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88 Problem 13: SRMs (189) pand NBSR Vol. Il p 193
LetIT(a,x) = (1 +a)(1 +ax)(1 +ax?)(1 +ax’)(L +ax*) ....and so on (13.1)
. II(a,x) _ n _ *
Then (i) H(ax”,x)_ (@+x)" whenx=1 (*1)
N I1(=x,x) *
(i) 1—x)" H(—Xn+1,X) =n!wherex=1 (*2)
T1(a,~/x)
= -\ 77 *3
(iii) T1(a,x) Tl(avx . x) (*3)
Solution:

Note. S.R.denotes [](a, X) as the product of infinite number of terms of the type ( 1 + ax")

e, [Ta,x)= [T @+ax")
k=m
(i) To establish the result (*.1)

H(aXn,X) =(1+aXn)(1+aX".X)(1+axn.x2)(1+ax”_x3) ------------
=(l+ax") (1+ax"™) (1+ax™) (1+ax™®) -- --emema---

= ﬁ(1+ ax’) (13.2)
k=0

By definition (1)
ITa,x) =1 +a)(l+ax)(1 +ax)(1 +ax’). ... (L+ax") L +ax)(L +ax™)...... .

=(1l+al+ax)(l+axd)@+ax’)...... (1+ax™) ﬁ (1+ax¥) (13.3)
k=m
=(L+al+ax)l+axd)l+axd)...... (@ +ax™) JT(ax".x)
g HL;X) =(@+a)l+ax)l+axd)l+axd)...... (1 +ax™h) (13.4)
II(ax",x)
Whenx=1,RHS.of(4)=(1l+a)(l+a)(l+a)(l+a)...... (1+a) (ntimes)
=(1+a)

This establishes the result ( *.1)
(ii) To establish the result (*.2)

TI(=%,X) = (1=x)A =)@ -x)A=xY ..o = JT@a—xx
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and TT(—x"™, %) = (1-x") (1-x"™x) (1-x""x3) (1-x""x%) ... .. = H (1—x®
k=n+1
T1(=x,x) _ (1903 A=) 1L-x"(1-x")......
@L=x)"TT(=x"*%) (L= X)"(L= X" L= XY oeene,
_ (==X X)L =X).cnnnenn (1-x")
(1-x)"
(1-x) 1-x*) 1-x3) (1-x")

1-x) 1-%x) (@1-x) (1-X)
LA+x)A+x+x)L+x+x2+x% .. .factors (13.5)
The last factor on the R.H.S. of the above expression = 1+x+x* +x%+ . . . .+ X" ( n terms)

Whenx =1, RH.S.of (135) =1.234.......... n=n!
This establishes the result (*.2)
(iii) To establish the result (*.3) By definition (1), we have

[Iavx,X) = (L+avx)L+avx. )@ +avx.x?)(L+avx.x%)..........

[I(a,\x) = (1+a)(1+ax%)(1+ax)(1+ax%)(l+axz)(1+ax%)(1+ax3) ..........
={(1+a)(L+ax)(L+ax®).... )} x{1L+avx)(1+axyx) L+ VX)L +ax*Vx).....}
=T1(a, x). [T(av/x, X)

“‘ H(a! \/;)
T(av/x, )
This result (*.3) is established.

= (L+a)(L+ax)(L+ax?)(1+ax’)..... =I1(a,x)

Problem 14: SRMs (1) P 105, NBSR Vol. I p 209 and Vol. 11 p 143

| .
||ax +(n+a)*+ xw||a[x+ n)+(nta)+(x+n)yo o (*)
N

Note. (i) This fascinating representation of an integer as a nested square root expansion finds a
place in the collected works of S.R. (p.323)

( 11) This was a problem proposed by S.R. in the Journal of Indian Mathematical Society (
problem No. 289, Vol.lll () p.90). The problem created an astonishment amongst the problem
solvers on the land. “An integer can be expressed as a nested square root assembly — on the face
of it an irrational ! How is this possible !!”

The problem was referred back by the Editorial Board of J.I.M.S. to S.R. for clarification and to
provide the solution. S.R. responded by giving the solution to the problem and also provided
examples such as following.

Solution: Let { L.H.S. of *}* =f(x) (say) (1)
ie., f(x)=(x+n+a)? (Expanding the R.H.S. of (1) and rearranging the terms)

—ax+(n+a)> +x{(x+n)+(n+a)}
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=ax+(n+a) +x./f(x+n) (2)

This result ( 2 ) may be construed as a iterative formula for expressing f (X + 1)

2 {LHS. of }= JF(x) =N||ax +(n+a) + x/flx+n) using ( 2)

= llax +(n+a) +x {ﬂja(x-l—n] +[n+a]z+[x+njwa'f[x+2n]}
N

= \/ax+(n+a)2 +xJ{a(x+n)+(n +a)2+(x+n)\/a(x+2n)+(n +a)2+(x+2n)wﬁ(x+3n) }

=[ax + (n + a)* + x{a(x+n)+n+a)*+ (x+n){alx+2n)

+tn+a)*+(x+2n)(a(x+3n)+(n + a)?

IRTRCA K
+(x+3n),/f(x+4n)) Kr3} '!3} ‘ ......... and so on. R.H.S. of *.
This establishes the result *
Deductions :
(i)YWhenx=1,n=1,a=1, we get
| | | .
3= |1+ 29+ 1. |(2+ 22) + 2 ||(3+zzj +3 |'(4+ 22) + 4N|'(5+zﬂj +5/(6+29) +
N
™

.\J

and so on
(ii)Whenx=2,n=1,a=1, we get
! || | .
4= |(z+22j+2. (3+29)+3 |'(4+22j+4w|'(5+22j+5¢’m
B
N R

and so on

(iii ) When a =n = x we get

3X = || || | ' _—
T xZ4 (222 4 x. |2x2—|— (2x)% + 2x ||3x2—|— [2x]2+3x_‘q||4x2+ (2x)2 + 424/ 5x% + (2x)?

X v X

...... and so on.
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L
= ~ A | " S —

= |5x‘ + x ||6x‘ +2x ||?x‘ + Ex*ql 8x° + 4x+y9x- + 5x+/.... and so on and many
’
more such results.

(iv)Whenx=3,n=1,a=1, we get

5= \/(3+ 22)+3.\/(4+22) +4\/(5+22) +5((6+22) +6(7+22) ... and so on.
----- @eee
Problem 15 NBSR Vol. p.
f f f
§3=|1+2|1+3¢1+441+5{1+&cmuL”m. *)
N
R

Solution : 3=+9

———— —
=+ 1+ 216 9=1+8=1+2x4=1+ 2+ 16
|I S —— J—
:NI1+21..“1+3~.,“25 16=1+15=1+3x6=1+ 3+ 25
! :
| | — —
= |1+2,H|1+31.,“1+4~.,“36 25=1+24=1+4x6=1+ 436
N
[ —
=|1+zf1+3j1+4¢1+5{E§ 36=1+35=1+5x7=1+ 5+49
N R
| | |
[ —

:|1+2JL+3h+4J1+5¢L+aEZ 49=1+48=1+6x8=1+ 6vod

N
_\J
.......... and so on.
= Result of *

NOTE : (1) Observe the occurrences of square numbers at the right end of each step.

(2) This example appeared as a problem in the William Lower Putnam Competition in the year
1966 and also in many talent tests conducted at National and International levels during the last
four decades.

(3) The representation * of 3 as nested square roots is not unique. The representation changes with
the partitioning of 9 (= 3?) as illustrated here under. As a matter of fact, this non — uniqueness of

the nested root representation is true for any number.
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ILLUSTRATION: I.
3=49 (+9=6+3=6++9)
— —
= 6++9

—
| ——
:NIE-I-*.."E:-I- V9

I —
| | | —
:|6+|6+¢6+f6+f9 and so on.
N
N

ILLUSTRATION : II.

3=49
——— II | —— —
=43+ 249 :ﬂq|3+21.,“3—|-2~.,“9 9=3+6=3+ 29
! | )
| | | —
:|3+2|3+2¢3+2f3+2f3 ........................ and so on.
A R
ILLUSTRATION : III.
3=49
=+/5+2V4 9=5+4=5+2\/4
f —— f |
— — — —
:,HIE—I—EN“E-I-\H = |5+2MI2+1.,“2—|—\,“4 4=2++/4
R
e
| | | —
:|5+2|2+|2+¢2+f2+f4 ...................... and so on.
R
_\]
----- @@@@
Problem 16:
|| '
| f —_—
§4= [6+2/7+3V8+4/0+ *)
N

Solution: 4=+16 ==+/6 +2v/25  (~16=6+10=6+2y/25 and 25=7+ 18 =7+

3\."% )
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| | ——— —
=N|6+21.|'I?+3‘J136 36=8+28=8+ 4v/49
| .
| |  —— —
= |6+21‘I?+3~.."B+4~..."49 49=9+40 =9+ 5v 64
N
| | .
= |6—|-2 |?+3*q|8—|-41.."9—|-5\."64 64=10+54=10+ 6 +81
N
N
L
| | | - — |Il—
= |6+2 |?+3 |S+4,‘q|9+5*..“10+6\.“31 81=11+70=11+ 7 +/100
v
|| || |I
—
= 6—|—2|?—|—3|8+4|9+5,HI1D+6*..“11+?~..“100 ....... and so on.
N
\
----- @eee
Problem 17 : PROBLEM No. 289 suggested by S.R. to JIMS Vol. 111 p 30
| | .
§n(n+2)=n |1+(n+ 1) ||1+(n+2j ||1+(n+ ij'|1+["+ 4)V1+ ..... and
R
,,.] N
soon. *
Solution:
Let f(n) = n(n+2)
=n,/(n + 2)2 (N+2)° == 1+ (n+1)(n+2) = 1 + f(n+1)

=n/1+ f(n+1)

This relation can be taken as recurrence formula for f(n)

~fn)=n/1+ n+1)f(n+2)

=n |1+ (n+ 1).\||1—|—(n—|—2) 14+ (n+3),/1+ f(n+4) andsoon.

\

Hence
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| | | .
n(n+2) =n 1+t D) ||1+ (m+2) ||1+ (n+ 3)N|'1+ (n+4)W1+ .........and soon.
\
J \

Special Cases :

(i) Whenn=1,L.H.S. * =3, then

|

3= 1\'|| 1+ 2\{1 431441 F v and so o,

(il)Whenn =2, L.H.S. * = 8, then
I

]

8=2 1+ 3_\||1 + 4\[1 + Eerl + 641 4+6 . eevee e . .and 50 ON.
&4 :'\ll 1+ 3\/1 + -’-l-w\.frl +5V1l+ oo e .and 50 on.
----- @eee
Problem 18 : NBSR
! .
§n(n+3)=n ||(n +5)+ (n+ 1JN||("+ 6)+(n+2)y(n+7)+ ... andsoon. *
N
Solution:
Let f(n) = n(n+3)
=ny/(n+3)° { = (n+3)% = (n+5) + (n+1)(n+4) = n+5 + f(n+1)}

=n/(N+5) +f(n+ 1)

a recurrence formula for f(n) = n(n+3)

~n(n+3) = n/(n+5) + f(n+1)

- nJ[n +5)+ (mn+ 1)/ +6) + f(n +2)

| [
=n ||[n +5)+(n+ 1j*q||[ﬂ+ 6)+(n+2)/(n+7)+ f(n+3) andsoon.
B

| |
=N || (n+5)+ (n+1) ||(n +6)+ (n+ z)wf (n+7)+ (n+3)/(n+8)+..and soon.
N
\

This establish the result *
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Corollary: Cancelling the common factor n on both the sides of * , we have

(n+3) = ||(:rr,—|-5] +(n+1) ||[n-|-6] +(n+ Ejﬁqlll[n—i-?] +(n+3)/(n+8)+
R
B

Deductions: (i) When n =1, we get
| |

| | ——
6427 +3V8+ 49+ e and so on.
N

4 =

(i) When n =2, we get
| |

| | - _ —

5= |? +3‘~4|8+ 44/9 + 510+ .............. @and SO ON.
N

(iii) When n = 3, we get

|I ———
6 :*4|8+ 4494+ 510+ ............. and soon.

----- elelele)

Problem 19 : NBSR Vol.lIl P.143

§ 2cos0=v2 + 2¢0520 =+ 2 +2 + 2cos 48 =\/2—|—~f2 ++2 4+ 2cos88 >

Proof :
2cosd=+/4 cos* @ [+4c0s°0 = 2.2¢05°0 = 2(1+ c0s26) = 2 + 2¢0526 ]
=42 + 2cos 26
=v 2+ 4 cos? 26 [-+4c0s? 20 = 2 + 2c0540 |
= JrE + /2 + 2cos 48
= \{2 +V2 +v4 cos? 46 [+4c0s?46 = 2 + 2c0s80 ]
= -Jl 2+ JE + ,jz + 2cos 88) This establishes the results shown by *
NOTE:

(i) Repeating the above process n times, we get

200549=\/2+\/2+\/2+ ........... +\/2+Zcos(2n¢9)

(ii) Repeating the process indefinitely, we get

(ili) When 6 =0, we get
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Problem 20 NBSR Vol.Il P.143

§ 2 cosf = %/200530+ 3"{3/2c0539+ §/2c0339+ 3 2c0SB+ oo,
(*.1)

= %/6cos€+§/600330+§/6cos99+§/6005 270 + ... andsoon. (*.2)

Proof:

To establish (*.1) :

2 cosd = V/8cos30 =32.4 cos%8 (= 4c0s°0 = cos3 6 + 3cos 0)

=32(cos38 + 3cosB) L (1)

=3/2cos3 8 + 3(2cos )

= i"erCl]SE 6 + 338cos 28

3 [
= \/ 2€0s30 + 33’/ 20530+ 3Y8c0s° (+8c0s° = 2[cos3 6 +3c0s A])

= i/ 2008360 + 3%/ 2008360 + 3%/ 200536 + 3805’ 30 (~ 8cos’0 = 6cos O

+ \3/8 cos> 36 )

_ §/2c0339+3§/2cos30+3§/2c0339+33J2cos,39+ ............... and 0 on.
Note :
3
When 0 =0, we get 22\/2+3%/2+3§/2+3§/§+3§/§+ ------------
----- elelele
8 Problem 21 : Not from NBSR
2sin0 =+/4sin? @ [ - 4sin%0 = 2.2c05°0 = 2(1- c0s26) = 2 - 2c0524]

=+2—2cos2f

= 1.,*“2 —4cos?28

[
:*J'z —/2(1 + cos48)
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=J2—+2+ 2cos4b
[

| —_——
=J2- V24 Vacos?48

o

| e

= l'z—*.}z +4/2(1 + cos88)

N
|

_ | I ——

= lz—x}z +4/2 + 2cos 86)

N
! | .
= ||2_ ||2_|_ ||2 +/2+2c0s168) - - o
NN
:\/2—\/2+\/2+ .............. +\j2+ ZCOS(ZnH) :(n_nested square roots)
----- @eee
Problem 22: NBSR Vol. Il p.305
§J2—J2+J2+J2—J2+J2+42—J§ ............ = 2sin— = 2 sin 10°
18
Proof:
2sin—= [4sin2—
18 18
(1)
= [2.2sin2 —
18
_ n e oein?n — 1
—\/2(1—{:039) (" 2sin“d=1-cos 20)
= |r2 — [4cos2Z
J 9
= 2 |2(1+cosT) (" 200820 = 1+ c0s 26)
'\l Q

= |2- |r2+ 4cos? =
J 9

v

= |2- |2+J2(1 +cos ) (wcos T =sin(Z — ) =sin - )

. 9
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! [
| | | . T
= |2— ||2+x||2+zsmﬁ .............. (2)
N

The last term sin in (2) :—B isthe LH.S.of (1)
By repeating the steps from (1) to (2 ) , we obtain

2sin — = \/2—\/2+\/2+\/2—\/2+\/2+\/m ............

18

NOTE: The distribution of the sequence of the signs: - + + - + + - isto be noted.
----- lelele

Problem 23: NBSR Vol. Il p 305

8 Exﬁcas% -1=2+/3cos 10°-1 :\/8—\/8—J8+\/8—\/8—4/8+«/8— ..... and so on- - *

Proof:

_ 2
2+/3cos 10°-1 = \/(2\/§c05100 —1)

= \/12 cos?10° - 443 cos 10 +1

= \/6(1+cos 200)—4\/§cosloo +1 [*." 2c0s’0 =1+ cos 20]

= \/ 7+44/3cos 30° cos 20° - 43 cos 10°

[*." 6= 2.3=24/34/3= 24/3(2c0s30%)]

= \/7 + 2\/5(2005 30° cos 200) —4\/5003100

= \/7 + 2«/§(cos 500 + coleO) - 4J§c03100

= \/ 7+ 2\/§ cos500 - 2\/5 cos10° [*." 2cosAcosB= cos(A+B)+cos(A-B)]

= \/7 +2+/3(cos 500 —cos 100)

= \J7-44/35in 30" sin 20°

. C+D . C-D
[cos C-cosD = —251nT sin T]

= 7-23sin20° [-csinao0 = 1]
= \[8—(1+2y3sin20%)
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- \/8—\/(1+ 2/3sin 200)2

= /8= 1+ 443 sin20° + 125in? 20°

= \/8—\/1+4J§sin 20° +6(1—cos400)

= \[8= 7+ 4/3sin 200 — 6c0s40”

= \/ 8- \/ 7 +4+/35in 20° — 44/3 cos 30° cos 40° [*. 6= 44/3c0s30"]

= \/8— \/7 +44/3c0s700 - 2\/§(cos 70% + cos 100)
[*."sin20°= cos70° and 2c0s30°c0s40° = cos70° +cos10°]

= \/8—\/7+ 2J§(cos 700 —coleO)

= \/8—\/7+2\/§(—23in4003in300)
= \/8—\/7—2«/§sin400
= \/8—\/8—(1+ 2J§sin40°)

= \/8—\/8—\/(1+2\/§sin400)2

= \/8—\/8—\/1+4J§sin400+12sin24o°

_ \/8—\/8—\/1+4\/§sin400+6(1—c05800)

= \/8—\/8—\/7+4\/§c05500 —2\/5(0051100 +c05500)

[ sin40°= cos50° and 6c0s80° = 4+/3c0s30°c0s80° = 24/3(cos110°+ cos50°]

= \/8— \/8— \/7 + 2\/§(cos 500 —coslloo)
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. \/8_\/8—\/7+2J§.2sin80°sin300

= \/8—\/8—\/7+2J§coslo° [ 5in80° = cos10° and 30° == ]

- \/8—\/8—\/8+(2«/§c03100—1) ............ (2)

The term (243 €0510° — 1) ison the L.H.S. of (1),

]

By continued iteration on [21,-"5 cos10° — 1),

we obtain the result.

Remark: The pattern of the signs in the series - - + - - +.......... is worth noting.
----- elelele
§ § PROBLEM 24 : NOT FROM NBSR
3:1{’/11+8§/5+§/11+8§/5+§/11+835+ ........... x
Solution:
3=327
=J11+8%8 27=11+82=11+8.38
=§°’/11+8\3/5+\3/27 8=5+3=5+ 327
Repeating the expression for \3/27 again and again, we get
3= %/1l+ 8%/5 + %/11+ 8:\)’/5 + %/1l+ 835+........... This establishes the result *.
----- elelele
Problem 25: NBSR Vol. 1l p 143
8 x= a1+\/x2 +ay(ag —2a2)—2a1\/x2 +ay(ay —2a3)—2a2\/x2 +ag(ag—2a)—........ and so on.
Proof:

x=a;+ (x-a)

= a1+\/(x—a1)2 ............... (1)

:al+sz+%?—2x%

= a1+~Jx2—+a1(a1——2a2)——2a1xa—2a1a2

= a1+~Jx2-+a1(a1——2a2)——2a1(x——a2)
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= +\/x2 +aq(ag —2a2)—2a1\/(x—a2)2

By continued recursion., we get

X=a +\/x2 +a;(ay —2a2)—2a1\/x2 +as(a, —2a3)—2a2\/x2 +ag(ag—2ay)—...... and so on.
Corollary:
When a=a;=2a3,=2%3=2"4= . ... .o =2™a, .. ..
We have x=a+\/x2 —2a\/x2 —a\/xz—a\/xz—a .... andsoon.
----- elelele)
Problem 26: 8 SR Type Nested square root problems not from NBSR
1. 6=+/36
=y6+5x6
=1.,-"6+5‘u'%: \/6+5\/6+5\/6+5\/6+5»\/6 ........... and so on.
6 =136

V54524436

\/5+52 ++5+52 ++/36
= \/5+52 +\/5+52 +x/5+52 +/36

V4 + 4464
V4 + 4% + 4xX15

= Ja+ 44+ 45+ 20x11
= \/4+4\/4+ a5+ 204121
= \/4 + 4\/4 + 4\/5 +204/5+4+/841 [:121=5+116 =5+4 X 29=5+ 4+/841]

—_—

7 =+/49

V7 + 42
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V7 + 6449 [ 42=6x7=6+49 ]

V7 + 677 + 42

J?+6~J?+6«J’E

7 =+/49
=+/10 + 39
=+ 10 + 3v/169 [+39=3x13=3v169 ]
= Jm + 3713 + 124169 [+169 = 13 + 12 x 13 = 13+ 124/169 ]

13 =+/169

=413 + 12X13

=13 + 12169
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