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Abstract: Identified as one of the 7 Millennium Problems, the Riemann zeta hypothesis has successfully 

evaded mathematicians for over 100 year. Simply stated, Riemann conjectured that all of the nontrivial 

zeroes of the zeta function have real part equal to ½. There are various propositions equivalent to Riemann 

Hypothesis. In this piece of work, we investigate one of these propositions, simply called Robin’s Inequality. 

We illustrate the list of known natural numbers that fail to satisfy Robin’s Inequality, and we prove that !N  

and #kp  satisfy Robin’s inequality for every 8N  and 4k , respectively. 
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1. INTRODUCTION 

The sum-of-divisors function  is defined by 

 \  
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By the Fundamental-Number-Theory, every natural number N can be uniquely written as the 

product with its prime factors 
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In 1913, Thomas Gronwall [6] proved that 

lim  sup ( ) log log (1.78107...) log log ,           (  > 1)
N
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Where  is the Euler-Mascheroni constant, defined as the limit 

: lim( log ) 0.57721...,N
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Where NH  denotes the Nth harmonic number 
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The interpretation of Gronwall’s result is simply that the order of ( )N  is ‘very nearly’ N, and it 

is a consequence of Merten’s Theorem [1], which says that if p denotes a prime number, then 

1
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log 1x
p x
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The first encounter to Riemann Hypothesis, was in 1915 due to Ramanujan [5] who by assuming 

Riemann Hypothesis provided the following strong result 
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If Riemann Hypothesis is true, then 

( ) log log ,           (   1).N e N N N   

Where   1N   means for all sufficiently large N. 

Therefore, the matter arises is how sufficiently large should be N.  The first response was given by 

Guy Robin [2] in 1984, stating that 

Riemann Hypothesis is true, if and only if 

( ) log log ,           ( 5041).N e N N N  

Furthermore, Robin proved, unconditionally, that 

0.6483
( ) log log           (  > 1).

log log

N
N e N N N

N
 

Recently, Young-Ju Choie et. al [7] proved that 1, 3, 5 and 9 are the only odd positive numbers 

that do not satisfy Robin’s Inequality; therefore, the rest of the proof of Riemann Hypothesis via 

Robin’s criterion is all about even positive numbers. 

In this paper we are investigating certain even numbers: Factorials and Primorials. 

First, we recall the following definitions: 

Definition1.1. (Factorial) For every non negative number n, n factorial is defined by 

! : 1 2 3n n  

Definition 1.2. (Primorial) Let kp  be the kth prime, then the primorial is defined by the product 

of the first consecutive prime numbers up to kp  

1 2

1

#  : 2 3 5 ...
k

k i k k

i

p p p p p p . 

Now, let A be the set of all known numbers that fail to satisfy Robin’s Inequality; 

1,2,3,4,5,6,8,9,10,12,16,18,20,24,30,36,48,60,72,84,120,180,240,360,720,840,2520,5040A

Remark 

1. Every element in A is a divisor of 5040. 

2. For 1 7n , !n  belongs to A. 

3. For 1 3,k  #kp  belongs to A. 

Now, based of 2 and 3 of the previous Remark, what the one can say about !n  if 8n  and #kp  

for 4k ? 

2. ROBIN’S INEQUALITY ON FACTORIAL 

Lemma 2.2. [4]  1For  x >   we have  

1
log .

1 logp x

  
p

  e x
p x

 

Theorem2.1.  For every natural number n  8, we have n! satisfies Robin's Inequality.≥  

Proof.  To prove our result, we consider two cases: 

Case1: 11n  
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First, we show that: 
1

log log log !
log

e n e n
n

 or simply: 

1
log log log ! 

log
n n

n                                                                                                                      (1)

 

By induction; let n = 11, we have: 

1
log11  2.8149...<  2.8623...= log log11!

log11
. 

Assume that (1) holds true for n, we need to show that: 

1
log( 1) log log( 1)!

log( 1)
n n

n
, or equivalently: 

1

log( 1)
( +1).e  log( +1)!

n
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That is 

1 1

log( 1) log( 1)
e e  log( +1)+log !

n n
n n n . 

Now, we have 

1 1

log( 1) log
e  < e  < log !

n n
n n n  (By assumption), and 

1

log( 1)
e  < log !, for every  11.

n
n n  

Therefore; the inequality (1) holds true for every  11.n  

Now, let  1 2 3

1 2 3
 = != k

k
N n p p p p  , we know that: 
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,       (by Lemma 2.1.) 

Then, since kp n , together with inequality (1), we conclude that: 

( ) ( !) 1 1
log log log log ! log log

! log log
k

k

N n
e p e n e n e N

N n p n

 

This shows that:  = !N n  satisfies Robin’s Inequality for every  11.n  

Case2: 8 11n  

It is enough to verify that 8! 9! and 10! Satisfy Robin’s inequality; the following table shows the 

desired result: 

n  !n  ( !)

!

n

n
 

log log !e n  

8 40320 3.9464… 4.2030… 

9 362880 4.0813… 4.5382… 

10 3628800 4.2256… 4.8326… 

This completes the Proof of Theorem 1.1. 
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Corollary2.1. Let N be an even number of the form 1 2

1 2. ... ,k

kN p p p  with 

1 22 ... kp p p  

and  11,kp  if !kN p  then N  satisfies Robin’s Inequality. 

Proof. The proof can be derived readily as follows: 

1

( ) 1
log log log ! log log                                                         

1 log

k
i

k k

i i k

pN
e p e p e N

N p p
  

The Corollary above requires that the given even number must be greater than the factorial of its 

greatest prime factor and this one should be more than or equal to 11. Whereas, if a given even 

number is less the factorial of its greatest prime factor, further constraint is required that is 
1

log
logkp

kp e N  

3. ROBIN’S INEQUALITY ON PRIMORIAL 

Lemma3.1. [3]. asymptotically, primorials #np  grow according to: 

1 (1) log
# = ,  

o n n

np e where o(.) is the little-o notation
 

For the nth prime number pn the primorial pn# is defined as the product of the first n primes 

Further, the nth prime number satisfies the following inequality: 

log log log log log log ,        6nn n n n n p n n n n n
              

(2) 

Theorem3.1.

For every natural number k  4, we have  the k - th Primorial satisfies Robin's Inequality.≥  

Proof. 

Case1: 6k  
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By the means of assertion (2) of Lemma 3.1, we have 
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    #   '      6kthat readily shows that p satisfy Robin s Inequality for every k . 

Case2: 4 or 5k  

In this case it is sufficient to verify by simple calculations as follows: 

k  #kp  ( #)

#

k

k

p

p
 

log log( #)ke p  

4 210 2.7428… 2.9842… 

5 2310 2.9922… 3.6437… 

This completes the Proof of Theorem 2.1. 

Corollary3.1. Let N  be an even number of the form: 1 2. ... kN q q q  , with 4k and ,iq  

1,2,...i  
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Not necessarily the first consecutive prime numbers then N  satisfies Robin’s Inequality. 

Proof. 
( #)( )

log log # log log .
#

k
k

k

pN
e p e N

N p
 ( kp  is the kth prime number) 

The above result simply means that any product of at least 4 prime numbers must satisfy Robin’s 

Inequality. 

Corollary3.2. Given that 31 2

1 2 3. . ... ( #)k x

k kN p p p p p . 

If 
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 , then N satisfies Robin’s Inequality. 

Corollary3.3. Given that 31 2
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Moreover, if 4.k  Then 
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Remark. Both results in Corollary 2.3 and Corollary 2.4 require N to be large enough, at least 

comparing to the primorial of its prime factors. 

Proposition. We notice that the least number such that #kp  satisfying Robin’s Inequality is k = 

4, and the least number such that n! Satisfying Robin’s Inequality is n= 8. We have 4/8 = ½, that 

is exactly the real part of non-trivial zeroes of the Riemann Zeta function.  We may wish to figure 

out the connection, if any, to Zeta function by studying the behavior of 

( ) ( )z a bi  where
   #   '  

Re( )
   !  '  

kk such that p satisfies Robin s Inequality
z a

n such that n satisfies Robin s Inequality
, and 

conclude that: 

    #   '  1
( ) 0 Re( )

    !  '  2

kLEAST k such that p satisfies Robin s Inequality
z z

LEAST n such that n satisfies Robin s Inequality
 

4. CONCLUSION 

Robin’s Inequality remains one of the crucial elementary criterions equivalent to Riemann 

Hypothesis. At this stage, conclusions about odd numbers is already solved, while regarding even 

numbers some important results have been provided in this work by investigating factorial and 

primorials. The one wishes to develop certain connection of any given even number to some 

factorial in its neighborhood or restructure the definition of the sum of divisors function to be 

dependent on a factorial closed to the given even number. We do assume that elementary 

approach to Riemann Hypothesis remains possible and Robin’s criterion is still a plausible 

approach toward the main objective: Riemann Hypothesis is Riemann Theorem. 

REFERENCES 

[1] G. H. Hardy and E. M. Wright, An introduction to the theory of Numbers, D. R. Heath-Brown 

and J. H. Silverman, eds., 6
th
 ed., Oxford University Press, Oxford, 2008. 

[2] G. Robin, Grande valeurs de la function somme des diviseurs et hypothèse de Riemann, J. 

Math. Pures App 63 (1984) 187 – 213. 

[3] Harvey Dubner, Factorial and primorial primes, J. Recr. Math. 19 (1987) 197 – 203. 

[4] J. B. Rosser and L. Schoenfeld, Approximate formulas for some functions of prime numbers, 

Illinois J. Math. 6 (1962) 64 – 94. 



Jamal Y. Salah

 

International Journal of Scientific and Innovative Mathematical Research (IJSIMR)                Page 14 

[5] S. Ramanujan, Highly composite numbers, annotated and with foreword by J.-L. Nicolas and 

G. Robin, Ramanujan J. 1 (1997) 119 – 153. 

[6] T. H. Gronwall, Some asymptotic expressions in the theory of number, Trans. Amer. Math. 

Soc. 14 (1913), 113 – 122. 

[7] Young-Ju Choie, Nicolas Lichiardopol, Pieter Moree and Patrick Solé, On Robin’s criterion 

for Riemann Hypothesis, Journal de Théor. Nombres. Bordeaux 19 (2007), no 2, 357 - 372. 

AUTHOR’S BIOGRAPHY 

Jamal Y Salah received a Bachelor degree in Mathematics (1995) from Mut’ah University, 

Jordan, a Master degree in Mathematics from University of Jordan, Jordan (1998), and a PhD in 

Mathematics (2012) from University Kebangsaan Malaysia and eventually earned his spot as an 

Assistant Professor at A’Sharqiya University, Ibra, Oman. After 5 years of research in the field of 

Univalent Functions over Complex Numbers, he decided to change his field of study to Analytical 

Number Theory and Open Problems in Mathematics precisely: On the Riemann Hypothesis via 

Robins Inequality. 

 


