International Journal of Scientific and Innovative Mathematical Research (1JSIMR)
Volume 3, Issue 1, January 2015, PP 67-70

ISSN 2347-307X (Print) & ISSN 2347-3142 (Online)

www.arcjournals.org

Inequalities of Dunkl-Williams and Mercer Type in Quasi-
Normed Space

Risto Malceski Aleksa Malceski
Faculty of Informatics Faculty of Mechanical Engineering
FON University Ss. Cyril and Methodius University

Skopje, Macedonia Skopje, Macedonia

risto.malceski@gmail.com aleksa@mf.edu.mk

Abstract: Inequalities of Dunkl-Williams, Mercer, Pecarié-Raji¢ and likewise the strictly triangle
inequalities are of particular interest in theory of normed spaces. In [2] and [3], are proven the analogous
inequalities of the strictly inequalities and the inequalities of Pecari¢-Raji¢ type in the quasi-normed
spaces. In this paper will be considered inequalities, which are analogous to the inequalities of Dunkl-
Williams and Mercer type in quasi-normed space.
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1. INTRODUCTION
The quasi-norm is a generalization of a norm and is defined as following.

Definition 1 ([1], [5]). Let L be a real vector space. A quasi-norm is a real function ||-|:L >R
such that it satisfies the following conditions:

i) |Ix|=0, foreach xeL and || x|=0 ifand only if x=0,
i) | Ax]|= A]- || x]||, for each 2 e R and for each xeL,
iii) It exists a constant C >1 such that || x+y|<C(| x|+l yI), forall x,yeL.

The ordered pair (L,||-|[) is said to be a quasi-normed space. The smallest possible C as in
condition iii) is said to be a modulus of concavity of ||-||. The complete quasi-normed space is
said to be a quasi-Banach space.

Definition 2 ([1], [5]). A quasi-norm ||-|| issaidtobea p—norm, O<p<1 if

Ix+y IP<ixIP +1ylIP, 1)
for all x,yeL. In this case a quasi-normed space is used to be said as p—normed space and

quasi-Banach space is used to be said as p— Banach space.

In quasi-normed space for the quasi-norms and the p— norms holds true the following theorem.
This theorem actually enable rather than quasi-norms to deal with p—norms, which is easier in
many cases.

Theorem 1 (Aoki-Rolewitz, [1], [5]). Let (L,||-|[) be a quasi-normed space. Then, there exist
p,0< p <1 and an equivalent quasi-norm |||-||| of L, whichis p—norm.
2. MAIN RESULTS

Theorem 2. Let L be a quasi-normed space with modulus of concavity C>1. Then for all non-
null vectors X,y e L the following holds true
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XY %yl o max{xLyD 3
I~ i 4C ey * 2C D et @)

Proof. The definition 1 implies that for all non-null vectors x,y € L it holds true that

[ R i R B e

X - Y AL —

<ClIxI- g~ a || x| ®3)

<Clx=ylI+CIllly lI=1xII-
Further, since Definition 1 we have that

IyllsClly=x[+Clix| and [[x[i<ClIx=y[+Cl Yl
which imply the following inequalities
Iyl=lIxlsClly=x[+HC-D [ x[<ClIx =yl +(C -1y max{]| x|l y [} and
IxI=Nyl<Clix=yl[+C-DlylcClx=y+C-Lymax{||x LIy I}

i.e. the inequality
Y =l Cllx =y I+(C = 1) max{]| |, y II}- (4)
Now, the inequalities (3) and (4) imply the inequality
- I~ s 2C Il x =y 1-+(C =y mascfl x L y I (5)
Analogously, can be proven the following
Iyl ||”—§”—”—)y,|| ll<2C | x =y [[+(C -1y max{[| x [l.Il y [I}- (6)

Finally, if we summarize the inequalities (5) and (6) and the obtained inequality divide by
I X][+l'y|l>0 we get the inequality (2).

Theorem 3. Let L bea p—normed space, 0< p<1. Then for all non-null vectors x,y e L holds
true that

P olX= yIP iyl 7
||I|><|I IIyII|| IXIP+ylP ()

Proof. The definition 2, i.e. the properties of p—norm imply that for all non-null vectors x,y e L
it hold true that

P x Y P LY p
PN~ 1P =P~ i+ g~ !
p p
<l x 22 |IF 4| x 8
<IN =P + 1P~ ®
L x=ylP+1yn=1xP
and
Py x Y P X _ X, x_Yqp
Iy 1P~ 1P =y Pl g = s+ i~ !
VIR X P L XY P 9
Iy P~ 2P + Dy 1Pl g~ ©

<Ix=y P+ 1y l=1xP.
Finally, if we summarize the inequalities (8) and (9) and the obtained inequality divide by
| x|I° +]ylIP>0, we get the inequality (7).
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Remark 1. The inequalities (2) and (7) are actually inequalities of Dunkl-Williams type in quasi-
normed and p—normed space, 0< p <1, respectively.

Theorem 4. Let L be a quasi-normed space with modulus of concavity C>1. The following
statements are equivalent:

1) For all non-null vectors x,y e L itis true that

X ¥ Xyl Ly max{xyIy
o~ i 1 2C ey € D e (10)

2) If x,yeL aresuchthat || x|H|y]|=1, then
152 I Cll@-tyx+ty [+ SEmax{l- .1}, (11)
for each t<[0,1].

Proof. 1) =2). Let assume that the statement 1) holds true. Let X,yeL be such that
IX|=lyl=1. Clearly, for t=0 and t=1, the inequality (11) holds true. Ifte(0,1), then 1)
implies the following

XY= =t _t
15 e Bt ) Ix+ v

_t
y
=LL(lIx |+ ||1ty||)||m— el

= Y
t t
1‘t X ||+ 2C X~ L (C -1 max{]Ix. Il y I
I+ y ROl (€ - =P EEe)
C-1)(1-
=CU-ylx- gy I+ EF = max1. 143

=Cll@-t)x+ty [+ S max{l-t,1},

i.e. the inequality (11) holds true.

2) =1). Let assume that the statement 2) holds true. Let x and y be arbitrary non-null vectors

in L. Then, for e L holds true that || % ||=ll—= |I=1 and if we take that t = IVl , then
IIXII IIy|I X ™ li= yII (X[l
by 2) we get that
X _ 2 ||x|| Hyll
Ipg 2172
< _ [yl c-1 _ vl
=2clad I|X||+|IyI|)||X|I X+l ||y|I ”+ Fmax{l X[yl |IXI|+I|y||}

o DYl g gy maxIXLYID
=2Cmi T C D e

i.e. the inequality (8) holds true.

3. CONCLUSION

2|x—y|l b
Tyf < opeyp - Which in
normed space is satisfied if and only if the norm is generated by a scalar product. Thus, it is
logically to wonder:

The inequality (10) is actually generalization of Mercer inequality ||”—§||

Is the inequality (10) into a quasi-normed space with modulus of concavity C >1 satisfied if and

only if there exists a function f:LxL —R sothat f(x,x) =||x||2.
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