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Abstract: In this article, we will study an interesting method to compute the determinant of a square matrix of 

order 4. 
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1. INTRODUCTION 

In linear algebra and matrix theory, the determinant of a square matrix is very important for many 

sciences as Physics, Statistics, Engineering, etc. The determinant of an 𝑛 × 𝑛 matrix  

 

𝐴 = [

𝑎11 𝑎12 … 𝑎1𝑛
𝑎21 𝑎22 … 𝑎2𝑛
⋮
𝑎𝑛1

⋮
𝑎𝑛2

⋱
…

⋮
𝑎𝑛𝑛

]

𝑛×𝑛

, 

 

is denoted by 𝑑𝑒𝑡(𝐴) or |𝐴|, and a basic formula to compute the determinant is 

 

𝑑𝑒𝑡(𝐴) = |

𝑎11 𝑎12 … 𝑎1𝑛
𝑎21 𝑎22 … 𝑎2𝑛
⋮
𝑎𝑛1

⋮
𝑎𝑛2

⋱
…

⋮
𝑎𝑛𝑛

| =∑𝑠𝑔𝑛(𝑗1, 𝑗2, … , 𝑗𝑛) 𝑎1𝑗1 …𝑎𝑛𝑗𝑛 , 

 

where the summation is taken over all 𝑛! permutations 𝑗1, 𝑗2, … 𝑗𝑛 of the set of integers 1, 2, … , 𝑛. 

Also, the function 𝑠𝑔𝑛(𝑗1, 𝑗2, … , 𝑗𝑛) is defined as:  

 

𝑠𝑔𝑛(𝑗1, 𝑗2, … , 𝑗𝑛) = {
+1
−1

 , if 𝑗1, 𝑗2, … , 𝑗𝑛 is an even permutation
, if 𝑗1, 𝑗2, … , 𝑗𝑛 is an odd permutation

.  

 

There are many methods and rules to compute the determinant of a square matrix and some well-

known methods are Sarrus’ rule, triangle’s rule, Chio’s condensation method, Dodgson’s 

condensation method, etc. In 2016, R. Farhadian [2] established a new method to compute the 

determinant of a square matrix of order 4. In this article, we will study the Farhadian's method, we 

also present some new results.  

For the next section, the following notation will be used: 

(a) 𝐴𝑛 denotes a square matrix of order 𝑛.  

(b) ℝ denotes the set of all real numbers. 
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2. DUPLEX FRACTION METHOD TO COMPUTE THE DETERMINANT OF A SQUARE MATRIX OF 

ORDER 4 

In 2016, R. Farhadian established the following definition (see [2, Definition 2.1]): 

Definition 1. ( Duplex Fraction ). Let |
𝑎11 𝑎12
𝑎21 𝑎22

| and |
𝑏11 𝑏12
𝑏21 𝑏22

| are two 2 × 2 determinants such 

that 𝑏11, 𝑏12, 𝑏21, 𝑏22 are nonzero numbers and |
𝑏11 𝑏12
𝑏21 𝑏22

| ≠ 0. The duplex fraction of  |
𝑎11 𝑎12
𝑎21 𝑎22

| 

on |
𝑏11 𝑏12
𝑏21 𝑏22

| is defined as: 

|
𝑎11 𝑎12
𝑎21 𝑎22

|

|
𝑏11 𝑏12
𝑏21 𝑏22

|
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ =

|

𝑎11
𝑏11

𝑎12
𝑏12

𝑎21
𝑏21

𝑎22
𝑏22

|

|
𝑏11 𝑏12
𝑏21 𝑏22

|
. 

 

For example, the duplex fraction of |
25 15
21 12

| on |
5 3
3 6

| is  

|
25 15
21 12

|

|
5 3
3 6

|
=

|

25

5

15

3
21

3

12

6

|

|
5 3
3 6

|
=
|
5 5
7 2

|

|
5 3
3 6

|
=
−25

21
. 

 

Now, we shall know about the Dodgson’s condensation of a matrix that was introduced by Charles 

Lutwidge Dodgson (1832-1898) in 1866 (see [1]): 

Definition 2. (Dodgson’s condensation). The Dodgson’s condensation of an 𝑛 × 𝑛 matrix 𝐴𝑛 =

[𝑎𝑖𝑗]𝑛×𝑛
 is an (𝑛 − 1) × (𝑛 − 1) matrix such as [𝑚𝑖𝑗](𝑛−1)×(𝑛−1)

 such that 

𝑚𝑖𝑗 = |
𝑎𝑖𝑗 𝑎𝑖(𝑗+1)

𝑎(𝑖+1)𝑗 𝑎(𝑖+1)(𝑗+1)
|. 

 

Henceforth the notation 𝐷𝐶(𝐴𝑛) denotes the Dodgson’s condensation of a matrix 𝐴𝑛, and the second 

condensation is 𝐷𝐶(𝐷𝐶(𝐴𝑛)) and so on. 

Thus, for a 4 × 4 matrix 

𝐴4 = [

𝑎11 𝑎12 𝑎13 𝑎14
𝑎21 𝑎22 𝑎23 𝑎24
𝑎31
𝑎41

𝑎32
𝑎42

𝑎33
𝑎43

𝑎34
𝑎44

]

4×4

, 

the firs Dodgson’s condensation is 

𝐷𝐶(𝐴4) =

[
 
 
 
 
 |
𝑎11 𝑎12
𝑎21 𝑎22

| |
𝑎12 𝑎13
𝑎22 𝑎23

| |
𝑎13 𝑎14
𝑎23 𝑎24

|

|
𝑎21 𝑎22
𝑎31 𝑎32

| |
𝑎22 𝑎23
𝑎32 𝑎33

| |
𝑎23 𝑎24
𝑎33 𝑎34

|

|
𝑎31 𝑎32
𝑎41 𝑎42

| |
𝑎32 𝑎33
𝑎42 𝑎43

| |
𝑎33 𝑎34
𝑎43 𝑎44

|]
 
 
 
 
 

3×3

.                                 (1) 

and the second condensation is  
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𝐷𝐶(𝐷𝐶(𝐴4)) =  

[
 
 
 
 
 
 
 
|
|
𝑎11 𝑎12
𝑎21 𝑎22

| |
𝑎12 𝑎13
𝑎22 𝑎23

|

|
𝑎21 𝑎22
𝑎31 𝑎32

| |
𝑎22 𝑎23
𝑎32 𝑎33

|
| |

|
𝑎12 𝑎13
𝑎22 𝑎23

| |
𝑎13 𝑎14
𝑎23 𝑎24

|

|
𝑎22 𝑎23
𝑎32 𝑎33

| |
𝑎22 𝑎23
𝑎33 𝑎34

|
|

|
|
𝑎21 𝑎22
𝑎31 𝑎32

| |
𝑎22 𝑎23
𝑎32 𝑎33

|

|
𝑎31 𝑎32
𝑎41 𝑎42

| |
𝑎32 𝑎33
𝑎42 𝑎43

|
| |

|
𝑎22 𝑎23
𝑎32 𝑎33

| |
𝑎22 𝑎23
𝑎33 𝑎34

|

|
𝑎32 𝑎33
𝑎42 𝑎43

| |
𝑎33 𝑎34
𝑎43 𝑎44

|
|

]
 
 
 
 
 
 
 

2×2

.              (2) 

 

For example, let 

𝐴4 = [

2 1 4 6
3 2 3 1
1
7
4
1
2
3
5
1

]

4×4

, 

using (1), we have  

𝐷𝐶(𝐴4) = [
1 −5 −14
10 −8 13
−27 10 −13

]

3×3

 , 

and using (2), we have 

𝐷𝐶(𝐷𝐶(𝐴4)) = [
42 −177
−116 −26

]
2×2

. 

 

We have the following theorem to compute the determinant of a square matrix of order 4. 

Theorem 1. Given a 4 × 4 matrix  

𝐴4 = [

𝑎11 𝑎12 𝑎13 𝑎14
𝑎21 𝑎22 𝑎23 𝑎24
𝑎31
𝑎41

𝑎32
𝑎42

𝑎33
𝑎43

𝑎34
𝑎44

]

4×4

, 

where 𝑎22, 𝑎23, 𝑎32, 𝑎33 are nonzero numbers and |
𝑎22 𝑎23
𝑎32 𝑎33

| ≠ 0. Then  

|𝐴4| =  
|𝐷𝐶(𝐷𝐶(𝐴4))|

|
𝑎22 𝑎23
𝑎32 𝑎33

|
=

|

|

|
|
|
𝑎11 𝑎12
𝑎21 𝑎22

| |
𝑎12 𝑎13
𝑎22 𝑎23

|

|
𝑎21 𝑎22
𝑎31 𝑎32

| |
𝑎22 𝑎23
𝑎32 𝑎33

|
|

𝑎22

|
|
𝑎12 𝑎13
𝑎22 𝑎23

| |
𝑎13 𝑎14
𝑎23 𝑎24

|

|
𝑎22 𝑎23
𝑎32 𝑎33

| |
𝑎22 𝑎23
𝑎33 𝑎34

|
|

𝑎23

|
|
𝑎21 𝑎22
𝑎31 𝑎32

| |
𝑎22 𝑎23
𝑎32 𝑎33

|

|
𝑎31 𝑎32
𝑎41 𝑎42

| |
𝑎32 𝑎33
𝑎42 𝑎43

|
|

𝑎32

|
|
𝑎22 𝑎23
𝑎32 𝑎33

| |
𝑎22 𝑎23
𝑎33 𝑎34

|

|
𝑎32 𝑎33
𝑎42 𝑎43

| |
𝑎33 𝑎34
𝑎43 𝑎44

|
|

𝑎33

|

|

|

|
𝑎22 𝑎23
𝑎32 𝑎33

|
.  

Proof. See [2]. 

 

As an example of Theorem 1, consider the matrix  

𝐴4 = [

3 5 1 6
5 2 1 1
1
7
4
1
3
3
5
3

]

4×4

, 

we have  

𝐷𝐶(𝐴4)
→    [

−19 3 −5
18 2 2
−27 9 −6

]
𝐷𝐶(𝐷𝐶(𝐴4))
→        [

−92 16
216 −30

], 
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hence, the determinant of 𝐴4 is equal to 

|𝐴4| =
|
−92 16
216 −30

|

|
2 1
4 3

|
=
|
21 −59
−29 −13

|

|
2 1
4 3

|
=
−404

2
= −202. 

 

We shall now prove the following theorem: 

Theorem 2. Given a 4 × 4 matrix 

𝐴4 = [

𝑎1 0 0 𝑎2
0 𝑏1 𝑏2 0
0
𝑎3

𝑏3
0

𝑏4
0

0
𝑎4

]

4×4

 , 

where 𝑏1, 𝑏2, 𝑏3, 𝑏4 are nonzero numbers and |
𝑏1 𝑏2
𝑏3 𝑏4

| ≠ 0. Then 

|𝐴4| = (𝑎1𝑎4 − 𝑎2𝑎3)(𝑏1𝑏4 − 𝑏2𝑏3). 

 

Proof. We have 

𝐷𝐶(𝐷𝐶(𝐴4)) = [
(𝑎1𝑏1)(𝑏1𝑏4 − 𝑏2𝑏3) (𝑎2𝑏2)(𝑏1𝑏4 − 𝑏2𝑏3)

(𝑎3𝑏3)(𝑏1𝑏4 − 𝑏2𝑏3) (𝑎4𝑏4)(𝑏1𝑏4 − 𝑏2𝑏3)
]
2×2

, 

Using Theorem 1, we have 

|𝐴4| =
|𝐷𝐶(𝐷𝐶(𝐴4))|

|
𝑏1 𝑏2
𝑏3 𝑏4

|
=

|
(𝑎1𝑏1)(𝑏1𝑏4 − 𝑏2𝑏3) (𝑎2𝑏2)(𝑏1𝑏4 − 𝑏2𝑏3)

(𝑎3𝑏3)(𝑏1𝑏4 − 𝑏2𝑏3) (𝑎4𝑏4)(𝑏1𝑏4 − 𝑏2𝑏3)
|

|
𝑏1 𝑏2
𝑏3 𝑏4

|
 

 

=

|

(𝑎1𝑏1)(𝑏1𝑏4−𝑏2𝑏3)

𝑏1

(𝑎2𝑏2)(𝑏1𝑏4−𝑏2𝑏3)

𝑏2
(𝑎3𝑏3)(𝑏1𝑏4−𝑏2𝑏3)

𝑏3

(𝑎4𝑏4)(𝑏1𝑏4−𝑏2𝑏3)

𝑏4

|

|
𝑏1 𝑏2
𝑏3 𝑏4

|
=

|
𝑎1(𝑏1𝑏4 − 𝑏2𝑏3) 𝑎2(𝑏1𝑏4 − 𝑏2𝑏3)

𝑎3(𝑏1𝑏4 − 𝑏2𝑏3) 𝑎4(𝑏1𝑏4 − 𝑏2𝑏3)
|

|
𝑏1 𝑏2
𝑏3 𝑏4

|
 

 

=
𝑎1𝑎4(𝑏1𝑏4−𝑏2𝑏3)

2−𝑎2𝑎3(𝑏1𝑏4−𝑏2𝑏3)
2

𝑏1𝑏4−𝑏2𝑏3
= (𝑎1𝑎4 − 𝑎2𝑎3)(𝑏1𝑏4 − 𝑏2𝑏3). 

 

Theorem 3. We have  

|

𝑎1 𝑥 𝑦 𝑎2
0 𝑏1 𝑏2 0
0
𝑎3

𝑏3
0

𝑏4
0

0
𝑎4

| = |

𝑎1 0 0 𝑎2
𝑥 𝑏1 𝑏2 0
𝑦
𝑎3

𝑏3
0

𝑏4
0

0
𝑎4

| = |

𝑎1 0 0 𝑎2
0 𝑏1 𝑏2 0
0
𝑎3

𝑏3
𝑥

𝑏4
𝑦

0
𝑎4

| 

= |

𝑎1 0 0 𝑎2
0 𝑏1 𝑏2 𝑥
0
𝑎3

𝑏3
0

𝑏4
0

𝑦
𝑎4

| = (𝑎1𝑎4 − 𝑎2𝑎3)(𝑏1𝑏4 − 𝑏2𝑏3). 

where 𝑏1, 𝑏2, 𝑏3, 𝑏4 are nonzero numbers and |
𝑏1 𝑏2
𝑏3 𝑏4

| ≠ 0 and 𝑥, 𝑦 ∈ ℝ. 

Proof. The proof is similar to the proof of Theorem 2. 
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