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1. INTRODUCTION

The concept of Fuzzy sets was given by Zadeh[1].Then it was introduced in different ways by
Deng[2], Erceg[3], Kaleva and Seikkala[4], Kramosil and Michalek[5]. George and Veeramani[6],
Grabiec[7] extended the fixed point theorem of Banach[8] and Edelstein[9] for fuzzy metric
space.Mishra et al[10]obtained the common fixed point theorems for compatible maps on fuzzy
metric space.Aamri and Moutawakil [11] introduced the E.A. property for non-compatible maps in
fuzzy metric space.

Definitionl.1:Let X be any set. A fuzzy set Ain X is a function with domain X and values
in [0,1].

Definition 1.2:A mapping =: [0,1] x [0,1] - [0,1] is called a continuous t-norm if
([0,1],%) is an abelian topological monoid with unit 1 such that

axbh < cxdfora< c,b< d

Examples of t-norms a * b = min{a, b}(minimum ¢t-norm)
a*b = ab(productt-norm)

a*b =max{a+b— 1,0} (Lukasiewicz t-norm)

Definition 1.3:A 3-tuple (X, M,*)x is said to be a fuzzy metric space if X is an arbitrary set, * is a
continuous t-norm and M is a fuzzy set on X2 x [0, o] satisfying the following conditions:

(f1) M(x,y,t) >0

(f2) M(x,y,t) =1ifandonlyifx = y

() M(x,y, t) = M(y, x,t);

(f4) M(x,y,t) * M(y,z,5) < M(x,z,t + s),
(f5) M(x,y,.): (0, ©) = (0,1] is continuous.
x,y,z € Xandt,s > 0

Then M is called a fuzzy metric on X and M(x, y, t) denotes the degree i.e. of nearness between x and
Yy with respect to ¢.
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Definition1.4: [] Two mappings A and S of a fuzzy metric space(X, M,*) into itself are R-weakly
commuting provided there exists some real number R such thatM (ASx, SAx,t) = M(Ax, Sx,t/R) for
each xe Xand t > 0.

Definition 1.5: Compatible and Non compatible mappings: Let A and S be mapping from a fuzzy
metric space (X, M,*) into itself. Then the mappings are said to be compatible if

lim M(ASx,, SAx,,t) =1,V t > 0,

n—-oo

whenever{x,} is a sequence in X such that

lim Ax, = lim Sx, =x€ X

n—oo n—-oo

from the above definition it is inferred that A and S are non compatible maps from a fuzzy metric
space (X, M,%) into itself if

lim Ax, = lim Sx, =x€ X

n—-oo n—-oo

but either
lim,,_,, M(ASx,, SAx,,t) # 1,or the limit does not exist.
2. MAIN RESULTS

Theorem 2.1: Let f and g be noncompatible point wise R-weakly commutingselfmappings of type
(Ag) of a fuzzy metric space (X, M,*) satisfying

(i) fX cgX,
(i) M(fx, fy, kt) = M(gx,gy,t),k = 0,andM
(i) M(fx, f2x,t) > max {M(gx, gfx,t), M(fx,gx,t), M(f2x,gfx,t), M(fx,gfx,t),
M(gx, f2x,t),M(g2x, fx, 1) },
whenever fx # f2x.
If the range of f or g is a complete subspace of X, then f and g have a commonfixed point .
Proof:Since f and g are satisfying property (E. A.) then there exists a sequence {x,} in X such that
lim fx, = lim gx, =P
For some Pe X,since Pe fx and fX cn(;xoothere exins?soosome point u in X such that P = gu.
WhereP = lim,,_, o, gx,,if fu # gu
The inequality
M(Fxn, fu,kt) = M(gx, gu,t)
Letting n — oo yields
M(gu, fu, kt) = M(gu, gu,t)
Hence fu = gu since f and g are R-weakly commuting then there exists R > 0 such that
M(fgu, gfu, t)=M(fu,gu, t/R) =1
Thatis fgu = gfuand ffu = fgu = gfu = ggu iffu # ffuthenwegetputx =u
M(fu, ffu,t) > max{M(gu, gfu,t), M(fu, gu,t), M(ffu, gfu,t), M(fu, gfu,t), M(gu, ffu,t),
M(ggu, fu,t)
=M(fu ffu,t)
Is a contradiction,hence fu = ffu andFu = ffu = fgu = gfu = ggu.
Hence fu is common fixed point of f andg.

Theorem 2.2 : Let f and g be noncompatible pointwise R-weakly commuting self mappings of type
(Ag) of a fuzzy metric space (X, M,*) satisfying

International Journal of Scientific and Innovative Mathematical Research (1JSIMR) Page 2



Some Results Using Non Compatible Mappings in Fuzzy Metric Space

() fX cgX,

(i) M(fx,fy kt) = M(gx,gy,t),k = 0,andM

((i)M(fx, f2x,t) > max{M(gx, gfx,t), M(fx, gx,t), M(f2x, gfx,t), M(fx, gfx,t),
M(gx, f2x,t),M(g2x, fx,t)},

whenever fx # f2x.

If the range of f or g is a complete subspace of X, then f and g have a common fixed point and the
fixed point is the point of discontinuity.

Proof: Since f and g are noncompatible maps there exists a sequence{x,,} in X such that
lim fx, = lim gx, =P
n—-oo n—-oo

For some p € X, but either lim,,_, o, M(fgx,, gf xn, t) # 1or the limit does not exist.

Since pe Fxand fX c Gx, there exists some point u in X such thatP = gu wherep = lim,,_,o, gx,. If
fu # gu, the inequality

M( fxn, fu, kt) = M(gxn, gu,t)

As x = x,,y = u letting n — oo yields
M(gu, fu, kt) = M(gu, gu,t)
Hence fu = gu.
Since f and g are R-weakly commutating of type(Ag),there exists R > 0 such that
M(ffu gfut) = M(fu,gu,t/R) =1

Thatis fu = gfuand ffu = fgu = gfu = ggu.
If fu =+ ffu using (iii) we get put x = u
M(fu, ffu,t) > max{M(gu, gfu, ), M(fu, gu, ), M(ffu, gfu, t), M(f fu, gfu,t),
M(gu, ffu,t), M(ggu, fu,t)}
= M(fu, ffu,t)
It is contradiction. Hence fu = ffuandFu = ffu = fgu = gfu = ggu.
Hence fu is a common fixed point of f and g.

The case when Fx is a complete subspace of X is similar to the above case sincefX c Gxwe now
show that f and g are discontinuous at the common fixed point p = fu = gu.

If possible, suppose f is continuous.Then considering the sequence {x,} of (1) we get
lim _ o ffx, = fp = p. R-weakly commutativity of type (Ag) implies that

M(ffxn, 9fxn, t) = M(fxn, 9xn, t/R) =1
Which on letting n—oothis yieldslim _, ,, gfx,=fp=p.This in tun vyields
lim _y o M(fgxn, gfxn, t) = 1.This contradicts the fact thatlim _ ., M(fgxy, gfxy,,t) is either

nonzero or nonexistent for the sequence{x,} of (1).Hence f is discontinuous at the fixed point.Next,
suppose that g is continuous. Then for the sequence {x,} of (1),we getlim _, ., gfx, = gp =

pandlimz— © ggan=gp=p. In view of these limits,the inequality

M(f xn, fgXn, kt) = M(g%n, gg%n, t)
Yields a contradiction unlesslim  _ o, fgx, = fp = gp, butfgx, = gpandlim _, ,, gfx, = gp
contradicts the fact that lim _ ., d(fgxn, gfxy) is either nonzero or nonexistent. Thus both f and
g are discontinuous at their common fixed point.Hence the theorem is proved.

International Journal of Scientific and Innovative Mathematical Research (IJSIMR) Page 3



S. K. Malhotra & Vineeta Singh

3. CONCLUSION

In this paper we have extended some results for the common fixed point theorem using non
compatible mappings in fuzzy metric space. Results are proved without exploiting the notion of
continuity and without imposing any condition of ¢t-norm.
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