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Abstract: In this paper we prove; If R is a left quasi-Noetherian ring ,then every nil subring is nilpotent) .
Next we show that a commutative semi-prime quasi-Noetherian ring is Noetherian. Then we study the
relationship between left Quasi-Noetherian and left Quasi-Artinian, in particular we prove that If R is a
non-nilpotent left Quasi-Artinian ring. Then any left R-module is left Quasi-Artinian if and only if it is left
Quasi-Noetherian. Finally we show that a commutative ring R is Quasi-Artinian if and only ifR is Quasi-
Noetherian and every proper prime ideal of R is maximal.
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1. INTRODUCTION

By a ring we mean an associative ring that need not have an identity. Following [1] we saythat a
left R-Module M is left quasi-Noetherian if for every ascending chain Ny € N, € -« € N,, € -
of R-submodules of M,there exists m € Z* such thatR™(U,N,) € N,,. We say that the ring R

is a left quasi-Noetherian ring if gRis quasi-Noetherian. Note that any left Noetherian ring or
module is a left quasi-Noetherian.Also any nilpotent ring is a left quasi-Noetherian, however

R = [é %] is a non-nilpotent ring which is a left quasi-Noetherian but not Noetherian.

Note that : if M is a left quasi-Noetherian module and N is a submodule of M, then M/N is a left
quasi-Noetherian[1. Proposition 1.3]

Proposition 1.1:

Let R be a left quasi-Noetherian, I < R. Then | is a left quasi-Noetherian.

Proof:

Let J; € J, € .- be any ascending chain of left ideals of |, then IJ; € IJ, € --- is an ascending
chain of left ideals of R.But R is a left quasi-Noetherian so there exists m € Z* such that
I(Up 1)) = I Y (UpJn) € Jim € Jmaq- Hence | is a left quasi-Noetherian.

Now : If I <« R and I,R/I are left quasi-Noetherian then R need not be a left quasi-Noetherian
ring, as the following example shows: Let = [OZQQ] I = [8 Qé] <R ,henceland R/I =Z @
Q are left quasi-Noetherian but R is not, however we can prove the following :

Let I < R,thenR is a left quasi-Noetherian if one of the following holds:

(@) R/Iis a left quasi-Noetherian and if I €, €€, S-S and I; <R then there
exists m € Z* such that R™(U,I,) € I, .

(b) R/I is a left quasi-Noetherian and | is a left Noetherian.
Proof:

@Let €L c--<I, S beanyascending chain of left ideals of R .Then; nI € I, n
Ic--cl,nlI<--c] then there exist m € Z* such that R™(U,I,nI) SI,NnI. Also
c.

e e el jsan ascending chain of left ideals of R/I. But R/I is a left quasi-

I I~ I
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Noetherian ring so there existsm € Z* such that (R/I)m(Un%) c @ which implies that

rR™(U,I,+D <L, +1.NowR™U,L) S R"(U, I, +Dn U, L) S U,+DnU,I) =
Upl,nD+1, so  R™WU,L) S R™((Upl,ND+1Iy,)=R"U,L,NI)+R™, C
(I, nD + L, = L, Therefore R*™(U, I,) € I, € L., . Hence is a left quasi-Noetherian.

(b) Can be prove by the same way.

Proposition 1.3:
A finite direct sum of left quasi-Noetherian rings is a left quasi-Noetherian.
Proof:

By induction, it is enough to prove the result for t=2Solet =R, ®R, , R{,R, are left
Quasi-Noetherian. Now letl; € I, € .- € I, € ---be any ascending chain of left ideals of R .
Then R, € RyI, € -+ € RyI, € -+ is an ascending chain of left ideals of R; and R,I; S
R,1, € -+« € R,I, € --- is an ascending chain of left ideals of R,.But R; and R, are leftQuasi-
Noetherianrings , therefore there existsm € Z*such that R,"(U, Ry 1,) € RI,, €1,, and
R,™ (U, R,1,) € R,1,, € 1,, .Hence R™*'(U, I,,)) € R, (U, RiL,) + R, (U, Rx1,) €1, €
I,+1 -Therefore R is a left Quasi-Noetherian ring

An ideal Q inaring R is said to be a semi-prime ideal if and only if A2 € Q,A < R, then A € Q,
it follows easily by induction that if Q is a semi-prime ideal in R and A™ < @ for an arbitrary
positive integer n, then A € Q[15,P.67]

A ring R is said to be regular if for each element a € R there exist some a’ € R such that aa'a =
a. Note that a commutative ring R is regular if and only if every ideal of R is semiprime [5,
P.186].

By the nil radical N=N(R) of a ring R we mean the sum of all nilpotent ideals of R, which is a nil
ideal. It is well known [10. P.28. Theorem 2],thatN is the sum of all nilpotent left ideals of R and
it is the sum of all nilpotent right ideals of R.

Aring R is said to be a left Goldie ring if:

()R satisfies the a.c.c on left annihilator ideals. (b) R has no infinite direct sum on left ideals. We
can prove the following:

Proposition 1.4:
If R is a left quasi-Noetherian ring and r(R) = 0, then R is a left Goldie ring.
Proof:

First we show that any ascending chain of left annihilator idealsterminates. Let/; € J, €
-« € J. € .-be any ascending chain of left annihilator ideals of R. Suppose

that/; = L(I;))for all i. SinceR is a left quasi-Noetherian ring then there existsm € Z*such
thatR™ (U, J») € Jm = (L) , therefore R™ (U, J )L, =0 , and R(R™ (U, J.)I») = 0But
r(R) = 0 ,henceR™ (U, J,)L, = 0.Continuing in this way we have R(U,, J,)I,, = 0, therefore
(U, JIIn =0,and U, J, € l(I,) = ], . Hence J,, = J;ue1 = ---and the chain terminates.

Nowlet I, € I, € --- € I, € --- be any ascending chain of complement left ideals of R . Since R
is a left Quasi-Noetherian ring then there exists m € Z* such that R™(U, I,) € L,.Now
suppose that I,,, is a complement ofJ,,then(R™(U,L,)NJ, €I, N ], =0. But (U,L,) N
Jm € UnIyand (UnIp) N S i » hence R™((Un L) N Jm) € R™ (U 1) and R™(Uy 1) N
Jm) € (Up ) N € Jo- Therefore

R™((Up L) NJm) € (R™(Up L)) N ) =0 and RR™*((Up 1) NJp)) =0. But r(R) = 0
hence R™ '((U,L,) NJ,) = 0.Continuing in this way we have(U,I,)N]J, =0, and
bymaximalityofl,,, we have U, I, = I, . Hence I,, = L,,,1 = ---. Therefore R is a left Goldie
ring.
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Following [2] we say thata left R-Module M is left quasi-Artinian if for every descending chain
N, 2N,2--2 N, 2 - of R-submodules of M ,there exists m € Z* such thatR™N,,, < N,,for
all n. we say that the ring R is a left quasi-Artinian ring if zRis quasi-Artinian. Now we proof
the following:

Proposition 1.5:

Any semi-prime left quasi-Artinian ringis a semi-simple left Artinian

Proof:

By[2, Theorem 2.4] every non-zero left ideal of R is generated by a non-zero idempotent e,
say.But we know that e acts as right identity for the left ideal I = Re , and since R is itself an
ideal, hence R has an identity element. Therefore R is left Artinian. Now, J(R) is nilpotent, and R
is a semi-prime ring, implies that J(R) = 0. Hence R is a semi-simple.

2.
In this section we prove the following
Theorem 2.1:
Let R be a left quasi-Noetherian ring. Then every nil subring of Ris nilpotent.
Proof:
Since R2R?2--2R*2 -, it follows that r(R)cr(R®)c--cr(R®) <. is an

ascending chain of ideals of R. But R is a left quasi-Noetherian ring hence there exists m € Z*
such that R™(r(R%)) € r(R™) for all t .Therefore R?™(r(R)) € R™r(R™) = 0, and r(R") €
r(R*™) sothat r(R/r(R*™)) = 0. But R = R/r(R*™) is a left quasi-Noetherian hence R is a
left Goldie ring.By Laniski Theorem [14] any nil subring S of R is nilpotent so there exists n € Z*
such that S™ = o and then S™ € r(R?™)so S™*2™ = (. Hence S is nilpotent subring of R

An immediate consequence we have the following:
Corollary 2.2:

Let Rbe a left quasi-Noetherian ring , then N(R) is nilpotent
Theorem 2.3:

If R is a left quasi-Noetherian ring. Then R satisfies the ascending chain condition on semi-prime
ideals.

Proof:

Let; €1, €SI, € beany ascending chain of semi-prime ideals of R .Then there exists
m € Z* such that R™(U,I,) €L, . But U, I, <R , hence (U,L,)™ S R™ and(U, I,)™*! =
U L)"™WUp L) € R™ (U, ) € I, . But I, is a semi-prime ideal, hence (U,1,) €1I,, s0
Ly = Ipyr = -

Corollary 2.4:

If R is a commutative regular quasi-Noetherian ring. Then R is Noetherian.
Proof:

Since R is a commutative regular ring it follows that every ideal of R is semi-prime. But R is
guasi-Noetherian hence by (Theorem 2.3) R is Noetherian ring.

Theorem 2.5:
Let R be a commutative semi-prime gquasi-Noetherian ring. Then R is Noetherian.
To prove this we need the following lemma
Lemma 2.6:
If R is a left quasi-Noetherian ring so R has a finite number of minimal prime ideals of R.
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Proof:

By [1, Corollary 3.8] There exists a finite number of prime ideals P, ,P,, ..., P, of R such that
1P, =0. Now let P be any minimal prime ideal of R so [[iL, P; € P therefore P; € P for
some ibut P is minimal so P = P; hence there exists a finite number of minimal prime ideals of R.

Proof of theorem 2.5:

LetP; be a minimal prime ideal inR, P, is a minimal prime ideal of P;(isolated prime of P;) so
P; € P,(P; is maximal prime ideal in P,) continuing in this way we have P, € P, € --- (*) isan
ascending chain of prime ideals of R. ButR is a quasi-Noetherian ring so (*) terminates(by
Theorem 2.3) , therefore there exists ¢ € Z* such that B, =P, for all n>¢t,so P, isa
maximal prime ideal in R. Now we can write P, as P, = P; @ P,/P; ,since P, < R then P, is
a quasi-Noetherian(by proposition 1.1) also since P; is a maximal prime ideal in P, so P,/P;
contains no non-zero prime ideal, therefore every factor of P,/P;(Otherwise if T = P,/P; and
T=T/I,I <T, has anon-zero prime ideal say J so =~ 1(J) is a prime ideal in T where m:T —
T/I is a natural homomorphism, which mean that ==1(J) = 0 then ] = n(x~1(J)) = n(0) = 0.
Hence T has no non-zero prime ideal). Therefore every factor of P,/P; isasemi-prime quasi-
Noetherain. Hence by Proposition 1.4every factor of P,/P; is a Goldie ring and by Camilo's
Theorem P,/P; is a Noetherian ring

Now R=P, ® R/P;, P, = P,_; ® P;/P;_; ,P,_, is maximal prime ideal in P, and so on.

Therefore R=P, ®P,/PL,®P;/P, ® ..®P;/P;_1 ®R/P; and R/P, , P;/P;_, for all
i=1,..,t are Noetherian. Hence R/P; = P,/P, ® P3/P, ® ... ® P;/P;,_; ® R/P; is a finite
direct sum of Noetherian rings so it is Noetherian. By Lemma 2.6 R has a finitenumber of
minimal prime ideals thereforeN(R) = N}~, P; ,P; minimal prime ideal in R ,but R is a semi-
prime ring hence N(R) =0 and R = R/N(R) =@®[-, R/P; is Noetherian.

3.

In this section we study the relationship between left quasi-Noetherian and left quasi-Artinian. In
particular we prove the following :

Theorem 3.1:

If R is a non-nilpotent left quasi-Artinian ring. Then any left R-module is a left quasi-Artinian if
and only if it is a left quasi-Noetherian.

Proof:

Since R is a non-nilpotent it follows that R = N(R) .But R is a left quasi-Artinian, hence the nil
radical N(R) =N is nilpotent. Therefore N = 0for some t. Now let xMbe any left quasi-Artinian
left R-module. This has a chain of submodules M 2 NM 2 N2M 2 --- 2 N*M = 0 which factor
modules F, = N*"TM/N*M , k =1,...,t Now F, is annihilated by N hence maybe regarded as
an R/N-module. Since R is a left quasi-Artinian ring so R/N is a semi-prime left quasi-Artinian
and by [2, Theorem ] R/N is a semi-simple Artinian so by[ 15, proposition 2,pg 68] R/N is
completely reducible, hence F;, is completely reducible as an R/N-module and therefore also as
an R-module so since Fj, is a unital left quasi-Artinian R/N-module so Fj, is a left Artinian as an
R/N-module then Fj, is the direct sum of finite number of irreducible R-modules, hence Fj, is
Noetherian and then left quasi-Noetherian. Thus F, = N*"'M/N*M = N*"'M and F,_, =
N 2M/Nt1M are left quasi-Noetherian , hence so is N*~2M .Continuing in this way we have M
is a left quasi-Noetherian R-module.

To prove the converse replace Noetherian instead of Artinian
Theorem 3.2:

Let R be a commutative ring. Then R is quasi-Artinian if and only if R is quasi-Noetherian and
every proper prime ideal of R is maximal

Proof:
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Since R is commutative so (R) = rad(R) = N;P; , P; is minimal prime ideal of R , rad(R)
denoted the prime radical of R. Let R be a quasi-Noetherian ring so by ( Lemma 2.6) R has a finite
number of minimal prime ideals of R so N(R) = N, P;.

Now R = N(R) ® R/N(R) but N(R/N(R)) =0soR = R/N(R) =®", R/P, and R/P, prime
ring. Since every prime ideal of R is maximal so also in R = R/N(R) then each of P, is maximal
ideal in R therefore R/P, simple rings so quasi-Artinian and hence R = R/N(R) is a quasi-
Artinian ring. Since N(R) is nil ideal of R and R is a quasi-Notherian ring so N(R) is nilpotent then
quasi-Artinian hence R is quasi-Artinian ring.

To prove the converse let R be a quasi-Artinian ring. R = N(R) @ R/N(R) , N(R) is nilpotent
ring so quasi-Noetherian ring and R/N(R) is a semi-prime quasi-Artinian ring so it is a semi-
simple Artinian ring therefore quasi-Noetherian and hence R is a quasi-Noetherian ring.
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