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Abstract: The paper is about the edge covers of the graph. The change in the edge covering number of the
graph is observed under the operations vertex removal, edge removal and edge addition. The necessary and
sufficient condition is proved under which the edge covering number decreases when a vertex is removed from
the graph also when an edge is added to the graph. The necessary and sufficient condition is proved under
which the edge covering number increases when an edge is removed from the graph. Some results about the
edge covering number have been obtained by considering the dual hypergraph of the graph under the operation
vertex removal from the hypergraph.
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1. INTRODUCTION

Various graph operations have been considered in graph theory. In particular, the effect of these
operations on the parameters like domination number, independence number, vertex covering number
etc. have been studied by several authors. In this paper, we consider three graph operations (namely
vertex removal, edge removal and edge addition) and the effect of these operations on the edge
covering number of the graph. We prove the necessary and sufficient condition under which the edge
covering number decreases when a vertex is removed from the graph. We count the number of
minimum edge covers of the graph corresponding to a vertex. We may note that the edge covering
number increases or does not change when an edge is removed from the graph also the edge covering
number decreases or does not change when a new edge is added between two non-adjacent vertices of
the graph. We prove necessary and sufficient condition under which the edge covering number
increases when an edge is removed from the graph also the necessary and sufficient condition under
which the edge covering number decreases when a new edge is added between two non-adjacent
vertices of the graph.

We consider only finite, simple and undirected graphs without isolated vertices. For the graph G =
(V, E) with vertex set V (or V (G) ) and edge set E (or E (G) ), G — v denotes the subgraph of G
obtained by removing a vertex v and all edges incidentto v. Similarly, foranedge e € E,G — e is
the subgraph of G obtained by removing an edge e from the graph G. Let X, y be non-adjacent
vertices of the graph G then G + xy is a graph with the same vertex set V of G and with the edge
setequal to E (G) U {xy}.

2. EDGE COVER OF THE GRAPH

Definition 2.1 [3] A subset F of E(G) is said to be an edge cover of the graph G if every vertex of
G is an end vertex of some edge of F.

Definition 2.2 An edge cover F of the graph G is said to be a minimal edge cover if for every edge
e € F, F —{e} is notan edge cover of G.
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Theorem 2.3 Let G be a graph and F be an edge cover of G. F is a minimal edge cover of the
graph G if and only if for every edge e =xy in F, one of the following two conditions hold.

(1) There is no edge (except e ) incidentto X or every edge incidentto x (excepte) is outside of
F.

(2) There is no edge (except e ) incidentto y or every edge incident to y (excepte) is outside of F.

Proof. Suppose that F is a minimal edge cover of G and e=xy € F. Since F — {e} is not an edge
cover of G, thereis a vertex z such that z is not covered by any edge of F —{e}. If z#x and z
#Y thenthereisanedge h in F suchthat ze h and h #e. Therefore z € {x, y}. Suppose that z
=X. Now x isanend vertex of e but x is notan end vertex of any edge of F — {e}. Therefore (1)
holds. If z=y then (2) holds.

Conversely, Suppose that one of the two conditions holds then it is obvious that F — {e} is not an
edge cover of G.

Definition 2.4 [3] An edge cover with minimum cardinality is a minimum edge cover of the graph G.
The cardinality of a minimum edge cover is called the edge covering number of G and it is denoted
by a;(G).

For an edge set F of the graph G, V (F) denotes the set of end vertices of edges of F.

Note that the graph with isolated vertices does not admit an edge cover. Therefore in case of edge
cover problems, we will consider only those graphs which do not contain isolated vertices.

3. VERTEX REMOVAL FROM THE GRAPH

In subsequent results, we will assume that G — v does not have isolated vertices. We prove that the
edge covering number of the graph does not increase when a vertex is removed from the graph.

Theorem 3.1 Let G beagraphand v eV (G) then a;(G —-V) < a;(G).

Proof. Let G beagraphand v € V (G). Let F be a minimum edge cover of G and suppose that
vuy, Vu,, ..., vu, are all the edges incident at v such that {vu;, vu,, ..., vu,} € F. Now
consider the subgraph G —v. Let m be the number of edges of G — v which are incident with
atleast one vertex of uq, u,, ..., uy butthey are not members of F. Let these edges be f;, f,, ...,
f,,. Now consider the set F; = (F —{vuy, vu,,...,vuy}) U{fy, f,,..., f,} then obviously F;
is an edge cover of G—v and |F;| < |F|. Thus, a;(G-V) < a;(G).

From the proof of theorem 3.1, we have the following corollary.
Corollary 3.2 Let G beagraphand v eV (G) then a(G-V) < a;(G) if m<k.

Theorem 3.3 Let G beagraphand v €V (G) then a;(G - V) < a;(G) if and only if there is a
minimum edge cover F of G such that whenever uv € F, there isan edge uw of G such that uw
eF.

Proof. Suppose the condition is satisfied. Let F be the minimum edge cover of G which satisfies the
requirement. Since F is an edge cover of G, there is some edge uv such that uv € F. By the
assumption, there is an edge uw such that uw € F. Consider the set F; = F — {uv}. Since uw €
F1, F; isanedge cover of G —v. Therefore a1(G - V) < |F4| < |F| = a1(G).

Conversely, Suppose that a;(G — v) < a4(G). Let F; be a minimum edge cover of G —v then F;
cannot be an edge cover of G. Therefore there is no edge containing v which is a member of F;.
Let uv be any edge containing v and let F = F; u {uv} then obviously F is an edge cover of G.
Also since a1 (G - V) < a1(G), F isaminimum edge cover of G and F contains the edge uv. Since
u is a vertex of G — v there is an edge uw in F; then uw isalso in F. Thus F satisfies the
requirement.

Corollary 3.4 If a;(G - V) < a4(G) then there is a minimum edge cover F of G containing a unique
edge uv containing v such that for some edge uw, uw € F.

Proof. Since a;(G —vVv) < a{(G). There is a minimum edge cover F of G such that whenever uv
€ F, there is an edge uw which isin F. Now F is a minimal edge cover of G and therefore by
theorem 1.3, one of the following two conditions hold.
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(1) All the edges incident at u (except uv) are outside F.
(2) All the edges incident at v (except uv) are outside F.

Since (1) does not hold, (2) must hold. Therefore any edge containing v other than uv must be
outside F. Thus uv is the unigue edge containing v whichisinF.

Counting the number of minimum edge covers of the graph

Remark 3.5 Suppose that a;(G — V) < ay(G). Let F; be a minimum edge cover of G —v then by
theorem 3.3, F; U {uv} isa minimum edge cover of G. Thus, every minimum edge cover of G —v
gives rise to deg(v) number of minimum edge covers of G. Suppose there are m minimum edge
covers of G — v then they will give rise to m * deg(v) number of minimum edge covers of G
(containing v) with possible repetition.

Let v4, v5,..., v bethevertices of G suchthatfor i=1,2,3,..,K,
(1) G —v; does not have isolated vertices.

(2) a1(G —v;) < a;1(G) then there are atmost

k
D my « deg(v)
i=1

minimum edge covers of G corresponding to vertices v; with possible repetition, where m; denotes
the number of minimum edge coversof G-v; (i=1, 2,3, ..., k).

Example 3.6 Consider the cycle graph G = C5 with vertices 1, 2, 3, 4, 5.

1

2 a
Figurel. G=Cs

Note that a;(G —v;) < a;(G) for all vertices v; = 1, 2, 3, 4, 5. The graph G — v; has only one

minimum edge cover (forany v; =1, 2, 3,4, 5) also deg(v;) =2 foreach v; =1, 2, 3, 4, 5. Therefore

the graph G has atmost

k
m; *deg(vi)= (1 *2)+ (1 *2)+ (1 *2)+ (1 *2)+(1x2)= 10

=1

1

edge covers with possible repetition. The edge covers of the graph G are obtained as follows.

For v; =5, F; = {12, 34} is the only one minimum edge cover of G — 5. Since deg(5) =2 and the
vertices 1 and 4 are neighbors of 5. The minimum edge covers of G correspond to vertex 5 are
EX ={12, 34} u {51} and EZ = {12, 34} u {54}. Similarly, the minimum edge covers of G
correspond to vertices 4, 3, 2, 1 are E} = {15, 23} u {45} and E} = {15, 23} u {43}, E} = {45,
12} U {34} and E3 ={45,12} U {32}, E} ={34,15} U {23} and E3 ={34, 15} U {21}, E] =
{23, 45} U {15} and E? = {23, 45} U {12} respectively.

Remark 3.7 From the above discussion, it is clear that if a{(G — v) < a;(G) then the number of
minimum edge covers of the graph G is greater than the number of minimum edge covers of G —v.

4. VERTEX COVER IN HYPER GRAPH

Definition 4.1 [1] The hypergraph is an order pair G = (V, E). The nonempty set V contains the
elements {v{, v,,...,v,tand E={Cq, Cy,...,CL,} isafamily of subsets of V such that

International Journal of Scientific and Innovative Mathematical Research (IJSIMR) Page 3



D. K. Thakkar & B. M. Kakrecha

m
UCi =V
i=1

each Ci is nonempty. The elements of V and E are called the vertices and the edges of the
hypergraph G respectively.

We make the following conventions about the hypergraph considered in this paper.

(1) If x and y are distinct vertices then there is atmost one edge which contains x and .
(2) Any two distinct edges of the hypergraph will intersects in atmost one vertex.

(3) If e and f are edges having atleast two vertices then e £ f and f Z e.

Definition 4.2 [1] Let G = (V, E) be a hypergraph and let v € V (G) be a vertex of G. A sub
hypergraph G — v is a hypergraph whose vertex set is V — {v} and the edge set is equal to {e'|e" is
nonempty and e = e—{v}, e € E(G)}.

Definition 4.3 [1] Let G = (V, E) be a hypergraph and let v € V (G) be a vertex of G. A partial
sub hypergraph of G is a hypergraph with vertex set V — {v} and the edge set equal to {e € E(G) |
vV &e}.

If G isagraphthen G can also be regarded as a hypergraph. Therefore the dual hypergraph G* of
the graph G is defined as follows.

Definition 4.4 [1] Let G = (V(G), E(G)) be a graph. The dual hypergraph G* of the graph G isa
hypergraph with vertex set V (G*) = E(G) and edge set E(G*) ={v | veE V(G)} where v={e €
E(G) | v is an end vertex of e}.

Definition 4.5 A set of vertices S of the hypergraph G is a vertex cover of G if every edge of the
hypergraph G has nonempty intersection with the set S. That is, for every e € E(G), e n S # Q.

The cardinality of a minimum vertex cover of the hypergraph G is the vertex covering number of G,
denoted by a((G).

It is clear that any edge cover of the graph G is a vertex cover of the dual hypergraph G*.
Example 4.6 Consider the graph G = C, with vertices 1, 2, 3, 4. The edges of C, are 12, 23, 34, 41.

Figure2. G=C,

The edge set {12, 34} is an edge cover of the graph G. The vertex set of the dual hypergraph G* is
V (G*) ={12, 23, 34, 41} and the edges are 1 ={12,41}, 2 ={12,23}, 3 ={23,34} and 4 = {34,
41}. Thus {12, 34} is a vertex cover of the dual hypergraph G*.

Vertex Removal from the Hypergraph

We observe the effect of vertex removal on the vertex covering number of hypergraph. In the
following theorems, we consider the sub hypergraph G — v obtained by removing a vertex v from the
hypergraph G.

Theorem 4.7 [4] Let G be a hypergraph and v € V (G) such that {v} is not an edge of G then
ag(G—-V) = ay(G).

Proof. Let S be a minimum vertex cover of G—v and e be an edge of G. Lete =e—{v}. Since
S isavertex cover of G—v, e NS # @. Thereforee NS # @. Thus S is a vertex cover of G.
Thus a¢(G) < [S|= ap(G —V).
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Theorem 4.8 [4] Let G be a hypergraph and v € V (G) such that {v} is not an edge of G. ay(G —
V) = ao(G) if and only if there is a minimum vertex cover S of G suchthat v & S.

Proof. Let S be a minimum vertex cover of G such that v € S then S is a vertex set of the sub
hypergraph G —v. Let e  be any edge of G —v and e be the edge of G such that e — {v} = e
Now enS =@ andsince véS, e nS=#@. Thus S is a vertex cover of the sub hypergraph G —
v. Therefore ay(G —v) < S| = ap(G) < ap(G—-V). Thus ag(G—-V) = ay(G).

Conversely, ay(G —V) = ay(G). Let S be a minimum vertex cover of G —v then obviously S isa
vertex cover of G also. Since ay(G - V) = a(G), S is a minimum vertex cover of G not containing
V.

Corollary 4.9 [4] Let G be a hypergraphand v € V (G). a¢(G —V) > ay(G) if and only if for every
minimum vertex cover S of G, v € S.

5. EDGE REMOVAL FROM THE GRAPH

We consider the operation edge removal from the graph. We assume that when a particular edge e is
removed from the graph G then G —e does not have isolated vertices.

The effect of edge removal on the edge covering number of the graph is indicated with the examples
(i) and (ii) of figure 3.

Consider the graphs of row 2 in the following figure 3. The graphs after removal of an edge from each
graph of row 2 are given in row 1.

2 0 1
@ ®
Row 1 1 2 3 4
@
Graph G- e 3 4 ¢ ¢ ¢
G1_ 34 G) bl 14
2 0 1 1 4
Row 2 o o
Graph G
3 4 2 3
G4 G,
(i) (i)
Figure 3

(i) Consider the graph G; of Figure 3 ((i) of Row 2). The minimum edge cover of this graph is {01,
02, 34}. Therefore the edge covering number of the graph is 3. By removing an edge 34 from the
graph, the edge covering number of the resultant star graph G; — 34 ((i) of Row 1) is 4. Thus, the
edge covering number of the graph increases when an edge is removed from the graph.

(ii) Consider the graph G, ((ii) of Row 2). The minimum edge covering sets of G, are {12, 34},
{23, 41}. The edge covering number of G, is 2. If any edge is removed from G, then it gives a path
graph P, ((ii) of Row 1). The edge covering number of P, isalso 2. In this example, the edge
covering number does not change when an edge is removed from the graph.

Theorem 5.1 Let e be an edge of the graph G such that G — e does not have any isolated vertex
then a1(G-e) > a;(G).

Proof. Let F be an edge cover of G —e. Since G—e and G have the same vertex set, F is also an
edge cover of G. Thus a;(G—-e) = [F| > a;(G).
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Another proof of the theorem 5.1 Suppose that G is a graph. Consider the dual
hypergraph G* of G. Let e =xy then X ={f € E(G) |[x€f} and y ={f € E(G) |y € f}.

Now consider the dual hypergraph (G - e)* of G —e. In the dual hypergraph (G- e)*, X will not
contain e and y will not contain e. All other edges of G* will be the edges of (G- e)* and all
other edges will remain, thatis, Z =z -{e} =% forall z ¢ {x, y} and X' =X -{e}, ¥ =y -{e}.
Thus, the dual hypergraph (G- e)* is the sub hypergraph G* - e. Therefor by theorem 4.1, a;(G —

C) = aq (G)

Theorem 5.2 Let G be a graph and e € E(G) such that G —e does not have any isolated vertex then
a1(G—-e) = a4(G) if and only if there is a minimum edge cover F of G suchthat e =xy ¢ F.

Proof. Suppose that the condition is satisfied then obviously F is an edge cover of G —e. Therefore
a1(G-¢e) < |F| = a1(G)<a1(G—e). Thus a1(G—¢e) = a1(G).

Suppose that a;(G —¢) = a1(G). Let F be a minimum edge cover of G —e. If e =xy then there
isan edge h of G —e incidentat x such that h € F. Similarly, there is an edge h' of G —e
incident at y suchthat h'€ F. Thus F is an edge cover of G with e ¢ F.

Corollary 5.3 Let e be an edge of the graph G such that G —e does not have any isolated vertex
then a,(G—e) > a4(G) if and only if for every minimum edge cover F of G, e=xy € F.

Proof. Suppose that a{(G—¢) > a;(G).

Consider the dual hypergraph G* of the graph G then e is a vertex of the dual hypergraph G*.
Obviously, ay(G* —e) > ay(G*). Therefore by corollary 4.3, for every minimum vertex cover F of
the dual hypergraph G*, e € F. This is equivalent to say that e € F for every minimum edge cover F
of the graph G.

Conversely, suppose that e € F for every minimum edge cover F of the graph G then e € F for
every minimum vertex cover F of the dual hypergraph G*. Therefore again by corollary 4.3, ao(G* —
e) > ag(G"). Itis equivalentto a; (G —¢€) > a1(G).

6. EDGE ADDITION TO THE GRAPH

We add a single edge between two non-adjacent vertices of the graph. The operation is known as edge
addition to the graph. We observe the effect on the edge covering number of the graph after adding a
new edge. If we consider the graphs of row 1 (figure 3) as G and the graphs of row 2 (figure 3) as G
+ e then from (i) and (ii) of figure 3.

(i) The minimum edge cover of the star graph ((i) of Row 1) is {01, 02, 03, 04}. Therefore the edge
covering number of the star graph is 4. By adding an edge 34 between the non-adjacent vertices 3 and
4 then the edge covering number of the resultant graph G; ((i) of Row 2) is 3. Thus, the edge
covering number of the graph decreases when an edge is added between two non-adjacent vertices of
the graph.

(ii) The minimum edge cover of path graph ((ii) of Row 1) is {12, 34}. Therefore the edge covering
number is 2. If an extra edge is added between the vertices 1 and 4 of the path graph then it gives the
graph G, ((ii) of Row 2). The edge covering number of G, is also 2. In this example, the edge
covering number does not change when an edge is added between two non-adjacent vertices of the
graph Gj.

Theorem 6.1 Let G beagraph. x and y are two non-adjacent vertices of the graph G then a4(G
+Xy) < (Zl(G).

Proof. Let F be a minimum edge cover of the graph G then obviously F is an edge cover of G +
xy. Thus, a;(G + xy) < |F| = a1(G). Hence, a1(G + xy) < a1(G).

Theorem 6.2 Let G be a graph without isolated vertex. x and y are two non-adjacent vertices of
the graph G. a;(G + xy) < a4(G) if and only if there is a minimum edge cover F of G such that
the following conditions are satisfied.

(1) There is an edge xx' inF.

International Journal of Scientific and Innovative Mathematical Research (1JSIMR) Page 6



About The Edge Covers of the Graph

(2) Thereisan edge yy inF.

(3) There is an edge f containing x such that f# xx' and f€F.
(4) There is an edge h containing y such that h# yy and h € F.
Proof. Suppose that the conditions are satisfied.

Consider the set F; = (F U {xy}) —{xx,yy'} then |F;|<|F|. Let z be any vertex of G +xy. If z
=x then the edge f contains the vertex z and f € F,. Similarly if z=y then the edge h
contains the vertex z and he F;. If z=x or z=y thenthe edge xy contains z and xy € F;.

Suppose that z & {x, X, y, y}. Since F is an edge cover of G, there is an edge g of G
containing z such that g € F. Note that g#xX, g# yy andalso g # xy. Therefore g € F;.
Therefore g is an edge of G +xy suchthat g € F;. Thus F; isan edge cover of G + xy. Thus
a1 (G +xy) < a1(G).

Conversely, suppose that a;(G + xy) < a;(G). Let F; be a minimum edge cover of G+ xy. If xy
¢ F; then F; isan edge cover of G. Therefore, a;(G + xy) < a4(G). Which is a contradiction.
Therefore xy € F;. Now let F= F; — {xy} then F cannot be an edge cover of G + xy because
|F| < |F4|. Therefore xy is the only edge of F; which contains x and xy is the only edge of F;
which contains y. Let xx be any edge of G suchthat xx # xy and yy be any edge of G such
that yy' # xy. Now let H = F; U {xx,yy} then |H|>|F;. Now X isa vertex of G+ xy and
F, is an edge cover of G + xy therefore there is an edge f of F, which contains x. Note that f#
xx because xx ¢ F;. Similarly there is an edge h containing y* suchthat h € F; and h#yy
because yy & F;. Obviously f,h € H.

Let z be any vertex of G. If z=x then xx contains z. Similarly if z=y then yy contains z.
Suppose that z € {x, y}. Now z is a vertex of G + xy. Since F; is an edge cover of G + Xy, there
is an edge g of G+ xy which contains z. Obviously g # xy therefore g is an edge of H. Thus
H is an edge cover of G and satisfies the required conditions.
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