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Abstract: Bitwise exclusive OR operation has been widely applied in electronic engineering, automatic
engineering, mechatronic engineering, computer science and cryptography. Bound estimate of the operation
becomes necessary for algorithm designs of many areas. This article presents bound estimates of both a general
form and 3 incremental forms of the operation. The general form can be used in analysis of the operation for
general purpose and the 3 forms can be used in incremental analysis of the operation. Theorems with their
proofs are presented in detail.
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1. INTRODUCTION

Bitwise exclusive OR operation, which is denoted by symbol ~ in computer C language, is a very
important operation in computer science as seen in bibliographies [1] and [2]. It performs the
operation according to the rules that 0°0=0, 0"1=1, 1*0=1 and 1*1=0. The article [3] has proved that
the ”~ operation does not fit the distributive law over addition, that is to say that a(b+c)is not

necessarily equal to asb-+anc. This results in difficulty in analysis of the operation in abstract way
because the analysis cannot rely on the traditional way of thinking.

As the ~ operation has played important roles in more and more applications, e.g. the many analytic
formulas in article [4], estimate of the operation or bound estimate of the operation becomes
necessary so as for us to design proper algorithms. This paper makes an investigation on the issue and
presents the results.

2. PRELIMINARIES
We need the following lemmas for later deductions.

Lemma 1 ([5][6][7]). The floor function | x| is an integer such that x—1<| x|<x and it holds that,
for any real x and y, x<yyields | x|<|y| and x>yyields | x|>| y |, and for any integer n and real x,

[n+x|=n+|x].

Lemma 2 ([7]). Total valid bits of positive integer o’s binary representation is | log, « |+1.

3. MAIN RESULTS AND PROOFS

We obtain estimates of ~ operation that calculates o A (a+9),a A(a—9),(x+5) A(a—06) and

anp.

Theorem 1. Let Sand « be positive integers that satisfy « > &, then it holds
an(x+90)<da-1,an(a-0)<2a-1,(a—-0)A(ax+0)<da -1

Proof. Let o = (a2, ,2,5..2), and 6 =(5,.,0,_,...5,), be the n-bits binary representations of «

and ¢ respectively, then the binary representation of « + & contains most n+1 binary bits and that of
o — 6 contains most n binary bits, namely
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a+ 5 = (an—lan—zan—3“'a0)2 + (5n—15n—2"'50)2 = (ZnZn—lzn—ZZn—a‘"ZO)z ’
=0 =10, 1y 3-0); = (6,40, 5+:5) 2 = (M 4T 2T+ D)2

where x,(i=0,...,n),7 (i =0,...,n—1) are number 0 or 1.
Hence it yields

an(a+6)=(a, 10, 10 50 N Ko s o 2 Xn s Ko)s = (6,0, 1.-6,), <(L...1), =2"" —1

n+l

an(a—0)=(a, &, 10, 50y ATy aTly oMo 3M0)2 = (843, 5%), < (l_..n.ﬁl)2 =2"-1
(@+ A @=8) =(Hodns Tz Xo)s AT sl oTly), = (@,0, 4-0,), <27 —1
where 6,(i=0,1,..,n),%(j=0.1...,n-1)and e, (k =0,1,...,n)are respectively binary number 0 or 1.
By Lemma 1 and 2, it immediately leads to
an(a+8) <22 1< 1451
an(a—o8) <2t _1<otne _1_pp -1
(@+0)A(a—08)<2" —1<4a-1
By Theorem 1 and Lemma 2, the following Corollary 1 is easy to derive out.
Corollary 1. For arbitrary two positive integers «and g, it holds
a A B <min(da -1,2max(a, ) -1)
Proof. By Lemma 2, total valid bits in o’s and /£’s binary representations are respectively | log, « |+1

and | log, B |+1. Hence the twos binary representations must be

a =(0..01¢,..a,a,), Where k =| log, « |
k

B=(0..014...,5), where | =| log, /3 |

Without loss of generality, we assume such that « < . Then it yields
arB=(0.001y, - z,z), <2 —1=2"2 " _1<281
|
By theorem 1, it immediately results in
an B <min(da—1,28-1)
Corollary 1 gives a general estimate for & A . The following theorem 2 gives estimate for a A g in
case of 2" <, f<2 -1

Theorem 2. Let positive integer k, « and g satisfy 2*'<a<2“-1and 2'<p<2“-1; then
anB<2t-1,

Proof. First we can see that any integer j that fits 2*'<j<2“-1 can be expressed by
j=2'+5 where 0<6<2*!, and j’s binary representation is j=(0..015, ,---6,8,), , Where
——

k-1

S,(L<i<k-1) is binary bit 0 or 1.Therefore, without loss of generality, we assume

a=(0..01¢, ,..a,a), and B =(0..015 ,..5,),
[ ——7 NS ———

k-1 k-1
where ¢, B(1<i<k-1)isOor 1.
Then it leads to
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a™B=(0..00 x, ;- ¥, 7).,
—

k-1
where y =, "B @<i<k-1) isOorl.
Hence it holds
a™B<(0..001---11), =2“" -1
k-1

4. CONCLUSION

The wide applications of bitwise exclusive OR operation in electronic engineering, computer
engineering, automatic engineering, mechatronic engineering and cryptography have already
demonstrated its universal importance in front of us. Consequently, algorithm design related to the
operation has been concentrated in the related areas. Bound estimate for an operation, as is known, is
the base and prerequisite for algorithm design, especially for analysis of an algorithm. Unfortunately,
few articles have been found in the topic. In this article, we first obtain estimate of
an(a+90),an(a—o)and (a+9)A(a—05) because the expressions o+ dand « — & are frequently

used incremental analysis. Since a A A is a general  operation, we also obtain its estimate for general
purpose. | hope more articles to disclose properties of bitwise operations can be seen in the future.
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