬂ' az(m)

+w' (x4 1}( 4 =z T 5 )
" p! 1:' ! 1:' "
+'|.-'|." (}{L+2} (ﬁx_ + i};_) + w (Xi.}aq- (Ki.}

L +w'(x;)as () + wix)ag(x) . for i=23 ....n—2.

b; = blx;) —

and a= [H:JHEJ...JHH_L]T.

5. SOLUTION PROCEDURE TO FIND THE NODAL PARAMETERS

The basis function B, (x) is defined only in the interval [x;—2,%12 ] and outside of this interval it is
zero. Also at the end points of the interval [x;,—2,%;:2] the basis function B, (x) vanishes. Therefore,
E(x} is having non-vanishing values at the mesh points -1, X;, X;+1 and zero at the other mesh
points. The first two derivatives of B, (x) also have the same nature at the mesh points as in the case

of B,(x). Using these facts, we can say that the matrix A defined in (18) is a seven band matrix.
Therefore, the system of equations (17) is a seven band system in a';s. The nodal parameters o';s
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can be obtained by using band matrix solution package. We have used the FORTRAN-90
programming to solve the boundary value problem (1) — (2) by the proposed method.

6. NUMERICAL EXAMPLES

To demonstrate the applicability of the proposed method for solving the sixth order boundary value
problems of type(1) - (2), we considered eleven examples of which six are linear and five are non
linear boundary value problems. Numerical results for each problem are presented in tabular forms
and compared with the exact solutions available in the literature.

Example 1 Consider the linear boundary value problem
v fxy = —(24 +11x+x3)e*, 0<x <1 (20)
subject to the boundary conditions ¥(0) = 0, y(1) =0,
y'(0 =1 y(L=—e y"(0) =0, y"(1) = —4e. (21)

The exact solution for the above problem is given by v(x) = x(1 — x)e*. The proposed method is
tested on this problem where the domain [0,1] is divided into 10 equal subintervals. Numerical results

for this problem are shown in Table 1. The maximum absolute error obtained by the proposed method
is 7.145405 x 10™*,

Table 1. Numerical results for Example 1

X Exact Solution Absolute error by proposed method
0.1 9.946539E-02 3.838539E-05
0.2 1.954244E-01 1.605898E-04
0.3 2.834704E-01 3.449917E-04
0.4 3.580379E-01 5.393624E-04
0.5 4.121803E-01 6.807446E-04
0.6 4.373085E-01 7.145405E-04
0.7 4,228881E-01 6.124675E-04
0.8 3.560865E-01 3.925562E-04
0.9 2.213642E-01 1.347959E-04

Example 2 Consider the linear boundary value problem

v® +y =6 cosx,

O0=x=1

(22)

subject to the boundary conditions
y(0 =0 y()=0y00)=-1 y'(1)= sinl, y'(0) =2, y"(1)=2cosl. (23)
The exact solution for the above problem is given by y(x) = (x — 1) sinx. The proposed method is

tested on this problem where the domain [0,1] is divided into 10 equal subintervals. Numerical results

for this problem are shown in Table 2. The maximum absolute error obtained by the proposed method
is 7.493794 x 1075,

Table 2. Numerical results for Example 2

X Exact Solution Absolute error by proposed method
0.1 -8.985008E-02 1.292676E-05
0.2 -1.589355E-01 3.780425E-05
0.3 -2.068641E-01 6.052852E-05
0.4 -2.336510E-01 7.376075E-05
0.5 -2.397128E-01 7.493794E-05
0.6 -2.258570E-01 6.490946E-05
0.7 -1.932653E-01 4.705787E-05
0.8 -1.434712E-01 2.594292E-05
0.9 -7.833266E-02 7.897615E-06
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Example 3 Consider the linear boundary value problem
& 4y 4y —y=e®(—15x2+ 78x— 114), 0<x <1 (24)

subject to the boundary conditions

2 1

y@ =0, y()=2 y'(© =0, y'D =2, y"(0) =0, y"(1) = (25)

=

The exact solution for the above problem is given by y(x) = x*e™*. The proposed method is tested
on this problem where the domain [0,1] is divided into 10 equal subintervals. Numerical results for

this problem are shown in Table 3. The maximum absolute error obtained by the proposed method is
3.400743 x 1074,

Table 3. Numerical results for Example 3

X Exact Solution Absolute error by proposed method
0.1 9.048374E-04 7.153023E-05
0.2 6.549846E-03 2.032770E-04
0.3 2.000210E-02 3.059022E-04
0.4 4.290048E-02 3.400743E-04
0.5 7.581633E-02 3.038347E-04
0.6 1.185433E-01 2.197921E-04
0.7 1.703288E-01 1.220554E-04
0.8 2.300564E-01 4.425645E-05
0.9 2.963893E-01 5.662441E-06

Example 4 Consider the linear boundary value problem

yE 3B = 2% pxx<1 (26)
subject to the boundary conditions

vy =-1 y(1)=2-¢

y'(0 =1 y'(1)=2-¢

y'(0) =—1, y"(1) = —e, 27)

The exact solution for the above problem is given by v(x) = 2x—e™*. . The proposed method is

tested on this problem where the domain [0,1] is divided into 10 equal subintervals. Numerical results

for this problem are shown in Table 4. The maximum absolute error obtained by the proposed
method is 6.151199 x 1075

Table 4. Numerical results for Example 4

X Exact Solution Absolute error by proposed method
0.1 -9.051709E-01 4.231930E-06
0.2 -8.214027E-01 1.662970E-05
0.3 -7.498588E-01 3.403425E-05
0.4 -6.918247E-01 5.102158E-05
0.5 -6.487213E-01 6.151199E-05
0.6 -6.221188E-01 6.097555E-05
0.7 -6.137527E-01 4.911423E-05
0.8 -6.255409E-01 2.896786E-05
0.9 -6.596031E-01 9.059906E-06

Example 5 Consider the linear boundary value problem
& _y=—6e%, 0<x<1 (28)
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subject to the boundary conditions ¥(0) =1, y{(1)=0, y'(0) =0, y'(1) = —e,
y'"(0) =—-1, y"(1) = —2e (29)

The exact solution for the above problem is given by ¥(x) = (1 — x)e*. The proposed method is
tested on this problem where the domain [0,1] is divided into 10 equal subintervals. Numerical results

for this problem are shown in Table 5. The maximum absolute error obtained by the proposed method
is 1.838207 x 10™%.

Table 5. Numerical results for Example 5

X Exact Solution Absolute error by proposed method
0.1 9.946538E-01 1.263618E-05
0.2 9.771222E-01 4.839897E-05
0.3 9.449012E-01 9.769201E-05
0.4 8.950948E-01 1.460910E-04
0.5 8.243606E-01 1.787543E-04
0.6 7.288475E-01 1.838207E-04
0.7 6.041259E-01 1.553297E-04
0.8 4.451082E-01 9.888411E-05
0.9 2.459602E-01 3.394485E-05

Example 6 Consider the linear boundary value problem

15x(1 — )y & 4xy 5 +(25 + )y @ + (5 + e¥)y" + xy = 2 cos(mx)x

+(—(5+e)n* +(25+ e™)n* +x+ 15n°(x — 1)x)sin (nx), 0 <x <1 (30)
subject to the boundary conditions

y(0) =0, y(1)=0,

y'(0)=m y'(1)=-m,

y'0) =0, y'"(1)=0. (32)

The exact solution for the above problem is given by y(x) = sin (mx). The proposed method is

tested on this problem where the domain [0,1] is divided into 10 equal subintervals. Numerical results

for this problem are shown in Table 6. The maximum absolute error obtained by the proposed method
is 1.010895 x 10~%.

Table 6. Numerical results for Example 6

X Exact Solution Absolute error by proposed method
0.08 2.486899E-01 1.572073E-05
0.24 6.845471E-01 5.888939E-05
0.40 9.510565E-01 1.010895E-04
0.56 9.822872E-01 2.437830E-05
0.72 7.705132E-01 2.980232E-06
0.88 3.681246E-01 5.602837E-06
0.96 1.253333E-01 2.145767E-06
Example 7 Consider the nonlinear boundary value problem

YI:E} — 20e—36v(x) =

—40(1 +x) 7, 0<x<1 (32)

subject to the boundary conditions
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y(0) =0, y(1)= éln 2, y'(0) = i v'(1) = li
Y0 =y =2 "

The exact solution for the above problem is given by ¥(x) = éln(i +x) . This nonlinear boundary

value problem is converted into a sequence of linear boundary value problems generated by quasi-
linearization technique [20] as

Vigsp + [7120e 2@ ]y ) =

720y e 25 m + 2073 —40(1 +x)™%, for n=0,12, ... (34)
subject to the boundary conditions

¥a+0(0) = 0, Yeaen)(D) = 2125000y (0) = 5, Viney D =1

Vi =7, ¥laen(D =35 (35)
Here ¥(,41) is the (n + 1)™ approximation for y. The domain [0,1] is divided into 10 equal

subintervals and the proposed method is applied to the sequence of problems [34]. Numerical results

for this problem are presented in Table 7. The maximum absolute error obtained by the proposed

method is 1.660734 x 1075,

Table 7. Numerical results for Example 7

X Exact Solution Absolute error by proposed method
0.1 1.588503E-02 2.993271E-06
0.2 3.038693E-02 8.992851E-06
0.3 4.372738E-02 1.421943E-05
0.4 5.607871E-02 1.660734E-05
0.5 6.757752E-02 1.563877E-05
0.6 7.833394E-02 1.204014E-05
0.7 8.843804E-02 7.197261E-06
0.8 9.796445E-02 2.980232E-06
0.9 1.069757E-01 5.215406E-07

Example 8  Consider the nonlinear boundary value problem
yE peryl e x4 Doyl (36)
subject to the boundary conditions

y© =1 y)=1
y(@=-1, y(0 ==

y'(0 =1 y"1)==: (37)
The exact solution for the above problem is given by w(x) = e™ . This nonlinear boundary value

problem is converted into a sequence of linear boundary value problems generated by quasi-
linearization technique [20] as

}’E‘iiﬂ + [ZE_"}’{H}]}’{HH} = g™ Xy? m FeT+ e” ¥ for n=0,1,2,.. (38)

subject to the boundary conditions
1
}rl:n+1}(ﬂ} =1, Yl:n+1}(1} =-

e
-1
Viasn(© = 1 V() =2
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r " 1
Viasn (0 =1, yipen(D) =< (39)

Here y(ns1) is the (n+ 1)* approximation for y. The domain [0,1]is divided into 10 equal

subintervals and the proposed method is applied to the sequence of problems [38]. Numerical results
for this problem are presented in Table 8. The maximum absolute error obtained by the proposed
method is 5.125999 x 107°,

Table 8. Numerical results for Example 8

X Exact Solution Absolute error by proposed method
0.1 9.048374E-01 2.443790E-06
0.2 8.187308E-01 5.006790E-06
0.3 7.408182E-01 5.125999E-06
0.4 6.703200E-01 3.755093E-06
0.5 6.065307E-01 2.563000E-06
0.6 5.488116E-01 2.264977E-06
0.7 4.965853E-01 2.741814E-06
0.8 4.493290E-01 2.354383E-06
0.9 4.065697E-01 1.102686E-06

Example 9  Consider the nonlinear boundary value problem

y® =exy3(x), O0<x<1 (40)
subject to the boundary conditions

y(0) =1, y()=ez,

y(0) ==, y'(1) = ez,

y"(0 =3 y"(W)=1ez. (41)

This nonlinear boundary value problem is converted into a sequence of linear boundary value
problems generated by quasi-linearization technique [20] as

(8] 2
Vinsn + [38v 0¥ men) = 265y, for n= 0,12, .. (42)

subject to the boundary conditions

k= ' 1 ' -1 ==
Vs (0) =1, Yinen(1) = €%, ¥inan(0) =—, ¥inen(1) = ez,

r 1 n 1 __‘_
Vin+n(0) = 7 Yins) (0= LR (43)

Here ¥,y is the (n+1)® approximation for y. The domain [0,1]is divided into 10 equal
subintervals and the proposed method is applied to the sequence of problems [42]. Numerical results

for this problem obtained by Hussin and Kilicman [26] and obtained by present method are presented

in Table 9. The maximum absolute error obtained by the proposed method when compared with the
solutions obtained by Hussin and Kilicman [26] is 3.993511 x 107¢,

Table 9. Numerical results for Example 9

X Numerical Solution[26] Absolute error by proposed method
0.1 9.512295E-01 1.192093E-07
0.2 9.048374E-01 3.576279E-07
0.3 8.607080E-01 1.132488E-06
0.4 8.187308E-01 2.503395E-06
0.5 7.788008E-01 3.874302E-06
0.6 7.408182E-01 3.993511E-06
0.7 7.046881E-01 3.457069E-06
0.8 6.703200E-01 1.609325E-06
0.9 6.376281E-01 3.576279E-07
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Example 10  Consider the nonlinear boundary value problem

g6 = gm2xy2 —i sin(y') + ¥ — xl—z}r”y'” +y@er™ 4 f(x), 0<x<1 (44)

subject to the boundary conditions

y(0) =0, y(1)=esin(1), ¥'(0) =1, ¥'(1) =e(sin(1) + cos(1))

v'(0) =2, y"(1) = 2e cos(1). (45)
The exact solution for the above problem is given by y{(x) = e* sin (x). This nonlinear boundary

value problem is converted into a sequence of linear boundary value problems generated by quasi-
linearization technique [20] as

|: 6} |: 4} :: =] |: 5} :: =] I: 4} 1 1
Yiatn T [—Yu:njey"“] Yinsn + [—Ey"“ Vo + [V Vien + [Zvin |y +

E CGS{YEH}}]YEH+1} + [_Ee_zx}rfn} - EYI:ED]Y':H‘H:' ==

(5] (
7oy -

Y™ — 26722 ) + |2 cos(yin) |yl + [Svin]vém — ey:ﬁ] Ve v,
for n=0,1,2, ... (46)
subject to the boundary conditions

}"in+1}":ﬂ3' =0, }’{n+1}(1} = e sin(1),

Vinen(0) =1, yinay(D) =e( sin(1) + cos(1))

Vinen(0) = 2, ¥ine)(1) = 2ecos(1). (47)

Here ¥(n21) is the (n+ 1)* approximation for y. The domain [0,1] is divided into 10 equal

subintervals and the proposed method is applied to the sequence of problems[46]. Numerical results
for this problem are presented in Table 10. The maximum absolute error obtained by the proposed
method is 3.037453 x 10™%,

Table 10. Numerical results for Example 10

X Exact Solution Absolute error by proposed method

0.1 1.103330E-01 9.641051E-06

0.2 2.426553E-01 6.434321E-05

0.3 3.989106E-01 1.575351E-04

0.4 5.809439E-01 2.508163E-04

0.5 7.904391E-01 3.037453E-04

0.6 1.028846 2.937317E-04

0.7 1.297295 2.229214E-04

0.8 1.596505 1.223087E-04

0.9 1.926673 3.397465E-05
Example 11 ~ Consider the nonlinear boundary value problem
v 4 v'y5 13 sin(mx)y" 4+ wliy? = —n® cos(m x), 0<x<1 (48)
subject to the boundary conditions
v =1 y(1)=-1 y'(0=0 y(1)=0
y"(0) = —m?, y"(1) =2 (49)

The exact solution for the above problem is given by ¥ = cos(mx). This nonlinear boundary

value problem is converted into a sequence of linear boundary value problems generated by quasi-
linearization technique [20] as
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}’.;:211} + [}'En}]}’gﬂﬂ + [_“3 sin(m x}]YE:;H} + [Y':n}]}rE:HI} + [Y-Iiﬂ Yl§n+1} + [}'E::} +
2TV tat1) = Vi)V + V¥ + M2y Ey — 6 cos(m),
for n=012,.. (50)
subject to the boundary conditions
Vas0(0) = 1, yinsn(D) = =1, y{p4y(0) =0, y{p.(1) =0,
Yin+1)(0) = =12, yin4q (1) = 7. (51)

Here ¥y is the (n+1)® approximation for y. The domain [0,1]is divided into 10 equal

subintervals and the proposed method is applied to the sequence of problems [50]. Numerical results

for this problem are presented in Table 11. The maximum absolute error obtained by the proposed
method is 9.543300 x 10™*,

Table 11. Numerical results for Example 11

X Exact Solution Absolute error by proposed method

0.1 9.510565E-01 2.896190E-04

0.2 8.090170E-01 7.406473E-04

0.3 5.877852E-01 9.543300E-04

0.4 3.090170E-01 7.990897E-04
0.5 6.123032E-17 3.512450E-04
0.6 -3.090171E-01 1.802742E-04
0.7 -5.877852E-01 5.472302E-04
0.8 -8.090170E-01 5.689263E-04
0.9 -9.510565E-01 2.640486E-04

7. CONCLUSIONS

In this paper, we have developed a collocation method with cubic B-splines as basis functions to solve
sixth order boundary value problems. Here we have taken internal mesh points X, Xs,..., Xy, as the
selected collocation points. The cubic B-spline basis set has been redefined into a new set of basis
functions which in number match with the number of selected collocation points. The proposed
method is applied to solve several number of linear and non-linear problems to test the efficiency of
the method. The numerical results obtained by the proposed method are in good agreement with the
exact solutions or numerical solutions available in the literature. The objective of this paper is to
present a simple method to solve a sixth order boundary value problem and its easiness for
implementation.
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