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Abstract: In [2] Kir and Kiziltunc, in case of 2-Banach spaces, give generalization of theorem for fixed point
of Kannan ([6]) and Chatterjea ([10]). In this paper are proven several theorems, which are generalizations of
the results of Kannan and Chatterjea, as well as the results of Koparde and Waghmode ([5]).
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1. INTRODUCTION
R. Kannan ([6]) 1968 proved that if (X,d) is a complete metric space and S: X — X is mapping, it
exists & €(0,1) such that forall x,y e X so that the inequality

d(Sx,Sy) <a(d(x,Sx)+d(y,Sy))

is satisfied, then S has a unique fixed point. S. K. Chatterjea ([10]) 1972 proved that if (X,d) is a
complete metric space and S: X — X is mapping, it exists & e (0,4) such that for all x,y e X so that
the inequality

d(Sx,Sy) <a(d(x,Sy)+d(y, Sx))
holds true, then S has a unique fixed point.

Gabhler ([9]) 1965 gave the term of 2-normed space, and White ([1]) 1968 the term of 2-Banach space.
Some results about 2-Banach spaces are given in [7]. In this paper we will firstly give some basic
definitions and results in a vector 2-normed space.

Definition 1 ([9]). Let L be a real vector space with dimL>2. 2-norm is a real function
[|l,-||: Lx L —[0,00) such that:

a) ||x y|>0,forall x,yeL and || x,y|=0 if and only if the set {x, y} is linearly dependent,
b) Ix,ylHly, x|, forall x,yelL,

C) llax,y|Heal-|| %y, forall x,yeL and for each « € R,and

d) Ix+y,z|<l|x z||+]ly,z||, forall x,y,zeL.

The ordered pair (L,||-,-||) is called a 2-normed space.

Deffinition 2 ([1]). The sequence {X,}n-1 into vector 2-normed space is called as convergent if there
exists xeL such that lim || x, —X,y||=0, for every yeL. Vector xeL is called as bound of the
N—o0

sequence {X,}n1 and we note lim x, =X or x, =X, N —> .
nN—o0
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Deffinition 3 ([3]). Let L be a 2-normed space. The mapping S:L — L is said continuous mapping
in x if for any sequence {x,} in L such that x,, — xfor n— oo the following holds true Sx, — Sx,
n— o,

Deffinition 4 ([1]). The sequence {X,}n-1 in a vector 2-normed space L is Cauchy sequence if

lim || x, —Xy,,Y|=0, for every yeL. For 2-normed space L, we’ll say that is n-Banach space if
m,N—oo
every Cauchy sequence is convergent.

Deffinition 5 ([4]). Let (L,||-,-]) be a real vector 2-normed space and C be a subset of L. The set
C ={x| x e L and there is a sequence x,, of C such that x,, — x}

is said closure on C . If C=C, then C is said closed in L.

Deffinition 6 ([4]). Let (L,||-,-||) be a real vector 2-normed space, B be a nonempty subset of L and
eeB. Theset B issaid e—bounded if it exists a real positive number M >0, so that || x,e||<M , for
each xeB. If B is e—bounded for each e B , then B is said bounded set.

Hatikrishnan and Ravindran in [4] gave the term of contractive mapping in 2-normed space as the
following:

Deffinition 7 ([4]). Let (L,||--||) be a real vector 2-normed space. The mapping S:L—L is
contraction if it exists A €[0,1) so that || Sx—Sy,z||<A||x-Y,z||, forall x,y,ze L, holds true.

Hatikrishnan and Ravindran in [4] proved that contractive mapping has a unique fixed point in a
closed and bounded subset of 2-Banach space. Further, Kir and Kiziltunc proved that if C is a
nonempty and closed subset of 2-Banach space and S:C —C is such that it satisfies one of the
following conditions

[[Sx =Sy, z|<a(|| x—Sx,z||+|| y—Sy,z||), forall x,y,zeC Q)
or

||Sx—Sy,z|<K (|| x—Sy,z||+]| y—Sx,z]|), forall x,y,zeC 2

for & (0,1), then S has a unique fixed point in C (theorem 1, [2] and theorem 2, [2], respectively).

If the condition (1) is satisfied, then we get generalization of Kannan theorem, otherwise if the
condition (2) is satisfied, then we get the generalization of Chatterjea theorem.

2. GENERALIZATIONS OF KANNAN AND CHATTERJEA THEOREMS

Theorem 1. Let (L,||--||) be a 2-Banach space and S:L — L be mapping, so that
[Sx =3y, z|l<a([x=Sx.z[|+|ly =Sy, z[) + 7 I x=y.zll, (©)
forall x,y,zelL,and ¢« >0,y>0 and 0<2a+y <1. Then S has a unique fixed point in L.

Proof. Let x, be any point on L and the sequence {x,} be defined as the following X,,; =SX;,
n=0,1,2,.... The inequality (3) implies that

| X2 = Xns ZIEI SXn — SXna, Z IS @l X =S¥ Z I+ 11 X1 — SXn1, Z D) + 7 {1 Xy = Xn—1, Z ]

=a(ll X0 = Xn4, Z 1+ 1 X2 = X0, 21D + 7 11 X0 = Xn2as 21,
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holds true for each n=0,1,2,... and each zeL. The condition of the Theorem implies that
A= ‘f_—z <1. Therefore, the latter implies that
||Xn+1_xn’zl|3/1” Xn _Xn—l’zny (4)
holds true for each non-negative n=0,1,2,... and each z e L. Further, (4) implies that
||Xn+1_xnvz||§/1n | X — %o, 21l 5)
holds true for each n=0,1,2,... and each z e L. Using the properties of 2-norm and (5) we get that
I Xmk = Xk 2SI Xmak = Xmak—10 Z 1T+ 1 X k-1 = Xmak—2, 21+ 1 X = Xk 2]

_ _ k
<MLL AR ) I X0, 2K A X - %o, 2l

holds true for all m,k e N and each zeL. Since 1<1, the latter implies that

lim | X~ Xeem 2 [=0
m,k—o0
holds true for each meN and each zeL. The latter actually means that the sequence {x,} is
Caushy sequence. But the space L is 2-Banach, therefore the sequence {x,} is convergent sequence,
i.e.itexists uelL sothat lim x, =u.We will prove that u is a fixed pointon S. Thus,

N—o0

llu=Su,z|I<][u = Xn42, Z [+l Xn+2 = SU, Z Il U = Xn10, Z[[ + 1] SXq = Su, Z]|
Ju=Xnsp. Zll+a(l Xy =Sxp, z[|+|lu=Su, z|) + 7 [|u = Xq, Z||
U= Xni1, Z I+l Xq = Xpgg, Z[|+[[u=Su, z[)) +  [[u—Xn, Z |,

for each neN and each zeL. For n—oo, the latter is transformed as the following
[[u=Su,z||<«|lu—Su,z||, for each zeL. Since, a <1 itis true that ||u—Su,z||=0, foreach zeL.

Therefore, Su=u, i.e. u is a fixed point on S. We will prove that S has a unique fixed point. Let
u,velL be fixed pointon S,i.e.Su=u and Sv=v. So,

[u=v.z|HISu=Sv,z[<a(|u—=Su,z[|+|lv=Sv,z[) + ¥ [[u=V,z|l= ¥ [[lu -V, Z|l,

holds true, for each zeL. Since y <1, the latter implies that ||u—v,z||=0, for each z <L, therefore
u=v.

Remark 1. For y =0, the condition (3) transforms as (1). That actually means that Theorem 1, [2] is
Consequence of the Theorem 1.

Consequence 1. Let (L,||-,-]) be a 2-Banach space and S:L — L be mapping so that

|Sx=Sy,z|< 2- 3 x=Sx,z||-|ly =Sy, z||- | x—y, z |l
holds true for all x,y,zeL,and 2<(0,1). Then S has a unique fixed pointin L.

Proof. The inequality stated in the condition and the arithmetic-geometric mean inequality imply that

Isx-Sy.zll<2- YIx=Sxkz[-Ty =Sy, zll-Tx—y.z]] s 2 LAy,

Finally, the statement is implied by Theorem 1 for o =y =% .
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Consequence 2. Let (L,||--]|) be a 2-Banach space and S:L — L be mapping so that

[Ix=5x, 2|2 +ly—Sy. 2|2 _
osxarly sy 7 Ix=yzl

||Sx—Sy,z|<x
holds true for all x,y,zeL, z#0,and ¢ >0,7>0, 0<2a+y<1. Then S has a unique fixed point
in L.

Proof. The inequality given in the condition implies that (1) holds true for all x,y,zeL. The
statement is directly implied by Theorem 1.

Theorem 2. Let (L,||--|) be a 2-Banach space and S:L — L be mapping so that
| Sx=3y, zll< (|| x-Sy, z||+|ly=Sx,z [} + ¥ I x=y, z]l, (6)
holds true for all x,y,zeL,and >0, >0, 2a+y <1.Then S has a unique fixed pointin L.

Proof. Let x, be any point on L and the sequence {x,} be defined as the following x,,; =SX,,
n=0,1,2,3,.... The inequality (6) implies validity of the following
 Xns1 = Xns ZlI=l SXp = SXp—g, ZlI< ([ X = SXp—0, Z I+ 1| Xn—1 = SXn, ZI) + 7l X = Xn—1, Z ]l
=a || Xn_1 = Xni1s Z I +7 [ Xy = Xng, 2]
<ol Xn-1 = Xns 2l +a [ X = Xt Z I +7 [ X = Xn-g, 2 [,

foreach n=0,1,2,... and each zeL, i.e.

”Xn —Xn+1,Z||£ﬂ,||Xn _Xn—laZ”a (7)
foreach n=0,1,2,... andeach zeL,and A =f_—+§ <1. Further, (7) implies that

||Xn+1_xnvz||3/1n Il % — %o, 21|, (8)

holds true for each n=0,1,2,... and each ze<L. Analogously, as the proof of the Theorem 1, the

sequence {x,} is convergent, i.e. it exists ueL so that lim x, =u. We will prove that u is a fixed
N—o0

pointon S. Thus,
lu=Tu,z|I<f[u = Xn42, Z |+l Xn4q = S, Z[IH[U = Xp0, Z || + 11 % = Su, z |
LU= Xnsa, Z [ +a(ll Xq = Su, z || +[[u=Sxn, Z[)) + 7 [|u = Xp, Z ||

=lu=Xpsp, 2l +a (X = Su, Z [+ [[u=Xp.g, Z[) + 7 [[u = X5, 2|

holds true for each neN and each zeL. For n—o the last inequality is transformed as the
following ||u—Su,z|<«a|lu—Su,z||, for each zeL. Since a<1, we get that ||ju—Su,z|=0, for

each zeL. Therefore, Su=u, i.e. u is a fixed point on S. We will prove that S has a unique fixed
point. Let u,veL be two different fixed pointson S, i.e. Su=u and Sv=v. Thus,

lu-v,z|HISu—-Sv,z[<a(lu—Sv,z|[+][v=Su,z[) +y[[u-Vv,z|=QRa+y)|lu-v,z||,

holds true for each zeL. Since 2a+ y <1, the last inequality implies that ||[u—v,z|=0, for each
zeL. Therefore, u=v.

Remark 2. For y=0, the condition (7) is transformed as (2). That is the theorem 2, [2] is
consequence of the theorem 2.
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Consequence 3. Let (L,||--]|) be a 2-Banach space and S:L — L be a mapping so that

|Sx=Sy,z|< A-3 x=Sy,z||-Ily - Sx, z||- | x=y, z[|,
forall x,y,zeL ,and 1<(0,2) holds true. Then, S has a unique fixed pointin L.

Proof. The inequality stated in the condition and the arithmetic-geometric mean inequality imply that

1Sx=Sy,2lI< - Xy, 2 Ty =S 2l Tx—y, 2] < & L2y Scadpeyal,
holds true. The statement is a direct implication by the theorem 2 for o =y =% .

Consequence 4. Let (L,||--||) be a2-Banach space and S:L — L be a mapping so that

x-Sy, z||*+ly—Sx,z]*

_ | _
I 5x =Sy, zlj< o BESLALHNRAL sy

forall x,y,zeL, z#0, ¢>0,y>0 and 2a+y <1 Then, S has a unique fixed pointin L.

Proof. The condition inequality implies that (2) holds true for all X,y,zeL . Thus, the statement is a
direct implication of the theorem 2.

Koparde and Waghmode in [5] proved that, if H isa Hilbert space, C is closed subset of H and the
mapping S:C —C is such that

5% SylP<alix-SxIP + 11y - SyIP), ©

holds true for all x,yeC, and « €(0,4), then S has a unique fixed point in C . In the following

consideration we will generalize the above result in 2-Banach spaces.

Theorem 3. Let (L,||-,-||) be a2-Banach space and S:L — L be a mapping such that
Isx=Sy,zIP<a(lx-Sxz|? +Ily = Sy,zIF) +7 I x-y.z |, (10)

holds true for all x,y,zeL,and «>0,y>0, 2a+y <1. Then S has a unique fixed pointin L.

Proof. Let X, be any point in L and the sequence {x,} be defined as the following x,,; =SX;,
n=0,1,2,3,.... The inequality (12) implies that

2 2 2 2 2
| Xna1 = Xn, Z[17=11 SXp = SXq_g, ZIP< (I X = SXn, 2|7 +11 Xn—1 = X1, Z[17) + 7 [ X = X1, 2l
2 2 2
=a(ll Xy = X1, 2117+ X = Xn, ZI17) + 711 X0 = Xn-1, 21,
holds true for each n=0,1,2,... and each z L. The condition stated in the above theorem implies that
A= T—_JZ <1. Therefore, the latter inequality implies that
” Xn+1_Xn’Z”Sﬂ~” Xn _Xn—112||1 (11)

holds true for each n=0,1,2,... and each z e L. Thus, the inequality (13) implies that

1 Xn41 = Xn, Z[I< A" 1% = %o, 2, (12)

International Journal of Scientific and Innovative Mathematical Research (IJSIMR) Page 38



Risto Maléeski & Alit Ibrahimi

for each n=0,1,2,... and each z <L, holds true. Further, analogously as the proof of the Theorem 1,

the sequence {x,} is convergent, i.e. it exists ueL so that lim x, =u. We will prove that u is a
N—o0

fixed point of S. Thus,

[[u=Su, z|I<llu = Xq42, Z {1+l Xny2 = S, Z[[= U = Xnq, Z [l +[] SX, = Su, |

2 2 2
S||U_Xn+112”+\/a(” Xp =SXn, Z||” +[[u=Su, z[|7) + 7 [|u—xp, 2]

2 2 2
=||U—Xn+112||+\/a(llxn—Xn+1,Z|| +Hllu=Su,z|[[*) +7llu=xa, 2|1,

holds true for each neN and each zeL. For n— o the latter is transformed as the following
||u—Su,z||£\/E||u—Su,z||, for each zeL. Further,</a <1, and the last inequality implies that
|[lu—=Su,z||=0, for each zeL. The latter implies that Su=u, i.e. u is a fixed point of S. We will
prove that S has a unique fixed point. Let u,veL be two different fixed point of S, i.e. Su=u and
Sv=v. Thus,

lu=v,z|?=fSu-Sv,z|P<a(u-Su,z|? +[[v=Sv,z|?) + yllu-v,z|?=y lu—v,z|?,
foreach zeL. Since \/?<1 the latter implies ||u—v,z||=0, for each zeL. Therefore u=v.

Consequence 5. Let (L,||-,-]|) be a2-Banach space and S:L — L be a mapping so that
Isx=sy,z|*< a(llx=sx.z|* +]|y=sy,z|*),

holds true, forall x,y,zelL and a e (O,l). Then T has a unique fixed pointin L.

Proof. For y =0in the Theorem 3, we get the required statement.

3. CoMMON FIXED POINTS OF MAPPINGS
Theorem 4. Let (L,||-,-]|) be a2-Banach space and S;,S, :L — L be mappings so that
|S1x=Say, z[[< (| x=Sx, z||+|ly =Sy, z ) + Bl x =y, zll, (13)

holds true for all x,y,zeL,and >0,5>0,2a+ <1. Then S; and S, have a common fixed point
zel.

Proof. Let X, be any point in L. We define a sequence {x,} in L so that Xo,,1 =S1Xp,
Xont2 = SoXonsq, holds true, for n=0,1,2,.... If it exists n>0 so that X, = Xn41 = X42 IS satisfied,
then it is easy to be proven that z=x, €L is a common fixed point in S; and S,. Therefore, let
suppose that it does not exist three equivalent consecutive terms of the sequence {x,}. Thus,

| X2n+1 = Xon, Z |1l S1Xon — SoXon-, Z |
<alll Xon —S1Xon, 21|+ Xon1 = SaXon-1, Z ) + Bl Xon — Xon-1, Z |
<a(ll Xona —Xon, Z I+ Xon = Xon-1, Z|) + Bl Xon —Xon-1, Z1l,

holds true for each n>1 and each z e L\{0}. Analogously, can be proven validity of the following
inequality

Il X2n—1 = Xon, Z|I< (|| Xon—2 = Xon—1, Z | + 1 Xon = X2n-1,Z ) + Bl Xon—2 — Xon-1. Z ||

The latter implies that
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||Xn+1_Xn’Z”S/1” Xn _Xn—le”v (14)

holds true for each n>1 and each zeL, for A= % <1. Further, the inequality (14), analogously as

in the Theorem 1, implies that the sequence {x,} is a Caushy sequence, that is, {x,} is a convergent
sequence, i.e. itexists ueL so that lim x, =u.We will prove that u is a fixed point of S, . So,
N—o0
[u=Su, z[I<l|u = Xon42, Z I+ [ Xon42 = SaU, Z[IHIU = Xon 12, Z [+ SoXon 41 — Spu, 2
lu—=xans2, zl1+a(l Xan+1 = SoXons1, Z Il +l1U = Syu, Z ) + Bl U= Xon4g. 2l
lu—Xons2, Zll+a(ll Xons1 = Xons2, ZII+ U= Spu, Z[) + BllU—Xon,1. 2l

holds true for each n>1 and each z e L\{0}. For n— oo, the latter inequality is transformed as the
following |[u—Su,z|[<a|lu—-Su,z||, for each zeL. But, <1, and therefore the latter implies
that |[u—Su,z||=0, holds true for each zeL. Thus, Sju=u, ie. u is a fixed point of S;.
Analogously, can be proven that u is a fixed point of S,, that is, u is a fixed point of S; and S,. We
will prove that S; and S, have a unique common fixed point. Let ve L be one other fixed point of
S,,i.e. Sov=v. Thus,

lu-v,z|HIS$u—-Syv, zll< a(||u=Syu, z|| +]Iv = Spv, ) + Bllu -V, z[|= Bllu -V, z]|,
holds true. Since <1, we getthat ||[u—v,z|=0. Therefore u=v.

Consequence 6. Let (L,||--]|) be a 2-Banach space and S;,S, : L — L be mappings, so that

lIx-Syx,2l? Hly-S,y, 2>
[X=Sx.Z[+ly=S,y.Z]

[$1x=Szy.zll< +BlIx=y.zll,

holds true for all x,y,zeL, z#0,and «>0,>0, 2a+f<1. Then S; and S, have a common
fixed point zeL.

Proof. The inequality stated in the condition, for z =0, directly implies the inequality (13). For z=0,
the inequality (13) obviously holds true. And finally, the statement is directly implied by the Theorem
4,

Consequence 7. Let (L,||-,-||) be a2-Banach space and S;,S, : L — L be mappings so that

1S1x= Sy, zlI< A- 3 x=Spx, z |- 1y = Spy. 2|l -1 x=y, 2]l
holds true for all x,y,zeL,and 2<(0,1). Then S has a unique fixed pointin L.

Proof. The arithmetic-geometric mean inequality and the Theorem 4, for a:ﬂ:%, directly imply

the statement given in the Consequence 7.

Consequence 8. Let (L,||--]]) be a 2-Banach space and p,qeN be such that there exists mappings

SP,SJ:L— L andalsoexists & >0,3>0,2a + <1 such that they satisfy the following

ISPx=83y,zlI<a(lx=SPxz [ +Ily=S3y, zI)+ Bl x-y,z|,

forall x,y,zeL.Then S; and S, have a unique common fixed point ueL.
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Proof. According to the Theorem 4, the mappings Slp and Sg have a unique common fixed point
uel. Thus, SPu=u. So, Su=S;(SPu)=SP(Sw), that is, Su is a fixed point of SP.
Analogously, SJu=u implies Syu=S,(Sju)= SJ(T,u), that is, Spu is a fixed point of SJ. But,

both Sg and SlIO have a unique fixed point. Therefore, u=S,u and u=Su. Thus, uelL is a
common fixed point of S; and S,.

If, veL is one other fixed point of S; and S,, then it is also, a common fixed point of SP and 3.

But, since Slp and Sg have a unique common fixed point, it is true that u =v.
Theorem 5. Let (L,||-,-]|) be a2-Banach space and S;,S, :L — L be mappings so that
|S1x=Say, z|[€a(ll x=Say, z ||+ ]|y —S1x, z ) + Bl x =Y.z, (15)

holds true, for all x,y,zelL,and ¢>0,6>0, 2o+ <1. Then S; and S, have a unique common
fixed point ueL.

Proof. Let xo be any point in L. Let {x,} be a sequence in L, so that Xpn, =SiXpn,
Xont2 = SoXonsq, for n=0,12,..., holds true. If it exists n>0, so that x, = Xn41 =X, 1S satisfied,
then it is easy to be proven that u=x, L is a common fixed point of S; and S,. Therefore, let’s
suppose there no exist three equivalent consecutive terms of the sequence {x,}. Further, using the
inequality (15), analogously as the proof in Theorem 4 it can be proven that

||Xn+1—Xn,Z||S/1||Xn _Xn—l’Z”’ (16)

holds true for each n>1 and each zeL, for 1= % <1. Analogously as the proof of the Theorem

1, the inequality (16) implies that the sequence {x,} is convergent, i.e. it exists ueL so that
lim x, =u. We will prove that u is a fixed point of S;. Thus,
N—o0
[u—Su, z[I<][u = Xoni2, Z [+l X2n42 = S1U, Z[IHIU = Xon12, Z [+ 1| SoXon 41 — Squ, 2]
Ju—Xons2, Zll+a(|[ Xons1 = SU, Z ||+ [[U = SpXon41, Z[) + BllU—Xon i1, 2]
lu—Xons2, Z |+l Xons1 — Sgu, || +|U = Xon42, (1) + BllU—Xon4a, 2|

holds true for each n>1 and each zeL. For n—x, the latter is transformed as following
(I-a)|lu—Su,z|<0, for each zeL. Thereby 1-a >0, it is true that ||u—Su,z|=0, for each
zelL.Thus, S;u=u,i.e. u isafixed point of S;. Analogously, can be proven that u is a fixed point
of S,, thatis, u is a common fixed point of S; and S,. We will prove that S; and S, have a unique
common fixed point. Let ve L be one other fixed point of S,, i.e. Spv=v. Thus,

fu=v,z[HISu=Syv, z[I< a(|[u=Sav, || + [V =S, z[) + Bl u =V, z|[= e + B [[u -V, z],
holds true. Since 2+ <1 itis true that ||[u—v,z||=0. The latter implies that u=v.
Consequence 9. Let (L,||-,-|]) be a 2-Banach space and S;,S, : L — L be mappings, so that

x-S,y 2P Hly-Sx.zI*

SIX=SyYy,2 Sal + Blx-v,z|,
” 1 2y ” Xx=S,y.Z[FHly=Sx.z]l ﬂ” y ”
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holds true for all x,y,zeL, z#0,and «>0,>0, 2a+f<1. Then S; and S, have a common
fixed point zeL.

Proof. For z=0, the inequality stated in a condition, directly implies (15). For z=0, the inequality
(15) also holds true. Finally, the Theorem 5 directly implies the statement.

Consequence 10. Let (L,||-,-|[) be a 2-Banach space and S;,S, : L — L mappings so that

1 S1x =Sy, zlI< 2- Yl x=Say, zI-Ily = Sux, z[I- [ x =y, 2,
is satisfied for all x,y,zeL,for A€(0,1). Then, S has a unique fixed pointin L.
Proof. The arithmetic-geometric mean inequality and the Theorem 5, for a:ﬂ:%, directly imply
the above statement.

Consequence 11. Let (L,||-,-|]) be a 2-Banach space and p,qe N be such that there exists mappings
Slp , Sg :L— L andalso exists & >0,5>0,2a+ £ <1 such that they satisfy the following

ISPx=SJy.zli<a(lx=S3y,zll+1ly=SPx zI) + Bl x=y, 2],
forall x,y,zeL.Then S; and S, have a unique common fixed point ue L.
Proof. The proof is identical to the Proof of Consequence 8.

Theorem 6. Let (L,||-,-]|) be a 2-Banach space and S;,S,:L — L be mappings, so that they satisfy
the following

1S:x = Say, zIP< a(lx—Spx, 2|12 + 1|y =Sy, z|I?) + Bl x -y, z |, (17)
forall x,y,zeL,and «>0,5>0,2a+ f<1.Then, S has a unique fixed pointin L.

Proof. Let X, be any point in L. We define a sequence {x,} in L so that Xo,,1 =S1Xop,
Xons2 =SpXony1, for n=0,12,...is satisfied. If it exists n>0, so that X, = X,,1 = X2 holds true,
then it is easy to be proven that u=x, €L is a common fixed point of S; and S,. Therefore, let’s
suppose that there no exist three consecutive equivalent terms of the sequence {x,}. Further, using
the inequality (17), analogously as in the proof of the Theorem 4 it can be proven that

||Xn+1—Xn,Z||£ﬂ,||Xn _Xn—l’Z”’ (18)
holds true for each n=0,1,2,... and each zeL, for A= % <1. Further, the inequality (18),
analogously as in the Theorem 1, implies that the sequence {x,} is convergent, i.e. it exists ueL so
that lim x, =u. We will prove that u is a fixed point of S;. So,

n—o0

[[u=S1u, z[|<fu = Xans2, Z [l + 11 Xan+2 = S1U, Z [ U = Xn1, Z || + [ SXon 41 = Syu, 2|

2 2 2
Jlu=xzn42,2 ||+\/06(||u =S1U,Z[[7 + X241 = S2Xon+1, 2 [I7) + BllU = Xon.a, |l

2 2 2
=||U—X2n+212||+\/0!(||U—31U12|| +{[Xon41 = Xans2,ZI17) + Bllu=xn, |7,

holds true for each neN and each zelL. For n— oo, the latter is transformed as following
lu—Su,z|l<va lu=Su,z||, for each zel. Therefore, Sju=u, i.e. u is a fixed point of S.
Analogously, u is a fixed point of S,, that is, u is a common fixed point of S; and S,. If suppose
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that v is one other fixed point of S,, and applying the inequality (17), we obtain the following

Ju-v,z ||2sﬂ|| u-v,z ||2. The latter implies that u=v.

Consequence 12. . Let (L,||--]) be a 2-Banach space and p,qe N be such that there exists mappings

SP,SJ:L— L andalso exists & >0,3>0,2a + <1 such that they satisfy the following

ISPx-sgy.zIP<a(lx—S3y.z |7 +Ily—SPx zI?) + Bl x—y.zII*,
forall x,y,zeL.Then S; and S, have a unique common fixed point ueL.
Proof. The proof is identical to the proof of Consequence 8.

4. CONCLUSION

In this paper are proven several generalizations of known theorems of fixed point, and theorems for
common fixed point of mapping to 2-Banach space. Given the importance of the fixed point theory
and its application, logical question arises which other results can be generalized. For example,
whether can be generalized the results given in [11].
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