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Abstract: In this work, we establish some new oscillation results for the first order dynamic equations with
maxima

xA(t) + q(t)maxse[t—ﬁ,t] X(S) =0,

XA(t) + pl(t)maxse[‘rl(t),t]x(s) — P2 (t)maxse[rz ©),0] x(s) =0,

and
O + ) 5 (Omaxes 0003 + )4 ©x (1, ©) =0,
i=1 j=1

Our results not only complement and generalize some existing results, but also can be applied to some
oscillation problems that were not covered before, we also give some examples to illustrate our main results
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1. INTRODUCTION
The theory of time scales was introduced by Hilger [1] in order to unify, extend and generalize

ideas from discrete calculus, quantum calculus, and continuous calculus to arbitrary time scale
calculus. A time scale T is a nonempty closed subset of the real numbers R. When the time scale
equals to the real numbers or integer numbers, the obtained results represent the classical theories of
the differential and difference equations. Many other interesting time scales exist and give arise to
many applications. The new theory of the so - called " dynamic equation” not only unify the theories
of differential equations and difference equations, but also extends these classical cases to the so -
called q - difference equations (when T = g™° := {q': t €No for g > 1} or T = g* = q“U{0}) which
have important applications in quantum theory see [2]. Also, it can be applied on different types of
time scales like T = hZ and T = No2. For an introduction to time scale calculus and dynamic equations,
see Bohner and Peterson books [3, 4].

We note that equations with maxima occur in the problem of automatic regulation of various real
system is considered in [5]. The maxima arise when the regulation law corresponds to the maximal
deviation of the regulable quantity. The paper in which oscillatory properties of equations with
maxima are considered in [6].

In this paper, we present time scale analogies of some result for continuous case T = R and the
discrete case T = Z. A nontrivial solution of the following equations is said to be oscillatory if it is
neither eventually positive nor eventually negative. Otherwise, the solution is called nonoscillatorv. A
solution is called z-type if it is either nonpositive or nonnegative.

Next, let us recall some known oscillation results on this subject. The first order delay differential
equation

x' () + q(O)maxsefr—s 1x(s) = 0, @
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equation (1) is nonoscillatory if q(t) is of one sign as in [7] and if g(t) is oscillatory, then equation (1)
has at least one nonoscillatorv solution. For multidelays H. A. Agwo considered in [8] the following
equation

YA + X o @y (r () =0, )
Where

(i) pi(t),i=1,2,...n, are nonnegative real valued rd-continuous function defined on T,

(i) Ti():T-Tand t;(t) < t, forall teT,i=1,2,...n.

Then equation (2) is oscillatory if

AYiipi () } <
Sy PO B [ 1) € () (-2 Ziy Pi())As)

llmto_,m SUPt>t,SUP) et

Where E={A> 0: 1 — A Y- p; (t)u(t) > 0}. This result will be used in the proof of our main result.
2. MAIN RESULTS

2.1 Theorem

If q(t) is of one sign of equation

xA() + q(O)maxsc—s, X(s) = 0,(3)

then, every solution of (3) is nonoscillatory.

Proof:-

When q(t)=0, then x2(t) = 0 and consequently, x(t) = x(t;) =x,x€ R. Also when § = 0, then
equation (3) becomes x(t) + q(t)x(s) = 0. This equation is not oscillatory. If q(t) > 0, suppose
that x(t)=0 is an oscillatory solution of (3), then x(t) is not z-type solution and otherwise, x(t)=0
eventually. Therefore, there exist t;t,t3 such that x(t;) = x(t;) = x(t3) = 0 and x(t) < 0.

For t e (tl,tz)TX(t) > Ofor t € (tz,tg)'['. ThUSXA(tz) = —q(tz)max[tz_&tz]x(s) < 0, which is a
contradiction.

For q(t) < 0, the proof is simillar, hence it's omitted.This completes the proof.
2.2 Theorem

Assume that we have

x4(0) + p 1 (O)MaXsepr, (0),0X(5) — P2 OMAXse[r, (1)6) () =0 (4)

(1) 72(6) > 71(t), p1, 02 > O,

(ii) there exists t; = t, such that

p1(t) = p, (Tz_l(‘fl (t))) forallt>t; >t

Then every solution of equation (4) is either oscillatory or tends to zero.
Proof:

Assume that equation (4) has a nonoscillatory solutionx(t) on [ty, o)y . Suppose that there exists
t > 17i(ty).

Now, we consider the following two cases:
1.x(t) is bounded on [t;, )7
Let

2= %= [f1(0y o) P2 (IMAXefe, (9,92 (OAS5)
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Then,

78 = X8 = py(OOmaxeerr, 0,02 + 12 (171 (11(0) ) MO, 1077 (12 ) ¥ ) - (6)
From (4) and (6) we have
22 +;m (Omaxgefr, @),0x(&) — 2 (Tz_1 (Tl (t))) maxge[fl(t),fz—l(Tl(t))]x(f) =0, (7)
sincety (t) < t(t), x(t) > 0, then we have

MaXgefe, (1)0%(§) > MAXeelr, (0),71 (zy(0)] ¥ )-

Due to (7) and condition (ii), we get z2(t) <0 forallt > t71(t;) and consequently z(t) is
nonincreasing on [ty, o). Since f: p2(s)As < oo, and x(t) bounded then

f p2(h)maxzepr, (s),s1X(§) As < o,
1)

then,

lim; e f:;l(rl(t)) pz(O)maxgefr,n),nx(§)As = 0. ®
Hence z(t) is bounded on [t 1(t), 00) 7, SO lim, . z(t) exists.

Denote

I =1lim,42z(t), 9)
from (5), (8) and (9) we have

lim;_z(t) = lim,_,x(t) =1, (10)
wherel >0 or [ =0

Ifl > 0, integrating (4) from 7, (¢t) to t, we get

x(t) — x(‘rl(t)) + f o

t t

p1(s)maxgefs, (s),s)x(§)As — f ( )Pz (s)maxge(r,(s),s1x(§)As = 0,
T1(C

t>172(t). (11)
From (10), there is a t, > 77 2(t;) such that
~<x() <2l forall t > t, . (12)
Hence, from (11), (12), we have

!
x(t) —x(71(8)) + Efrtl(t) p1(s)As — 21 f:l(t) p2(s)As < 0 forallt > t,. (13)

Taking the lower limit in (13) as t — oo,we get

t
J; p1(s)As < 0.

—T1(t)
Which is a contradiction.
I1. If x(t) is unbounded on [t;, ) from (4), we have
xB(t) < p2()maxsepe, (0),0x(s), t = 71(ty). (14)

Integrating (14) fromz,(t) to t, we get
t

x(t) < x(rl (t)) + f

T1(t

)Pz (S)maxge(r,(s),s1X(§)As.

Since x(t) is positive and unbounded, we must have,

x2(t) > 0for t > 171(t)),
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and so,

t

x(t) < x(rl (t)) + f p2(s)As.

T1(t)
By the Gronwall inequality
x(t) < x(rl (t))ep2 (t, Tl(t)) < o,

which is a contradiction.

Assume that equation (4) has eventually negative solution x(t)on [tq, )7 then, there exists t3 >

tosuch that x(t) < 0 on [t71(ts), ).

Lety = —x, then equation (2.2) takes the form
yA(®) + pr(Ominge(r, (0),0Y(S) — P2 (OMingefr, 1),y (s) = 0.
Assume that

w(t) = y(t) + ftoo p2(S)Minge(r,(s),51Y (§)As,
then

wh(®) = y2(t) — p2(Ominger, ),V (S),
from (15),(17) we get

wh(t) + py (Omingepr, (1)y(s) = 0.

Since p; (t), y(t) > 0, then w(t) < 0.

Now, we consider the following two cases:

I. yisbounded on [t71(t3), ).

Since [ p,(s)As < oo, y is bounded, then w is bounded, then w is bounded [r11(t3), ).

Since w is bounded and w? < 0, then . Hence.

lim,_,w(t) =L

From (16), we have lim;_,,w(t)exists. = lim;_y(t), y(t) > 0. Hence [ = 0.
If 1> 0, then there exists t, > 771 (t3) such that

%< y(t) <2l forallt > ty.

Integrating (18) from 7 (¢t)to t we get

w(®) —w(r (D) + %f;(t) p1(s)As < 0.

Taking the lower limitas t — oo, we get

t
f p1(s)As <0,
T1(t)

which is a contradiction.

II.  y(t) is unbounded on [t 1(t3), ).
From (15) we have

YAt < pr(OMingeqr, ()Y ().
Integrating (22) from t7(t,) to t, we get,

t

YO -y D < [ pamingepr oy (©bs

Tl_l(t4)
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Let 8 = 7,(s), then the above inequality can be written in the form

_ ® _ .
y(© =y (7€) < [ P2 (771(0) ) mingeg ez oy y (0. (23)
Since > 0,y is unbounded, then y2 > 0, and consequently y is non-decreasing. So from (23), we

have

72(t)

y(®) < y(t71 () + f

ZICGRI())

<y(ri(es) + f t

T2(r7 1 (ta))

p2 (121(9)) y(6)A6

p2 (721(9)) y(6)a6,
which implies that

y(©) < (Tt )y, (6 T2 (771 (E))) < o,
which is a contradiction. the proof is complete.
2.2.1 Remark

If we choose 71(t) =t — §; and 7, (t) = t — &, in the above theorem, then equation (4) takes the
form

xA(t) +py (Oymax,efi—s,,,%(s) — p2(H)Mmaxse(i—s,,0%x(s) =0 (24)
where

(1) 61 > &2, p1,p2 >0,

(i) there exists t; > t, such that

p1(t) = pz(t —(6; — 52)) forallt >t; > t,. (25)
(iii) f: P2 (s)As < coandliminf,_q ftt_(slpl(s)As >c, c¢>0.

Then every solution of equation (24) is either oscillatory or tends to zero.

2.3 Theorem
Assume that

XA(E) + Ty pi (OOMaXsefs,0,0000X(S) + Byr 4 (Ox (m; (©) =0, (26)
where
6, <ti=1.nj=1.m, such that

ATHET hy ()
SpE b (exp I J;, 6 (A T hic()85)

m 4O
J=Lep ;0.0

1<1,

I limgy, SuPest Super, {

Il. lim su su <1,
tome SUPt> o SUPAEE, { PTIO) o [ (AT T7I0) S)}
J=lep ;) RRJIONAS T=tep (nj @)

where
n+m
B =(>0:1— AZ hy (D) > 0}, E, = (A > 0:1— AZ% u(®) > 0},
p
_{ p(@® k=12, ..n
e (6) = {qk_n ) k=12,.m+n,
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_ 6k(t) k= 1,2,..n
w(t) = {nk_n () k=12,.m+n,

andP = Y p;(¢)
then equation (26) is oscillatory.
Proof:-

Suppose thatx(t) is an eventually positive solution of equation (26) then there exist Te[ty, )7
sufficiently large such that x(t) > 0,x(8;(t)) > 0 forall i=12,..n,x (Uj (t)) >0, forall j =
1,2,..m, forallt > T. Then x2(t) < 0 i.e, x is non-increasing and consequently from (26) we have

n m

X3+ ) 5 Ox(80) + Y g5 ©x (1, ©) =0,
. s

the above equation can be written in the form

xA() + XA by (O)x(Te (1) = 0, (27)
where
_{ oe(@® k=12,..n
hie(©) = {qk_n(t) k=12.m+n,
and
_ Sk(t) k= 1,2,..n
w(t) = {r}k_n ) k=12,..m+n.

But according to [1] all solutions of equation (27) are oscillatory if

i ( AR by () <1
My, SUPt>t,SUDPLeE )
’ ’ ' Zn+m hk (t)exp (’_ fr ® gu(s)( AZZ+71n hk (S))AS)

which is a contradiction.

Suppose that x(t) is an eventually negative solution of equation (26) then there exists T € [ty, )¢

sufficiently large such that x(¢) < 0,x(8;(t)) <0 forall i =1,2,..n,x (77,' (t)) <Oforall j =
1,2, ... m. Take y=-x, then equation (26) takes the form

YA + Sy 2 Oy(0(®) + 5y q; Oy (n; (©) = 0. (28)
Let P = }I_; p; (t). Multiplying equation (28) by e, (t, ty) then, we have

YA ep(t o) + Py(a(D)ep(tte) + ) a; Oy (1 ©))eplt,tg) = 0,
j=1

G et ) ++0 g @Oy (1 O)) et t0) =0,
j=1

letz(t) = y(Dep(t, to)

m q; ()z(n; (t))
OO0 ) 0

)

y GOz (©) _
&)+ z o0

but all solutions are oscillatory if
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m q;(t)
A2 =lep(;(O.t)

llmto_,w Supt>t05uPAeE2{ G 71G) }<1,

T i (¢ ym i
T=iepeon Py S AL TGy A

which is a contradiction, the proof is complete.

2.3.1 Remark
we note that if T=R equation (26) becomes
X (8) + Ty pi (OMaxye(s 0,0%(s) + Tty q; (Ox (17 (0) = . (29)
Then, if
t t
2i=1pi (8) f(gi(t)(Z?:l pi (s)ds) + XiZ1q; (1) f,,. o@&j=1q; (8)ds) 1
liminf; m ™ . > -,
i—1Pi () + X/ q; ()
and,
b (R pi()ds) B (S p(©)de)
57 gy e OFOD g e FEiOFg
liminf,_e — > -, (30)
g (1o ©Fi=1Pi)4) ¢
il

then all solutions of equation (29) are oscillatory. Condition (30) is a new criteria for oscillation of
equation (27).

3. EXAMPLES
In this section we give some examples to illustrate our main results.

3.1 Example
Take T=R, consider the equation
4 1
x (t) — mmaxse[t_z,t]x(s) = 0. (31)
Here, p(t) = L ¢t>3isofone sign then by Theorem (2.1) equation (31) isnonoscillatory. In fact

t(t—1)
x(t) = % is a nonoscillatory solution for this equation.
3.2 Example

Take T=R, consider the equation

1
t+

x () + (et + 1)6_73maxse[t_§,t]x(s) — e_( Z)maxse[t ]x(s) =0. (32)

_%It
=3 ~(t+3) 3 1, .

Here,pi(t) = (et + De2, p(t) =e 2),8; = > and §, = > It is clear that &; > 85, p1(t) >

p2(t —1),t = 1. Then according to the Remark (2.2.1) then every solution of this equation is

oscillatory or tends to zero. In fact x = et isa solution which is tends to zero.

3.3 Example
Take T=R, consider the equation

' 1 2 2
x (t) + Emaxse[t_glt]x(s) + Emaxse[t_zlt]x(s) + ;x(t —1) =0.(33)

Here, P1 =%,p2 =§,5l = 3 and 82 = 2,

1. (1 2 2 ¢ /1 2 2+ 2
limin 3hs(3+3) s +50,(5+3)ds+505d 1
t—oo l+g+z el
3 3 e
and
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2ol Zellas 4
> Y

% eftt—l(%%)ds €

then equation (33) is oscillatory.
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