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Abstract: The present paper incorporates the systematic study of explicit form of generalized polynomial set
which is defined by using Rodrigues type of formula during course of finding. Applications of Weyl fractional
g-integral operator to various generalized basic hyper geometric functions including the basic analogue of
Fox’s H-function and some of its elementary properties have been investigated. We establish and derive the
certain relations pertaining to the product of Fox’s H-functions and general class of polynomials.
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1. INTRODUCTION

In this paper we introduce a unique Fractional Integral Operator of Weyl type and study that may be
possible to express this integral operator as certain convolution with singular kernel of Riemann
Liouville.

The General class of polynomial is defined by Srivastava [21] as-

[N/M] (—N) v

SV =) — ¥R NR YR N=0,12,.. (1.1
N RZ:‘) R!

where M is an arbitrary positive integer and the coefficients Vg (N,R > 0) are arbitrary constants,

real or complex. By suitably specializing the coefficients Vg , the polynomials SY[X] can be

reduced to the classical orthogonal polynomials such as Jacobi, Hermite, Legendre, Tchebycheff and
Laguerre polynomials etc.

The generalized polynomial set is defined by following Rodrigues type of formula [15]:

S*#7[x;c,d,q,A,B,m,qg,/]

=(AX+B)“@A-x°)?"" C"M[(A'X +B)* ™ (1—x°)~/ = .(12)
g+/
with differential operator Cg,, defined as
d
ng:xg(g+xd—xj ..(1.3)

The explicit form of this generalized polynomial set is as follows

s*P7[x; c,d,q, A", B',m,g, /]

= > (v, u,f,p)xRa-tx%)" (1.4)
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where
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The series representation of Fox’s H-function is given by
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Also details can be read in (13).

The H -function defined by Inayat-Hussain [9] is
H M2.N2 [Zl 1
P2.Q2

1 +im
:Z_nij- ¢,(5)2" ds. .(1.7)
—1l®
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Fractional Integrals:

we will require Riemann — Liouville Integral defined as-

DM{f(x)} = oDy " {f(x)} =

“x — w)H Lf(w)dw, Re(u) >0;f €] ...(1.8)

F( )
The classical Weyl Fractional integral operator of order h is defined as-

WhFO}= (DS {f(x)} = rl )1 £($)d¢ Re(h) >0 ..(L9)

x>0, h>0, and f is a function belonging to S (R), the Schwartzian space of functions.
2. MAIN RESULTS
In order to prove our Main Theorem, we need following results-
Lemma 1l

(i) Pz’Qz’Mz’Nz are integers such that 1SM2 SQZ,OSN2 SPZ,(ocj(jzl,...,Pz),

B'j (j=1,..., Q,) are complex numbers.

b.
(i) Re(u')>Re(h);Re| h+p'L +o'ng +xB—‘ >0, where j=1,....M,, M, isa

j
positive integer A >0, p,v'=0,1,...n;2"' >0, o' >0;

(iii) |argz'|<%7r§22, here

Q . P
Q, Z B |+Z Ad |- > BB I- > | [>0
= M2+1 j:N2+1
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Then, we have
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2.0

= Mo, No+L Z”(X ) (1-h'—p'L—o nG—R,k,l),(aj,ocj,Azj)llNz,(aj,ocj)N2+1’P2
Py.Q) (bj’Bj)l,MZ ;(bj’Bj;BZj)Mz‘*'l,Qz ,(I-p'—p'L-oMmg-RA1)
Proof:

In (1.2), taking q = g=m = 0, £ = -1, and taking series representation of (1.2) and for the generalized
polynomial set, general class of polynomial and Fox’s H-function [13] respectively in the left hand

side of (2.1), then expressing the Fox’s H -function in Mellin-Barnes type contour integral and

changing the order of summations and integrations justified under conditions stated, we find left hand
side of (2.1)

1 = Mo Cp)© ' WM (=N),, |
= o Y A(EpULY) Ere) 2> M gt
I'(p'-h")2A f-,p,zu;,vv ; é 92_1: GIF, 7'° ;) RI
io . L o o _-_-___G.'
XJ‘ - (I)S(S) ZlIS XI(P L+GnG+R+}MS) {J.I (\']—yl)u_h_lw 25 PL >\.S R T‘]G d\v}dsl
—io y

.(2.2)

Now evaluating the inner v integral in (2.2) with the help of known result (Beta Function) and the

reinterpreting the resulting Mellin-Barnes contour integral in terms of H -function, we arrive at the
desired result (2.1).

Lemma 2.

Under the conditions stated with Lemma 1, we have

© o M _1\G . INM] (=N p'L+ong+R
—h' 1 1 ( 1) ' 7 ( )MR X
y" E o(f,p,u,v')z" E E E(m)z |
) Py & g1 GIF T RZ) RI y

. A
Xﬁ:lz,lNzﬂl Z"(ilj
2+1,Q2 + i y
” X' 4 X' " X' 7 e e
—u' a,p, . 1 1 1,Ny 1 (e ’EPl)
:J‘O c ﬂsnﬂolz Zj ,c,q,A,B,g,f}Sw[v(ZJ THZ [z (Ej (fQPllqul)}

(1-h'—p'L-0"n —R,A:1), (3}, A 21Ny + (3]0 g 1.7 £(v) V'
(b; :ﬁi)1,M2 i(bjxﬁiiBj)M2+1,Q2 (1-p'~p'L-0"ng—R ;1) (y) y

D) dg .(2.3)

g

(bj’Bj)l,Mz ;(bj’Bj;BZj)MZH,Q
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provided f € L and x' > 0.
Proof:

Let A denotes the left hand side, then using Lemma — 1 and applying

-{¢()}—mj (& -X)"H(¢)dg

we get

—j{ j(c y) g

@0 X' 4 X' " X' “
xS X1 ieqA,B.g sVl 2 [HwN 2| 2
: Ha] oA } ng } @ ng

~MoNy | Y| @ o] FAPLN, @) ')N2+1,P2
x H Z'| —

P,.Q, C

(eP1 vEPl)
(o, -Foy)

| , dc - f(y") dy’
(bj’Bj)l,M2 ;(bj’ﬁj;BZj)Mzﬂ,Qz

' R
© a0 X' e M X' M, N, | [ X
= "'S zl —| ;c,q,A,B9,7 S — | H XYz =
I s, (cj R Y V(cj 19 (cj

__M,,N (@ a A )1,N s(@ja )N 1.p w-h-1
<H 272 Z"(i} 2t {J‘ (C y) f(yl) dY}dC
P2 Q2 g ®; B D1, 0] BJ B, +1.Q, C(u'-h')

o
(ep ,Ep )
PR

it has been assumed that change of order of integration is permissible as in Lemma 1.
3. MAIN THEOREM

If f <J, D*"{f}exist, A>0,x >0,|arg W|<%QZ,QZ >0,Re(x)>Re(h') >0,
then the solution of integral equation-

[ vy u[yjf(y)dy g(x),x'>0
is given by

fo)=- ><”1|| j X" 4(s)

ro=dei, 0(S,2,Z,v.Z")

here
09)=] " x*g00 ox
and
o ~ . o [N/M] (_ o M ( ) .nG
0(s,2,2,2'v)= Y, <|)1(f,p,u,V)Z > 2> > Y &(nG)
f.pu,v R=0 G=0 g=1
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<, (—p'L—S —U'Ué —tR jz,,[swuj%m]

, (29
1 (2.9)
provided that
b. s+p'L+o'n. +R (1-a))
~ min Re| - |<Re| P e < min Re )
1<j<M, B.. A 1<j<N,

2 2

where L=/n+p+cv:p,v'=01,..,n

Proof:
Replacing pr-h () inleft hand side of (2.3) of Lemma - 2, we have
[N/M] ( N) (O] 1 (_1)G , T]'
1 1 ] G
g(x) = j y™" f > Ofpuv)zt 3 —E Y 3 e
ULV R=0 G=0 g=1

X' va+G'nG+R _M2, N2 ) X' A (1_h‘_plL_R_G'nG’X;l)’(aj’(xj;Aj)]-,Nz’(aj’aj)Nz"'lyPZ
X - H VA —
y

PyQ y o —o'L_R

x DM (f(y') 1 dy'. ...(2.10)

Now taking Mellin transform of both sides by multiplying both sides of (2.10) by x** and integrating
with respect to x' from 0 to wy, we have

) . N/M] N (0] 1 _ G , '
w00=[ v T urpezt 3 e I3 ez
PULV = G=0 g= g

. . A\ PRTR i
—N'—p'L-R-c'ng X(S+pL+G'nG +R-1 H My, Np+1 Z( X j (-h—p'L-c"ng-RAl)
y

P5+1,Q,5+1 o B.-B..
2 2 (bJ’BJ)l,MZ’(bj’ﬁJ’BZJ)MZ-Fl,QZ’

(aJ’aJaAJ)1’N2’(aj’aJ)N2+1,P2 ( -_hv)
ax  D* M (f(y) }dy' @1
(I-p-p'L-omg Rl

where it has been assumed that the change of order of integration is permissible under the stated
conditions.

On evaluating the inner integral, (2.11) reduces to

C(w=s)¢p(s) Ah = e
F(h'—S)e(S,Z,Z',Z",v)_Mtl:y D" {f(Y)}-S] L (2.12)

which on applying inversion theorem gives

pperonvy A o 07 s [(1'=s) #(s)ds
DY = m ] Y sy d6.2. 2,2 @1
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Now operating upon both the sides of (2.13) by D" and change the order of integration
permissible under the conditions stated, we obtain

. et I'(p'—s)
f()/)—mylfloj-c v [(h'=s)6(s,z,Z,2'V)

{ Joy gy dc}¢<s) ds (2.14)

By evaluating inner integral of (2.14) by the definition of Beta function, we get the required result
(2.6).

4. INTERESTING SPECIAL CASES

Q) If we set A2 =1 B2 =0=0,/=-1 in(2.1), (2.3),(2.6), we obtain the following

results
(epl prl)
(fo, Fo,

M oz y”HE{’HﬁJ ,a,ﬁ}sw{v(% }H&%“l[ (5]
y y o y

MyNy | e Y AN AN, 1R,
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2 iF, 467 H
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x H

y

fy)dy' ...3.2)

}»_-_"_.-__v, _'_,_ ,_'_
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Pr+1,Q5+1 e "o
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(iii) _[)W y'—/-l' Hs]r) [Z(gj +a, ﬂ}S'\Nﬂ [V(?j ] Hgfyl(’?'jl {z{?j E?;E;)]
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xH Z

Py.Q)
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has its solution given by

W=l ey NV (—V) (~a—ru)
f(x‘):?\“x . le_[ X' S Z Z u' . V' _n'-n
72 IR VR e ul vl
[N/M] (—N)NI o M 416 :
ALY 3 S
ro R LNRED g2 G!Fg, G
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X‘r’i{ == P Te } z" ’ pE)ds .33

(2) The results obtained by H.M. Srivastava and R.K. Raina [20] follow as special cases of our result
on assigning certain values to parameter in the function involve.
2+1,...,V2) =1oc'—0 in(21)andn=gq=g=B,=0and {

=c=-1,and A, = 1, the result reduces to a known result derived by Chaurasia, V.B.L. and Patni,
Rinku [4] with n = 0.

(3) Letting j=1,..., Nz):BZj(j: M

(4) Taking Azj(j:1,...,N2):BZJ.(j:M2 +],...,92)and c'—0 in (2.1), we find a known
result of Goyal, S.P. and Mukherjee, Rohit [8] witht = 0.
5. CONCLUSION

The Weyl type integral evaluated and the results obtained in this paper are of a general character and
may prove to be useful in several interesting situations appearing in the literature on applied
mathematics and mathematical physics.
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