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Abstract: In this paper, we study the finite Hankel type transformation on spaces of generalized functions by
developing new procedure. Two Hankel type integral transformations h, z and h, ; are considered and they
satisfy Parseval type equation defined by (1.2). We have defined a space S, z of functions and a space L, g of
complex sequences and it is further shown that h; ; and h; ; are isomorphisms from S,z onto L,z and
S5 ONto Ly, 5 respectively. Finally some applications of new generalized finite Hankel type transformation are
established

Keywords: Finite Hankel type transformation, Parseval type equation, generalized finite Hankel type
transformation.

2000 Mathematics subject classification: 46 F 12.

1. INTRODUCTION

I.N. Sneddon [14] was first to introduce finite Hankel transforms of classical functions. The same was
later studied by [3], [4], [7], [15]. Recently Zemanian [18], Pandey and Pathak [11] and Pathak [12]
extended these transforms to certain spaces of distributions as a special case of general theory on
orthonromal series expansions of generalized functions. Dube [5], Pathak and Singh [13] and Mendez
and Negrin [10] investigated finite Hankel transformations in other spaces of distributions through a
procedure quite different from that one which was developed in [18] and [12].

We define finite Hankel type transformation of the first kind by
1

(hapf) ) = fx Jaep A %) f(X) dx, n=0,12,.......

0

for (@ —p) = —% , Where J, denotes the Bessel function of the first kind and order v and A,,

n=012.... , represent the positive roots of J,_g(x) = 0 arranged in ascending order of magnitude
[17, p.596].

For (¢ —pB) = —% and azé,we introduce the space U,p, of finitely differentiable
functions on (0,1) such that

pPP(p) = Supocyer|xa? By ¢(x)| < oo, forevery k € N,
where By, 5 = x~@ B p xta p x~Ba+p)
Uq,p,a is equipped with the topology generated by the family of seminorms {p,‘f’ﬁ’a}k . Thus Uz g q
=0
is a Frechet space. U(;ﬁ_a denotes the dual of U, p , and is endowed with the weak topology.
Forf € U,

a

F(n) =< f(x),x]q-p (Apx) >, for n=0,1.2,...... (1.2)

8.a » the generalized finite Hankel type transform of f is defined by
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Our main objective in this paper is to define the finite Hankel type transformation h, g on new spaces
of generalized functions by developing a new procedure.

We introduce the finite Hankel type transformation h;, ; by

(h*ﬁf) (n) = f]a p(Apx) f(x) dx, n=0,12,.

]3a+/3 (ln)

when (@ — B) = —%.

The transformation h, g and h; ; are closely connected and they satisfy the Parseval equation

2 o(hapf) @) (R 50) () = [ F(x) ¢(x) dx (1.2)
when (¢ — ) = — 2 Land f and ¢ are suitable functions.

We define a space S, p of functions and a space L, of sequences and we prove that hy 5 is an
isomorphism from S, g onto L, g provided that (a — ) = —i. The generalized finite Hankel type
transformation h, g f of f € S, 5, the dual of S, g , is defined through

< (hosr), ((ng B¢)(n)) > =<[fip> for ¢ € Sep. (1.3)
One can notice that (1.3) appears as a generalization of the Parseval equation (1.2).

We show that the conventional finite Hankel type transformation h, g and generalized finite Hankel
type transformation given by (1.1) are special cases of our generalized transformation.

Throughout this paper (@ — ) denotes a real number greater or equal to — %

Now require some properties of Bessel functions.

The behaviours of J,_g near the origin and the infinity are the following ones:

]a—p(x) =0 (xa—ﬁ), asx - 0t , (1.4)
2 a+[3 1 o) _1 m _g 2
]a—B(X) = (E) [COS (x 3 (a —ﬁ)n—% Z -1 (Z(Z)Zmﬁ m))
m=0
- 1 1 < (—D)™(a—B,2m+1)
o (x Tz @ P mzzo (22)2m 71 ) '
as x = o, (15)

where (@ — B, k) is understood as in Watson [17, p.198]

The main differentiation formulae for J,_p are

L (3% Jamp ) =y 25F J_azp (x9) (1.6)
E (x_(a_ﬁ)]a—ﬁ(xy) = _yx—(a—ﬁ) ]3a+ﬁ (Xy)), (17)
for x,y > 0. By combining (1.6) and (1.7), it can be easily inferred

Bapla-p(x) = —Ja-p(x), for x>0, (1.8)

where B, p = x~Ga+B)p yta py=(@=p),
2. THE SPACES S,z AND L, g AND THE FINITE HANKEL TYPE TRANSFORMATION

Definition 2.1: We define the S, s as the space of all complex valued functions ¢(x) on (0,1] such
that ¢ (x) is infinitely differentiable and satisfies for every k € N
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i) Brpe@ =0
(i) 3B p(x) > 0and x** D (x" Bk ¢(x)) > 0,asx - 0%, and
(i)  x~@PBk ¢(x) €L(0,1).

Sa,p is endowed with the topology generated by the family of seminorms {[|¢ |l }z-, ,

where

1

19l = [ ¥« P[5 ¢ (| ax, forg € Spandk €N
0

Notice that ||¢|l, is a norm for k = 0. S, g is a Hausdorff topological linear space that verifies the
first countability axiom. Moreover, the operator B, ; defines a continuous mapping from S, g into
itself. S(’,,B is the dual space of S, g and it is equipped with the usual weak topology.

We require the following result which will be useful in the sequel.

Lemma 2.2: If f(x) is a function defined on (0,1) such that x**# f(x) is bounded on (0,1), then f(x)
generates a member of S, ; through the definition

<fO,¢ @) >= [ f) p(x)dx, ¢ € Sup.
Proof: The result easily follows from the following inequality
1< fQ), () >| < [1pllo Supocecs [x**F |, ¢ € Sep.

Lemma 2.3: Let (e —B) = —1/2and a > 1/2. Then S, p © Uqp,q and the topology of S, g is
stronger than that induced on itby Uy g, -

Proof: Let ¢ € S, g. In view of the conditions (i) and

(ii) of Definition 2.1, we can write
X t
x@ 1 Byp ¢ (x) = xata=p j t4a fu“‘ﬁ B;{‘p“q')(u) du dt
1 0

forevery x € (0,1) and k € N.

Therefore

1 1
|xa—1 B:{kﬁ ¢ (X)| < xa+a—ﬁ f t25—1 dt ju—(a+ﬁ)
X 0

B3 ¢ (W) du

1
xa—(a+B) jiu—(a+ﬁ)
0

fou@®

IA

B;’_‘B” dW)| du

IA

B;{‘p” ¢ (u)| du , forevery x € (0,1)and k € N.
Hence, for every ¢ € Sa,p and k € N,

Sup |x® ' B ()] < Nllsr

0<x<1

and S g is contained in Uy g o and the inclusion is continuous. Thus proof is completed.

!
a,B.a’

Remark: From Lemma 2.3, we can deduce that if f € U
member of S, 5.

then the restriction of f to S, 5 is a
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Definition 2.4: We define L,p as the space of all complex sequences (a,)n-, such that
lim, . a, A12F = 0, for every k € N, where A4, n=0,1,2,.... represent the positive roots of the
equation J,_z(x) = 0 arranged in ascending order of magnitude.

The topology of L, g is that generated by the family of norms {y,’;’ﬁ}::o, where

vEp(ai) = ) lay B, for (an)io) € Logandk € N,
n=0

Notice that v 5 ((an)m=o) < oo for every (a,)n=g € Lag -

Thus L g is Hausdorff topological linear space that satisfies the first countability axiom. L’aﬁ denotes
the dual space of L, g and it is endowed with the weak topology.

Now we introduce continuous operations in L, g and L, g in the following Lemma.

Lemma 2.5: Let (b)), be a complex sequence such that |b,| < M A} for every n € N and for
some! € Nandm > 0.

Then the linear operator
(andn=0 = (anbp)n=o
Is a continuous mapping from L, g into itself.
Moreover the operator in L, 5, B = (bn)5-o B, Where
((bn=o B, (@n)n=o) = (B,  (anbp)p=o),  for (an)n=o € Lag,
is a continuous mapping from L’aﬁ into itself.

Proof: It is enough to see that
VEp(@nba)ig) <M ) Jagl B9 < My vEH (@)io),
n=0

for (an)n-0 € Lqp and k € N, where M; being a suitable positive constant. This completes the
proof.

Lemma 2.6: If (b, )=, is @a complex sequence satisfying the same conditions as in Lemma 2.5, then
(bn)y-o generates a member of L, 5 by

((bpdnto, (@p)n=0) = Xnzo@nby , for (ay)n-o € Lap-
Now we state our main theorem of this section.
Theorem 2.7: For (a —fB) = —%, the finite Hankel type transformation h;p is an isomorphism
from S, g onto L, .

Proof: Let ¢ € S, . Asit is known, h;_ﬁ ¢ = (ap)n=o, Where

2

= JERE) folja_p (A,x) ¢ (x) dx, foreveryn € N.
3a+ n

an
In view of the operational rule (1.6), we can write for every n € N

22%

Aa,= 5———
T g ()

1
[ Jap Q) ¢ G0
0

1
21 d
= ]2 7(1/1 ) fa (x3a+,8 ]3a+ﬁ (Anx)) x_(3a+'8)¢(X) dx
3a+f \V'n P
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22,
T Jiarp@n)
However, by (1.4), (Jag+p(Anx)¢ ()1} = 0, since ¢(1) = 0 and
lim x3°*F ¢(x) = 0.
x—-0t
Hence
Ma, =

f1x3 +'8]3a+/3(/1 x) (X_(g‘”m(l)(x)) dx

]3a+3 (An)

Now, by invoking (1.7), we have

1
d
A, fx3a+ﬁ Jsarp (AnX) - (x—(3a+/3’)¢(x)) dx
0
1
d —(a-p) 2 ax @ -(Ba+p) d
d_ x Ja—p( nx)) X E(X ¢(x)) X
0

1
d 1
— | 3a+p —-(Ba+pB) *
= [ Ja-p (AnX) x I (x ¢(x))]0 + f Bap ¢ (%) Ja—p (Anx) dx.
0
The limit terms are equal to zero by (1.4) because J,_p (1,) =0, ¢ € > ((0,1]),

d
lim x** e (x'(3“+m¢(x)) =0

x—-0t

Therefore

I o 3P i ) = (47 BP0 ) dx = [IBlp ¢ Jap (A x) dx
Using relations (2.1) and (2.2), we obtain

an A = f By g $() Ja—p (An x) dx, foreveryn € N.

]3a+B (An)

By induction, we have

Mg, = (—1)k —2—

oy G f By ¢ (¥) Jo—p (Anx) dx, foreveryn, k € N.

From (2.3), according to Riemann-Lebesgue Lemma ([17, p. 457]), we have
J3urpg Q) A5 ay =0, asn - .

Moreover by (1.5), there exists a positive constant M such that

2 an] < M3 p(An) 230 |y,

and then A2 a,, - 0, asn - o, foreveryk € N.

Now, for certain M; , i = 0,1,2,

0 %) 2 1

Z 27K lan| = Z TRy f By ¢(x) Jamp (Anx) dx
n=0 n:0]3a+ﬁ naomos

IA

M, Z /1—5(a+ﬂ) f|(/1nx)a+,8]a 8 (ﬂ x)lx—(a+,8) *k+2 ¢ (x)| dx

n=0
© 1
M, Z f ~(@tp)
n=0 0
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2.1)

2.2)

(2.3)
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Since

[o.0]
n=0

y(';ﬁ ((an)y-0) < M3 ||$pllisz , forevery k € Nand ¢ € S, p and for some Mz > 0.

we get

This inequality proves that the linear mapping hy  is continuous from S g into Ly p.

Now let (an)n=o € Lqp and define

2]

Tap (@)i0) () = () = Y ayxlo p A), forx € (011

n=0

By (1.4) and (1.5), we have

Z|anx]a_5 (Anx)| < M x%*B Zlan| , x>0
n=0 n=0

for a suitable M > 0. Thus ¢(x) € C (0,). In a similar way we can prove that ¢ € C* (0, ).
Moreover by invoking (1.8) we obtain

Bop @ () = Z(_l)k A A % Jop (Anx), forx >0
n=0
and k € N.
Then B;%; ¢ (1) = 0, foreach k € N.

We can also infer

|x3“+BBZ‘,{‘B ¢(x)| < M, x2CatP) Z|an|,1$l", forx>0andk € N,
—

=0

and from (1.4), (1.5) and (1.6) ,

d

xia a (x—(3a+ﬁ) B;{CB qb(x))

< M, x2Ga+B) Zlanl /ﬁlk+5a+331

n=0

forx >0andk € N.

Here M; and M, are suitable positive constants. Hence
d
xli,r(l)l+ x3a+ﬁ B;{(ﬁ (,‘b (x) — xli,%L x4a a (x—(3a+B) B;{Cp ¢ (x)) =0,

foreveryk € N .
On the other hand, as the series defining B;{‘B ¢ (x) is uniformly convergent in x € (0,1), there
exists a positive constant M5 such that

[oe]

1
[x—(aﬂﬂ) |Bi)S ¢ ()| dx < M, Zlanlii",
0 n

=0
for every k € N.

Therefore 7,5 is a continuous mapping from L, g into S, g. Finally from Watson [17,p.59], we can
infer that

(tap- hap) &=, for ¢ € Sgp, and
(hip-Tap) (@mdico = @mdico, for (@w)ize € Lagp.
This completes the proof.
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3. THE GENERALIZED FINITE HANKEL TYPE TRANSFORMATION
We define the generalized finite Hankel type transformation hy, 5 on S, 5 as follows.

(Bep 1), (hip ) (0} = (F ), $(0)) (3.1)
for every ¢ € S, p . Notice that (3.1) appears as a generalization of the Parseval equation (1.2).
From Zemanian [19, Theorem 1.10-2] and Theorem 2.7, we immediately obtain

Theorem 3.1: For (a¢ — ) = —1/2, the generalized finite Hankel type transformation h;ﬁ is an
isomorphism from S, 5 onto L;, 4.

In the following theorem, we establish that the conventional finite Hankel type transformation h, g is
a special case of the generalized finite Hankel type transformation defined in (3.1).

Theorem 3.2: Let f(x) be a function defined on (0,1) such that x**# £ (x) is bounded on (0,1). Then
((ha,ﬁf) (n))  agrees with (hi,pf) as members of L, 5.
n=

Proof: The conventional finite Hankel type transformation of f is defined by

/

(ha"gf) (n) = fx Ja-p (Anx) f(x) dx, for n € N.

0

Then as x**# f(x) is bounded on (0,1) and by (1.4) and (1.5) we can write
1
(g 1) @] <M AP 160" ey G0 d
0

< M AP form €N,
where M and M, are certain positive constants.
Therefore in view of Lemma 2.6, ((ha,p f) (n))n:o generates a member of L’aﬁ by

oo
n=

((hapf) @) @dizgd = D (hapf) (W ay
n=0

I
NgE

0

3
I

1
a, jx]a_p Apx) f(x) dx
0

[oe]

f(x) Z an x]a—B (Anx) dx,
n=0

Il
o —w

for every (a,)n=0 € Lag.

The last equality is justified since the series

o]

Z a, x®*F Ja-p (Anx)

n=0
is uniformly convergent on (0,1) and x**# f(x) is bounded on (0,1).

We can also write

((hap)®) ", ((hapt) ) )

(o)
n=
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1 o) 1
_ f FG) Y (ki) ) xJag () dx = f F(0) $(x) dx
0 n=0 0

forevery ¢ € Sup.

Hence according Lemma 2.2, we conclude

[oe]

((hapr) ) ((hipd) @) ) =<f@,¢ @, ford € Sepand ((hapf) @) =

(ki f) as members of L, 5. Thus proof is completed.

We now prove that the generalized finite Hankel type transform of f given by (1.1) is equal (in the
sense of equality in L, ) to the generalized finite Hankel type transform of f as given by (3.1).

Theorem3.3: Let (@ —p) = —1/2, a=1/2 and f € Uyp, .

Then
(Fm)7_ . (@)oY = ((hpf), (an)iio) . forevery (a,)ig € Lyg.

where,
F(n) = (f(x), X Ja—p (AnXx) ), for every n € N.

Proof: By Zemanian [19, Theorem 1.8-1], since € Uy 4, , there exist r € N-and M > 0 such that

[(f(0),  xJaep Apx))| <M max Sup

a—1 *lc
0SKST gyt X B“ug (x]a—,g (Anx))ll
for everyn € N.
Hence, by (1.4), (1.5) and (1.8), we can infer that

[F(n)| < M maxoci<r ~5ﬁupo<x<1|xa_1 A?,"x]a_[;(/lnxﬂ < My A% (3.2)
for a certain M; > 0. By invoking Lemma 2.6, (3.2) proves that (F(”))::o generates a member of
Ly g through

(F)r g (@dio)= ) FO)ay, for (@)ize € Lag.
n=0

To prove our assertion, we must establish that

?loz()F(n) an = <f(x)r Z;?:O anx]a—ﬁ (/lnx)>: fOT’ (an)%o:o € La,ﬁ- (33)
Let (ap)nzo € Lap. Asitis easy to see,
?1020 F(n) an = <f(x)r Z;ln:() anx]a—ﬁ (/lnx)> + Z%o:m+1 an (f(x): x]a—p (Anx)> (34)

for everym € N.

By using (3.2), we can obtain

oo

D @@, Xag ()

n=m+1

for every m € N with M; > 0. Then
im0 X1 O (F(X), X Jo—p (Axx)) = 0. (3.5)
Moreover, for every k € Nand x € (0,1), we obtain

x@71 B;I,{ﬂ [ Z an x]a—ﬁ(lnx)]

n=m+1

(o]
<M ) a2

n=m+1
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(o)

< x@71 Z lan x Juep(Anx)| A2k < My x@~(@*F) Z la, | A2k

n=m+1 n=m+1
for a suitable M, > 0.
Hence

[o.0]

D lanl 2

n=m+1

Sup

0<x<1
forevery k € N, and

x*"1 Bk [ Z Un X Jo—p (Anx)]

n=m-+1

(o)

Z an X Jq-p (Agx) = 0,asm - oo, inSqp,

n=m-+1

because (a,)n=0 € Lap -
Therefore, since f € S, 5,
limy, oo (f (%), Xrem+10n X Ja—p (Apx)) = 0. (3.6)

Now from (3.3), we can conclude

(F)o, o ((hepd)®) )= (f@), Z(h 5 9) () xJup (1)

= (@, 9 ) = (hipf), ((hip)®) . ford € Sap)
and the proof is complete.

4. APPLICATION

Firstly we prove an operational-transform formula for the generalized finite Hankel type
transformation that will be useful in applications.

Lemma 4.1: Let P be a polynomial and f be in S, 5. Then
(hep P (Bap) f) = P (-A3) (hipf).

Proof: If f € S, 5, we have

(Rog P (Bag) 1), ((hip®)) )

= (P (Bag) [, ¢) = (f, P (Bip) #)

= ((Hogf) ((hap P(Bag))0) )

= (b ), (PR (g $)) ),

=(P(-23) (hL5f), ((ns qu)(n)) ), forevery ¢ € Syp.

We consider the functional equation
P(Bup) f =9, (4.1)

where g is a given member of Saﬁ , P is a polynomial such that P (—A2) # 0 for every n € N, and
f is unknown generalized function but required to be in Sa’/g

By applying the generalized finite Hankel type transform to (4.1) and according to Lemma
4.1, we can prove that (4.1) is equivalent to

P (=22 (hepf) = (hep 9)-
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Hence it is not difficult to see that the functional f defined by

o 1
F.8) =40, ) 5emzy Bap®)WxJag G)), for ¢ € Sug,
n=0 n

isin S;_B and it is the solution for (4.1). This completes the proof.

5. CONCLUSION

This paper provides the study of the finite Hankel type transformation on spaces of generalized
functions. The integral transformations h, g and h;, ; satisfy Parseval type equation defined above in
this paper. We have shown that h;, 5 and hy, 5 are isomorphisms from S, g onto Lq,g and S, 5 onto

L, p respectively. Applications of new generalized finite Hankel type transformation established in
this paper may be useful in engineering.
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