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Abstract: A steady flow of a viscous fluid through straight long non-circular tubes under a pressure
gradient down the tube length is discussed in the paper.

The fluid is assumed to be homogenous and incompressible. For such a flow the pressure gradient has to be
a constant. The axial velocity of the flow satisfies Poisson’s equation together with the no-slip condition on
the boundary I" of the tube.

A complex variable technique has been developed to solve the problem. This technique can be successfully

applied whenever the tube cross section I can be expressed in the form zZ:¢ Z +¢ Z where

Z=X+iyand Z=X—Iy it’s conjugate. Farther ¢ 7 is a regular function and ¢ Z :;5 Z isit
conjugate.

This technique is employed to find the velocity field for the following tube-cross sections is. 1. Ellipse, 2.
Equilateral triangle, 3.Hyperbola bounded by a chord, 4. Two co-axial hyperbolas, 5. Two conjugate
hyperbolas and 6. Lune bounded by two circles.

1. INTRODUCTION

Consider a viscous incompressible homogenous fluid flowing steadily through a long straight
horizontal tube under a pressure gradient. Such a flow through a circular tube was considered
earlier in the year 1846 by J.L.M. Poisceuille a French physician in connection with the
estimation of the flow rate of blood through arteries’. This has been treated by several authors of
books classical test books on fluid mechanics.

Consider a Cartesian System O (X, Y, z) with the co -axis along the tube length and x and y axes in
a plane perpendicular to tube length with the origin ‘O’ can be taken anywhere on the axis.
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The flow is under a pressure gradient down the tube length. Let fluid velocity be taken

q =(0,0,W) (1)
The velocity satisfies the equation of the continuity
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. W is independent of Z

= W is function of x and y and t

Since the flow is steady, W is independent of time’t” W is a function of x and y only

The momentum equation (Navier-stokes’ equation) that characterized the steady flow in the
absent of the external force

da _
Pl =-Vp+uDg 3)

Where E1= fluid velocity, o= fluid density (assumed constant), P = pressure, g = viscosity
coefficient

Equation of motion in the x-direction

p
—=0 4
o (4)
Equation of motion in the y-direction
P =0 (5)
oy
Equation of motion in the z —direction
2 2

0= P, [ oW, oW (6)

0z ox* oy

Differentiating with respect to ‘z *we get

o°p d (d*w o&*w
0=——2+/1 —_— —2'|'—2
oz dz\ ox° oy

2 2 2
Oz_a_pw(a L0 ]dw

o7 T\ox’ ey )dz
2
8_5) =0 ( 6_W = OJ = 8_p is independent of ‘z’ (7
0z 0z oz

From the equations (4), (5) and (7)
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" %P = C (constant)
0z

The equation (6) that satisfied by the axial component w(x,y) of the velocity is give by the
Poisson equation.

VW = cu = constat (8)
with the boundary condition,

W=0 on the boundary I" on the tube 9)
Proposed Complex variable technique for solving the equation (8) for the velocity fluid(w)

Let us Introduce the complex variables Z and z

Z=x+iy and Z = x—iy (10)
. . o C
The equations can now to transformation as J E =— (11)
020Z 4u
Integrating (11) with Z
P - ‘7. fuction (12)
oz 4u
This on integrating with repeat to z yield ds
W= —%ZZ + function + fuctionsZ (13)
U
This equation of W is a real function of X and Y of Z and Z and onthe R.H.S. ZZ is real.
Therefore The Velocity w can be expressed as
C — —_—
W=——7Z727+Ff Z +f Z (14)

4u
where f(z) is a regular functionof Zand f Z = f Zis conjugate function of f(2)

The function f (z) is to be so choose such that the no-slip condition on the w =0 on the boundary
r

Therefore on the boundary T" of the tube

f7+fz=-"\77 (15)
Au

This method is successful whenever the equation to the boundary I' can be expressed as

Z2Z=¢ 7 +¢ Z (16)

Expressed the equation we noticed that

— C —
f 7+ z_—a[¢2+¢z] 17
From (17) it can be noticed from the equation that (17)
c — C ——
fZ=——¢Z and f Z =——¢ Z (18)
4u 4u

International Journal of Scientific and Innovative Mathematical Research (IJSIMR) Page | 118



Bandi. Ravi

.. The velocity in this given be the equation (14)
2. APPLICATIONS
A) Cross section bounded circular tube:

=
\

r:x*+y*-a’=0 (A1)

r:7zZ=a’ (A.2)

97 == (A3)
a.2
f7Z=-+r—=f2Z (A4)
8u
C — —_—
wW=——-=%2ZZ+f Z +f Z
4u
C = 2 C 2 2 2
-— ZZ-a" =—— a"-x"-— A5
41 ” y (A.5)

B) Cross section bounded Ellipse:

2 2
XY
rg +F—1:0 (Bl)

This can be expressed as
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b’x* +a’y’ —a’h? =0

—\2 —\2
bz[Z;—Z} +a2(%} —a%? =0
|

This can be written as

_ a2_b2 ) — a2b2
722=-—>"_ 727 +—°°
4 a*-Db? 2 a’+b?
=ﬁ[ a’-b? Zz+a2b2J+[ a? —b? 22+a2b2} (B.2)
a —

This is a second degree in Z and Z
_ 1 2 2 72 2142

ﬁ¢ Z :|: az—b2 22+a2b2:| (84)
+

C C ——
fZ=——97Z andf Z =——¢ Z
4,u¢ 4,u¢

The velocity is the equation substituting we get

W=—l774+f Z +Ff Z =—— b’x?+a’y? —a’b? (B.5)
4u Au

C) Cross section bounded Equilateral triangle tube :

Y
© X
I': x-a x+\/§y y—\/§x =0 (C.1)
This can be writtenas x—a x*—-3y* =0
= 1 3 9 =3 =2
77 = :2— -Z°+2aZ° + -7 +2aZ (C.2)
a

This is a cubic in Z and Z
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_ 1 3 2
¢ Z _2—a[ ~7°+2az ]
42| 7207 |
2a
f72=-S47 andf z=-"2¢p2
H 4u
=1t 2 =——| -Z'+2a7" |
8u
Z =—i[ 7' +2az }
8u

C J—
The velocity is now given by W= —4—ZZ+ fzZ+fZ

7
W:—LZZ—L[ -7%+2az? J—L[ 7’ +2a7’ }
4u 8au 8au
_C _ 2 a2
:W—4ﬂ[ X—a X -3y }

D) Cross section hyperbola bounded by a chord:

I x—a x2-3y2—b? =0 weget ZZ
ZZ:ZL[ _7%42b72 +a’Z+a’h + —Z +2aZ +a’Z+ab ]
a

This a cubic in Z and Z
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¢ Z :i[ ~7%+2b72 +a’Z+a’b ] (D.3)
2a
— 1 =3 =2 L=,
@ :—[ -7 +2aZ +a Z+ab:| (D.4)
2a
c Pa— C ——
fZ=—"T@¢g2Z andf Z=—"-"spZ (D.5)
4u 4u
Values substituting get W=——"77+f Z +f Z :W:L[ x—a x*-3y*-b’ }
4u 4u
(D.6)
E) Cross section bounded by two coaxial hyperbolas
Y
O ]
X
2 2
rfx-—Y __at|[x-——Y __p?|=0 =
[ 3_242 31242 ED

On simplifying we get 77
-1

A
2 J2+10%- J2-14a° [

77 =

b2 2+42 —a% 2-+2 Zz+azb2J+24+[b2 2+2 —a? 2-2 22+a2b2]

(E.2)

Z“—[b2 2442 —a? 2-2 Zz+a2b2J
67 = (E.3)

2 J2+1p2- J2-1a°
Z4+[b2 242 —a? 2-2 Zz+a2b2}
2 J2+1b%= J2-1 a?

f7-=-S14p7 adf Z =—S4 27 (E.5)
4u 4u

¢ 7 =

(E.4)

A fourth degree expression in Z and z

Wee""774+f Z +1 Z
4u

w=—4i [3—2\/5 X2—y?—a? 3-242 }[ 3422 }xz—yz—b2 3122 (E.6)
7
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F) Cross section bounded by a hyperbola and its conjugate:

Y

2 2
rx-——Y a2 llw-—Y __p2|=0 F.1
[ 3-242 j( 3+242 j D
1

2 2+10%- 2-14a°

77 =

Z“+[b2 242 —a% 2-2 Zz+a2b1+24+[b2 242 —a? 2-2 Zz+a2b1
(F.2)

This is a fourth degree expression in Z and z

Z“—[b2 242 —a? 2-2 Zz—azbﬂ
67 = (F.3)

2 J2+1b%2= J2-1 a2

Z4+[b2 242 —a2 2-2 Zz+a2b2}

¢ 7 = (F.4)
2 \2+1b°- 2-1 &
f72=-S07 adf Z =—"9p Z (F.5)
4u Au
Hence the velocity is give byW:—4i22+f Z +f Z
7

W:—4L [3—2\/5 x2—y?+a? 3-22 }[ 3+242 sz—yz—b2 3-242

Y7

(F.6)
G) Cross section bounded by two circles
[ x*+y*—a> x*+y>—2bx* =0 (G.1)
X +y*=a’, xX*+y’ =2bx, X’ +y*=b’ (G.2)
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Y
X
. . 1
This as expressing and 7
2 2
w47 —bz+2 2P
2 2
— = a* a%
L9 Z =bZ+——— G.4
¢ > (G.4)
c e C ——
fZ=——9Z adf Z =——¢ Z (G.5)
4u 4u

C — —_—
The velocity is given by w = —4—ZZ+ fZ+f Z
7

.. An Expression involving Z and %

3. CONCLUSION

The steady flow of a viscous liquid through a straight tube of non-circular cross section can be
solved by a complex variable method.

This method is successful whenever the boundary of the tube can be expressed as
ZZ = function of Z + its conjugate.
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