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1. INTRODUCTION 

In many branches of science, economics, computer science, engineering and the development of 

nonlinear analysis, the fixed-point theory is one of the most important tools. 

2. PRELIMINARIES 

Definition 2.1 : -     A Sequence {𝑥𝑛} in Complete metric space  

 (𝑋, 𝑑) is called Cauchy sequence if given 𝜖 > 0   , ∃   𝑛0 ∈ Ν such that ∀ 𝑚, 𝑛 ≥ 𝑛0 

  𝑑(𝑥𝑚 , 𝑥𝑛) < 𝜖   or   𝑑(𝑥𝑚 , 𝑥𝑛) < 𝜖 

  i.e.                     min {𝑑(𝑥𝑚 , 𝑥𝑛), 𝑑(𝑥𝑛, 𝑥𝑚)} < 𝜖 

Definition 2.2 : -     A Sequence {𝑥𝑛} in Complete metric space converges to 𝑥 if  

lim
𝑛→∞

𝑑(𝑥𝑛 , 𝑥) = lim
𝑛→∞

𝑑(𝑥, 𝑥𝑛) = 0 and 𝑥 is called limit of {𝑥𝑛} . 

Theorem 1: Let 𝐹 and 𝐺 be mappings of a complete metric space (𝑋, 𝑑) into 𝐵(𝑋) Satisfying the 

inequality  

𝛿(𝐹𝑥, 𝐺𝑦) ≤ 𝑐. max { 𝛿(𝑥, 𝐹𝑥), 𝛿(𝑦, 𝐺𝑦), 𝑑(𝑥, 𝑦)} 

∀ 𝑥, 𝑦 ∈ 𝑋  Where 0 ≤ 𝑐 < 1 then 𝐹 and 𝐺 have a common unique fixed point.  

Inspired by above theorem we prove following theorem. (in main result) 

3. MAIN RESULT  

Theorem 3.1       Let (𝑋, 𝑑) be a complete metric space. Let 𝑆 is a continuous mapping 𝑆: 𝑋 → 𝑋 such 

that  

𝑑2(𝑆𝑥, 𝑆𝑦) ≤ 𝑐. max {𝑑(𝑥, 𝑦). 𝑑(𝑥, 𝑆𝑥), 𝑑(𝑥, 𝑦). 𝑑(𝑦, 𝑆𝑦), 𝑑(𝑥, 𝑦). 𝑑(𝑥, 𝑆𝑦), 

𝑑(𝑥, 𝑆𝑥). 𝑑(𝑦, 𝑆𝑦), 𝑑(𝑥, 𝑆𝑥). 𝑑(𝑥, 𝑆𝑦), 𝑑(𝑦, 𝑆𝑦). 𝑑(𝑥, 𝑆𝑦)} 

Where 𝑐 ∈ (0,1) and  𝑥, 𝑦 ∈ 𝑋 𝑎𝑛𝑑   𝑠 ≥ 1 𝑇ℎ𝑒𝑛 𝑆   has a unique fixed-point. 

Proof:   Let 𝑥0 ∈ 𝑋 be any arbitrary in 𝑋 and   { 𝑥𝑛}𝑛=1
∞ be a sequence in 𝑋.Defined by the recursion. 

Let   

𝑆(𝑥0) = 𝑥1 ,    𝑆(𝑥1) = 𝑥2 ,    in general. 

𝑆(𝑥𝑛−1) = 𝑥𝑛 ,    𝑆(𝑥𝑛+1) = 𝑥𝑛+1                       , 𝑛 = 0,1,2,3 … … … 

𝑑2(𝑥𝑛+1, 𝑥𝑛) = 𝑑2(𝑆𝑥𝑛, 𝑆𝑥𝑛−1) 

≤ 𝑐. max{ 𝑑(𝑥𝑛, 𝑥𝑛−1). 𝑑( 𝑥𝑛, 𝑆𝑥𝑛),  𝑑(𝑥𝑛, 𝑥𝑛−1). 𝑑(𝑥𝑛−1, 𝑆𝑥𝑛−1), 𝑑(𝑥𝑛, 𝑥𝑛−1). 𝑑(𝑥𝑛, 𝑆𝑥𝑛−1),  

 𝑑(𝑥𝑛, 𝑆𝑥𝑛). 𝑑(𝑥𝑛−1, 𝑆𝑥𝑛−1), 𝑑(𝑥𝑛, 𝑆𝑥𝑛). 𝑑(𝑥𝑛 , 𝑆𝑥𝑛−1), 𝑑(𝑥𝑛−1, 𝑆𝑥𝑛−1). 𝑑(𝑥𝑛, 𝑆𝑥𝑛−1)} 
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𝑑2(𝑥𝑛+1, 𝑥𝑛)  

≤ 𝑐. max{ 𝑑(𝑥𝑛, 𝑥𝑛−1). 𝑑( 𝑥𝑛, 𝑥𝑛+1 ),  𝑑(𝑥𝑛, 𝑥𝑛−1). 𝑑(𝑥𝑛−1, 𝑥𝑛), 𝑑(𝑥𝑛, 𝑥𝑛−1). 𝑑(𝑥𝑛, 𝑥𝑛),  

 𝑑(𝑥𝑛, 𝑥𝑛+1). 𝑑(𝑥𝑛−1 , 𝑥𝑛), 𝑑(𝑥𝑛, 𝑥𝑛+1). 𝑑(𝑥𝑛, 𝑥𝑛), 𝑑(𝑥𝑛−1, 𝑥𝑛). 𝑑(𝑥𝑛, 𝑥𝑛)} 

𝑑2(𝑥𝑛+1, 𝑥𝑛)  ≤ 𝑐. max{ 𝑑(𝑥𝑛, 𝑥𝑛−1). 𝑑( 𝑥𝑛, 𝑥𝑛+1 ),  𝑑(𝑥𝑛, 𝑥𝑛−1). 𝑑(𝑥𝑛−1, 𝑥𝑛), 𝑑(𝑥𝑛 , 𝑥𝑛−1).  0,  

 𝑑(𝑥𝑛, 𝑥𝑛+1). 𝑑(𝑥𝑛−1 , 𝑥𝑛), 𝑑(𝑥𝑛, 𝑥𝑛+1).  0, 𝑑(𝑥𝑛−1, 𝑥𝑛).  0} 

𝑑2(𝑥𝑛+1, 𝑥𝑛)  ≤ 𝑐. max{ 𝑑(𝑥𝑛, 𝑥𝑛−1). 𝑑( 𝑥𝑛, 𝑥𝑛+1 ),  𝑑(𝑥𝑛, 𝑥𝑛−1). 𝑑(𝑥𝑛−1, 𝑥𝑛),   

 𝑑(𝑥𝑛, 𝑥𝑛+1). 𝑑(𝑥𝑛−1 , 𝑥𝑛), } 

𝑑2(𝑥𝑛+1, 𝑥𝑛)  ≤ 𝑐. max{ 𝑑(𝑥𝑛, 𝑥𝑛−1). 𝑑( 𝑥𝑛, 𝑥𝑛+1 ),  𝑑2(𝑥𝑛, 𝑥𝑛−1), }   

𝑑2(𝑥𝑛+1, 𝑥𝑛)  ≤ 𝑐 . 𝑀1 

𝑊ℎ𝑒𝑟𝑒   𝑀1 =  max{ 𝑑(𝑥𝑛, 𝑥𝑛−1). 𝑑( 𝑥𝑛, 𝑥𝑛+1 ),  𝑑2(𝑥𝑛, 𝑥𝑛−1), }   

𝑁𝑜𝑤 𝑡𝑤𝑜 𝑐𝑎𝑠𝑒𝑠 𝑎𝑟𝑖𝑠𝑒𝑠  

𝐶𝑎𝑠𝑒 𝐼:  𝐼𝑓 𝑠𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡    𝑀1 = 𝑑(𝑥𝑛, 𝑥𝑛−1). 𝑑( 𝑥𝑛, 𝑥𝑛+1 )    

𝑑2(𝑥𝑛+1, 𝑥𝑛)  ≤ 𝑐. 𝑑(𝑥𝑛 , 𝑥𝑛−1). 𝑑( 𝑥𝑛, 𝑥𝑛+1 )   

𝑑(𝑥𝑛+1 , 𝑥𝑛)  ≤ 𝑐. 𝑑(𝑥𝑛, 𝑥𝑛−1)   

𝑊ℎ𝑒𝑟𝑒     𝑐 = 𝑘 ≤ 1 

𝑑(𝑥𝑛+1 , 𝑥𝑛)  ≤ 𝑘 . 𝑑(𝑥𝑛 , 𝑥𝑛−1)   

𝑑(𝑥𝑛+1 , 𝑥𝑛)  ≤ 𝑘2. 𝑑(𝑥𝑛−1, 𝑥𝑛−2)   

𝐶𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑛𝑔 𝑡ℎ𝑖𝑠 𝑝𝑟𝑜𝑐𝑒𝑠𝑠  

𝑑(𝑥𝑛+1 , 𝑥𝑛)  ≤  𝑘𝑛. 𝑑(𝑥1 , 𝑥0)   

𝐶𝑎𝑠𝑒 𝐼𝐼:  𝐼𝑓 𝑠𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡    𝑀1 =  𝑑2(𝑥𝑛 , 𝑥𝑛−1)   

𝑑2(𝑥𝑛+1, 𝑥𝑛)  ≤ 𝑐. 𝑑2(𝑥𝑛, 𝑥𝑛−1)    

𝑑(𝑥𝑛+1 , 𝑥𝑛)  ≤ √𝑐. 𝑑(𝑥𝑛, 𝑥𝑛−1)   

𝑊ℎ𝑒𝑟𝑒     ℎ ≤ √𝑐 

𝑑(𝑥𝑛+1 , 𝑥𝑛)  ≤ ℎ . 𝑑(𝑥𝑛, 𝑥𝑛−1)   

𝑑(𝑥𝑛+1 , 𝑥𝑛)  ≤ ℎ2. 𝑑(𝑥𝑛−1, 𝑥𝑛−2)   

𝐶𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑛𝑔 𝑡ℎ𝑖𝑠 𝑝𝑟𝑜𝑐𝑒𝑠𝑠  

𝑑(𝑥𝑛+1 , 𝑥𝑛)  ≤  ℎ𝑛+1 . 𝑑(𝑥1, 𝑥0)   

𝐼𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡  

𝑑(𝑥𝑛, 𝑥𝑛+𝑟 )  ≤   𝑑(𝑥𝑛, 𝑥𝑛+1) + 𝑑(𝑥𝑛+1 , 𝑥𝑛−2) +  − − − − − − +𝑑(𝑥𝑛+𝑟−1, 𝑥𝑛+𝑟)  

≤ (ℎ𝑛 + − − − − − −  + ℎ𝑛+𝑟−1). 𝑑(𝑥0, 𝑥1) 

≤
ℎ𝑛

1 − ℎ
 . 𝑑(𝑥0, 𝑥1)   

𝑆𝑖𝑛𝑐𝑒 ℎ < 1       𝑎𝑛𝑑  𝜖 > 0  , ∃  𝑛0 ∈ 𝑁 

𝑆𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑑(𝑥𝑚 , 𝑥𝑛) ≤ 𝜖      , ∀ 𝑚, 𝑛 ≥ 𝑛0 

𝐼𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡    { 𝑥𝑛}𝑛=1
∞    𝑖𝑠 𝑎 𝐶𝑎𝑢𝑐ℎ𝑦 𝑆𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑡𝑜 𝑠𝑜𝑚𝑒 𝑥 , 𝑥 ∈ 𝑋, 𝑎𝑠 𝑋 𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒.    

Now  

𝑑(𝑥, 𝑥𝑛) ≤   𝑑(𝑥, 𝑥𝑚) + 𝑑(𝑥𝑚 , 𝑥𝑛) 

 ≤  𝑑(𝑥, 𝑥𝑚) + 𝜖     , ∀  𝑚, 𝑛 ≥   𝑛0       
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𝐿𝑒𝑡 𝑚 → ∞ 

𝑑(𝑥, 𝑥𝑛) ≤   𝜖       , ∀   𝑛 ≥   𝑛0       

Thus  

𝑑2(𝑆𝑥, 𝑆𝑥𝑛−1) 

≤ 𝑐. max{ 𝑑(𝑥, 𝑥𝑛−1). 𝑑( 𝑥, 𝑆𝑥𝑛),  𝑑(𝑥, 𝑥𝑛−1). 𝑑(𝑥𝑛−1, 𝑆𝑥𝑛−1), 𝑑(𝑥, 𝑥𝑛−1). 𝑑(𝑥, 𝑆𝑥𝑛−1),  

 𝑑(𝑥, 𝑆𝑥). 𝑑(𝑥𝑛−1, 𝑆𝑥𝑛−1), 𝑑(𝑥, 𝑆𝑥). 𝑑(𝑥, 𝑆𝑥𝑛−1), 𝑑(𝑥𝑛−1, 𝑆𝑥𝑛−1). 𝑑(𝑥, 𝑆𝑥𝑛−1)} 

𝑑2(𝑆𝑥, 𝑆𝑥𝑛−1) 

≤ 𝑐. max{ 𝑑(𝑥, 𝑥𝑛−1). 𝑑( 𝑥, 𝑆𝑥),  𝑑(𝑥, 𝑥𝑛−1). 𝑑(𝑥𝑛−1, 𝑥𝑛), 𝑑(𝑥, 𝑥𝑛−1). 𝑑(𝑥, 𝑥𝑛),  

 𝑑(𝑥, 𝑆𝑥). 𝑑(𝑥𝑛−1, 𝑥𝑛), 𝑑(𝑥, 𝑆𝑥). 𝑑(𝑥, 𝑥𝑛), 𝑑(𝑥𝑛−1, 𝑥𝑛). 𝑑(𝑥, 𝑥𝑛)} 

Taking  𝑛 → ∞ 

𝑑2(𝑆𝑥, 𝑆𝑥𝑛−1) =   𝑑2(𝑆𝑥, 𝑥𝑛 ) = 𝑑2(𝑆𝑥, 𝑥) ≤ 𝑐. {0} = 0 

𝑑2(𝑆𝑥, 𝑥) = 0 

𝑑(𝑆𝑥, 𝑥) = 0 

𝑆𝑥 = 𝑥 

4. UNIQUENESS OF FIXED-POINT 

𝐴𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 𝑦 𝑖𝑠 𝑎𝑛𝑜𝑡ℎ𝑒𝑟 𝑓𝑖𝑥𝑒𝑑 − 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑋. 𝑇ℎ𝑒𝑛 𝑤𝑒 ℎ𝑎𝑣𝑒  

𝑆𝑦 = 𝑦     𝑎𝑛𝑑  

𝑑2(𝑥, 𝑦) = 𝑑2(𝑆𝑥, 𝑆𝑦) ≤   𝑐. max {𝑑(𝑥, 𝑦). 𝑑(𝑥, 𝑆𝑥), 𝑑(𝑥, 𝑦). 𝑑(𝑦, 𝑆𝑦), 𝑑(𝑥, 𝑦). 𝑑(𝑥, 𝑆𝑦), 

𝑑(𝑥, 𝑆𝑥). 𝑑(𝑦, 𝑆𝑦), 𝑑(𝑥, 𝑆𝑥). 𝑑(𝑥, 𝑆𝑦), 𝑑(𝑦, 𝑆𝑦). 𝑑(𝑥, 𝑆𝑦)} 

𝑑2(𝑥, 𝑦)  ≤  𝑐 . 𝑚𝑎𝑥{𝑑(𝑥, 𝑦). 𝑑(𝑥, 𝑥), 𝑑(𝑥, 𝑦). 𝑑(𝑦, 𝑦), 𝑑(𝑥, 𝑦). 𝑑(𝑥, 𝑦), 

𝑑(𝑥, 𝑥). 𝑑(𝑦, 𝑦), 𝑑(𝑥, 𝑥). 𝑑(𝑥, 𝑦), 𝑑(𝑦, 𝑦). 𝑑(𝑥, 𝑦)} 

𝑑2(𝑥, 𝑦)  ≤  𝑐 . 𝑚𝑎𝑥{0,0, 𝑑(𝑥, 𝑦). 𝑑(𝑥, 𝑦), 0,0,0} 

𝑑2(𝑥, 𝑦)  ≤  𝑐 . 𝑑(𝑥, 𝑦). 𝑑(𝑥, 𝑦), 

𝑑(𝑥, 𝑦)  ≤  𝑐 . 𝑑(𝑥, 𝑦) 

𝑇ℎ𝑖𝑠 𝑖𝑠 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛 . 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒  

𝑥 = 𝑦 

𝑇ℎ𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑠 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 . 𝐻𝑒𝑛𝑐𝑒 𝑥 𝑖𝑠 𝑡ℎ𝑒 𝑢𝑛𝑖𝑞𝑢𝑒 𝑓𝑖𝑥𝑒𝑑 − 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑆. 
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