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Abstract: In this article, we will study an interesting method to compute the determinant of a square matrix of
order 4.
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1. INTRODUCTION

In linear algebra and matrix theory, the determinant of a square matrix is very important for many
sciences as Physics, Statistics, Engineering, etc. The determinant of an n X n matrix

aiq aqp e al‘l’l

a1 Qyp v Qon
A=|" : . : '

an1 Qn2 ... Aunlygn

is denoted by det(A) or |A|, and a basic formula to compute the determinant is

all a12 aln
A1 A Azn ., .

det(A) = : : .| = ) sgn(ujz 0 jn) Q1j, - Qnj s
An1 Qpz ... Qpn

where the summation is taken over all n! permutations ji, j,, ... j, Of the set of integers 1,2, ...,n.
Also, the function sgn(ji, jo, ..., jn) is defined as:

+1 ,if j1,j2, -, jn is an even permutation

g1, Jzs -1 Jn) = {—1 ,if j1,J2, s jn is an odd permutation

There are many methods and rules to compute the determinant of a square matrix and some well-
known methods are Sarrus’ rule, triangle’s rule, Chio’s condensation method, Dodgson’s
condensation method, etc. In 2016, R. Farhadian [2] established a new method to compute the
determinant of a square matrix of order 4. In this article, we will study the Farhadian's method, we
also present some new results.

For the next section, the following notation will be used:
(@) A,, denotes a square matrix of order n.

(b) R denotes the set of all real numbers.
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2. DUPLEX FRACTION METHOD TO COMPUTE THE DETERMINANT OF A SQUARE MATRIX OF

ORDER 4

In 2016, R. Farhadian established the following definition (see [2, Definition 2.1]):

.. . a a b
Definition 1. ( Duplex Fraction ). Let | 1 12| and b“ b are two 2 x 2 determinants such
21 22
bis . i1 A2
that by, b2, b51, | # 0. The duplex fraction of | |
11,012, D21 by, Y Ayy Qo
b
on bll b is defined as:
21 22
a1 a1
bi1 b1z
d11 a12| dz1 G2z
QAz1 Q2| __ |b21  bpp
b11 b12| - |b11 b12|
by by b1 bz
. 25 15 5 3.
For example, the duplex fraction of| |on| | is
P P 21 121713 6
25 15
25 15 é é‘ 5 5|
21 121 12 3 el __l7 2l =25
5 — 15 3| 21'
HE R

Now, we shall know about the Dodgson’s condensation

Lutwidge Dodgson (1832-1898) in 1866 (see [1]):

of a matrix that was introduced by Charles

Definition 2. (Dodgson’s condensation). The Dodgson’s condensation of an n X n matrix A, =

[a;j],,,, is@n (n — 1) x (n — 1) matrix such as [mij](n—l)x(n—l) such that
N | aij aij+1)
U laa+n;  aarngn )

Henceforth the notation DC(4,,) denotes the Dodgson’s condensation of a matrix 4,,, and the second

condensation is DC(DC(A,)) and so on.
Thus, for a 4 x 4 matrix

i
azq
aszi
2751

Ay

the firs Dodgson’s condensation is
a11
| a21
DC(A,) = |
l|a31
41

and the second condensation is

aiz
azz
azz
asz
asz
27%)

A, 13 Q14

Qyp; Q23 U2

A3z A3z QGzg '

Q42 Q43 QAaa],.,

| |a12 a13| |a13 a14|
Qz2 Q423 Qz3 Q24 |

| |a22 a23| |a23 a24| )
Qazz Az3 Q33 dzg |

| |a32 a33| |a33 a34|
QAzy Qa3 Ag3  Qgq J3X3
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r[|%11 Q12 ai; Qi3 aiz; Qi3 a3 Q1417
az1 Ay Az dzs az2 Qz3 QAz3 Q34
a1 Az Az dz3 az2 Qz3 azz dz3
asz; dsz as; dss as; dass a3z dzs
DC(DC(A =
( (4)) a1 dz; Az dzs Az QAzs azz dz3
az1 Qsp Gz Qs3 Qa3 Qszs a3z Q3
az; Qasp Gz Qs3 Qa3 QAszs a3z Q3
LIAg1 Q42 Qup Q43 Qup Q43 Qg3 Agqlld, .
For example, let
2 1 4 6
A = 3 2 3 1
4 1 4 2 5 '
7 1 3 1l4y4
using (1), we have
[ 1 -5 —-14
DC(A,)=]10 -8 13 )
[—27 10 —13l343

and using (2), we have

42 —177
DC(DC(A4))=[_116 =26 lyxs

We have the following theorem to compute the determinant of a square matrix of order 4.
Theorem 1. Given a 4 X 4 matrix

aqq aqn a13 A14

ayq1 Ay Az3 Q4

Q31 Q32 A3z 34

Qg1 Qg2 Q43 Qa4],.,

A4:

Qz2 Qz
where a,,, a,3,as,, asz are nonzero numbers and |a32 a32| # 0. Then

aii1 aiz| (2412 Qa13 aiz ai3| |a413 Qai4
azq1 azzl lazz azsz azz azsl lazz dazg
azi1 dazz| |42z az3 azz azz| |azz azsz
az1 aszzl lazz ass azz assl lazz asg
azz azs
azq1 dazz| |42z az3 azz azz| |azz azsz
a3y azzl lazz aszs azz aszzl lazz aszg
azi asz| |aszz2 ass azz asz| |aszz assg
Aq1 Qgq2] 1042 Q43 Aq2 Q431 1043 Q44
|A | — M — asp ass
41— az; a23| - az; a23|
Qazz Qazz azz Qaszz

Proof. See [2].

As an example of Theorem 1, consider the matrix

3 5 1 6
15 2 11
Ay = 1 4 3 5 ’
7 1 3 3l
we have
pceay [T19 3 T3] pepcn) —92 16
|18 2 2 ’[216 —30]’
27 9 —6
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hence, the determinant of A, is equal to

—92 16 21 -59
1216 -30l |59 _q3|  -404 _
|4, = |2 T =T = = —202.
4 3 4 3

We shall now prove the following theorem:
Theorem 2. Given a 4 X 4 matrix

aa 0 0 a,

A = 0 b, b, O
*710 by b, O ’
a0 0 aal,,,
b, b,

where by, b,, b3, b, are nonzero numbers and # 0. Then

b; by
|A4] = (aya4 — azaz)(byby — byb3).

Proof. We have

DC(DC(AL)) = [(a1b1)(b1b4 —byb3) (ayby)(biby — bzbg)] |
2x2

(agb3)(byby — byb3) (asby)(byby — bybs)
Using Theorem 1, we have
(a;by)(biby — byb3) (azby)(b1by — byb3)

_ |DC(DC(‘44))| _ (azb3)(b1by — byb3)  (a4by)(biby — bybs3)
YT by by T by by
bs b, bs b,

(a1b1)(b1bs—byb3)  (azby)(bibs—bybs)

b b
(a3b3)(b124—b2b3) (a4b4)(b124—b2b3) ay(b1by — byb3)  az(biby — bybs)
_ b3 by _las (biby — byb3)  a4(byby — byb3)
b, b, by b,
by by bz by

_ a1a4(b1b4—b2b3)2—a2a3(b1b4—b2b3)2 _
= — = (aya4 — azasz)(byby — byb3).
bibs—bz b3

Theorem 3. We have
aq X y a; aq 0 0 a, aq 0 0 a,
0 b1 bz 0 — X bl b2 0 — 0 bl b2 0
0 b3 b4, 0 y b3 b4_ O 0 b3 b4. 0

a 0 0 ay az 0 0 a4 a x Yy Q4
a;, 0 0 ap
0 by by x

0 by b, ¥ = (aja4 — azaz)(byby — by b3).

az; 0 0 Qg

b, b,

where by, b,, b3, b, are nonzero numbers and be b
3 4

#0andx,y € R.

Proof. The proof is similar to the proof of Theorem 2.
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