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Abstract: Use of numerical methods has been a popular tool for engineers especially with the advent of faster
computers. This study uses the finite element method to solve the non-Darcy flow problem with a new boundary
condition involving step functions.

The problem of non-Darcy skin reconsidered in terms of a distinct skin value during production and decreasing
to a smaller value during well shut-in. The boundary condition is formulated and solution is performed using
commercial finite element and finite difference solvers/simulators. We show that the current prevalent model of
using non-Darcy coefficient to model this changing skin behavior is adequate for engineering purposes.
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1. INTRODUCTION

Darcy’s Law sufficiently describes the flow of Newtonian fluids in porous media. Darcy’s Law is
strictly valid for viscous flow (i.e. Re — 0). It is generally used for modeling flow in petroleum
reservoirs and aquifers, because the low-matrix permeability results in low velocities. At low
velocities, Siddiqui et al. (Siddiqui, Soliman, Waylon, & Akif, 2016) have already showed a deviation
of Darcy’s law which prevails away from the wellbore. However, higher velocities are often observed
in fractures and near wellbores; a more complicated model is needed to describe flow in these cases.

Forchheimer’s equation (Forchheimer, Wasserbewegung durch Boden, 1901) is an extension to
Darcy’s Law and models the nonlinearities that occur because of inertial effects:

~Vp=Lv+ ppv

K (1)
The constant, g, is referred to as the non-Darcy coefficient and is found experimentally. It represents
the additional inertial resistance caused by the converging/diverging and tortuous medium geometry.
A bundle of straight tubes have a non-Darcy coefficient of exactly zero. The above equation reduces
to Darcy’s law for small values of velocities.

Forchheimer’s equation fits some experimental data very well by Forchheimer (1901; 1930) and
others (Blake, 1922; Fancher, Lewis, & Barnes, 1932; Lindquist, 1933; Brownell, Gami, Miller, &
Nekarvis, 1956; Mobasheri & Todd, 1963; Sunada, 1965; Ahmed, 1967; Kim, 1985). However, the
equation does not match other experimental data (Forchheimer, 1930; Barree & Conway, 2004;
Barree & Conway, 2005). Even in 1901 Forchheimer conceded this fact an added a cubic term to fit
the experimental data that would otherwise not fit Equation Error! Reference source not found..

Barree and Conway (2004; 2005) conducted experiments and produced data that did not follow
Equation Error! Reference source not found., suggesting that Forchheimer’s equation is not valid
over a large range of velocities. The arguments made by Barree and Conway (2004; 2005) for a
minimum-permeability plateau has validity and are supported theoretically and numerically.

In their paper, Barree and Conway (2005) also suggested permeability obtained by extrapolation to
the intercept in a Forchheimer plot is not the Darcy permeability. Figure 1 shows their findings that a
Forchheimer straight line is not observed from measure data. If an apparent Darcy permeability is
measured at low rate and the apparent 8 is measured from the tangent to the data at high rate, the
actual flow capacity of the system will be misrepresented by Forchheimer’s Equation (lower line). If
the consistent slope and intercept of the high-rate data is used, the flow capacity will be severely
underestimated at low rate (upper line). Therefore, they concluded that only a continuously changing
apparent flow capacity will accurately describe the system at all flow rates.
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Figurel. Deviation from Forchheimer’s Linear Equation (Barree & Conway, 2005)

Therefore they suggested a Logistic Dose model for describing the non-linearity, which is given by
Equations Error! Reference source not found., Error! Reference source not found.andError!
Reference source not found.. If Knyi, is set to zero, the Forchheimer’s original linear equation is
obtained. Barree and Conway (2004) describe a procedure with which the values of parameters Kqin, k-
4and 7; can be obtained to from conventional experiments conducted at various velocities.
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2. NON-DARCY FLOW COEFFICIENT CORRELATIONS

Non-Darcy coefficient £ correlations are functions of permeability, porosity and sometimes tortuosity.
p factor is the degree of tortuosity of porous channels related to particle acceleration. Empirical
correlations have been suggested by many researchers, some of the more popular ones are listed
below. However, finding # is most commonly accomplished by experiments or pressure transient
tests. Equations Error! Reference source not found., Error! Reference source not found.andError!
Reference source not found. assume permeability in mD and £ in 1/ft.

Geertsma (1974) suggested a model based on dimensional analysis, experimental data and physical
considerations shown in Equation Error! Reference source not found.. The author prescribes the
phenomena to laminar flow regime and the deviations to be purely due to acceleration of the fluid in
pore spaces.

4.85x10°
()

Jones (1987) studied the influence of permeability heterogeneity on non-Darcy coefficient on 355
sandstone and 29 limestone cores. The final relationship from his analysis is given in Equation Error!
Reference source not found..

6.15x10"

B=——Te—

k ©®)

Pascal, Ronald and Kingston (1980) suggested a mathematical model to estimate the fracture length

and the non-Darcy coefficient from variable flow drawdown tests of shallow, low permeability gas

reservoirs. Equation Error! Reference source not found. gives the final form of the developed
relationship.

1.46x10"
,B = W
)
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An extensive collection of correlations can be found in the published papers (Frederick Jr. & Graves,
1994; Li & Engler, 2001).

2.1.Problem Analysis

The diffusivity equation generally used in the literature is based off of Darcy’s Law. However, as
discussed, Darcy’s law may not be valid for high velocity flows especially in the near wellbore region
or in fractured reservoirs. Wattenbarger and Ramey (1968) derived and solved the differential
equation considering the turbulent flow during the flow period. Equation Error! Reference source not
found. gives the solution in terms of pseudo-pressure in field units.

1.637q,T Iog(1688¢,ugct } (s+Da, )

=y +
Var =V kh kt 1.151

P ®
The authors approximated the effect of turbulence by an additional skin drop (Dg,) in the equation.
Soliman et al. (1991) had claimed that this approximation is valid as long as turbulent flow regime
does not prevail through a large portion of the reservoir. That is, approximating the turbulence effect
for tests with a radius of investigation of more than 50ft will yield an acceptable accuracy from
approximating the turbulence effect with an additional rate dependent skin term (D).

This study uses the novel framework suggested by Soliman et al. (1991) to model the post-Darcy
turbulence effect with different skin values during drawdown and buildup. The authors had used unit
step functions to model the problem of changing skin as the well is shut-in.

This study will use numerical simulators to examine this effect of changing skin and shows that
indeed it is correct from an engineering point of view to model non-Darcy turbulence equivalently as
a problem of changing skin.

2.2.Numerical Simulation

Numerical tools have become a popular choice for engineering calculations, and this study uses and
relies on the robustness of two such different numerical tools: Finite Element and Finite Difference.
For finite element method, a powerful software, COMSOL Multiphysics was used to solve the
governing partial differential equation. For finite difference, QuikLook simulator was used, which is a
petroleum industry standard software for reservoir simulation.

3. FINITE ELEMENT MODEL WiTH COMSOL

COMSOL was used to solve the differential equations for changing skin problem. The problem was
defined by the Equations Error! Reference source not found.throughError! Reference source not
found..

0P , 1 P _ 9Py
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Equation Error! Reference source not found.describes the governing partial differential equation of
the flow of fluids through porous media. Equations Error! Reference source not found.andError!
Reference source not found. describe the initial conditions, and the outer boundary condition of the
problem. Equation Error! Reference source not found. uses the step function to impose the drawdown
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shut-in on the flow rate (inner boundary). It essential states that at time t,p and after, the dimensionless
rate goes from 1 to 0. What is novel about using step functions is described by the second part of the
inner boundary condition in Equation Error! Reference source not found.. By using step functions,
the equation imposes the condition of changing skin from skin during drawdown (spp) to skin during
buildup (sgu) at dimensionless time larger than t,p. Figure 6.2 shows the step function used to model
the rate change.

1.2

02 r

1E+0 1E+2 1E+4 1E+6 1E+8 1E+10 1E+12
Log (t,)

Figure2. Unit Step function

The above equations were input into COMSOL for solution using finite element method. The solver
was run for various scenarios of spp, Spp and Cp. The software was run for dimensionless times up to
1x10%, Automatic time stepping was used to choose time steps based on backward differentiation
formula (BDF) varying between the order of 1 and 5.

Meshing was performed on an axis symmetric (radial) line interval with the left end point at 1 (rp=1)
and right end point being sufficiently large to effectively become infinite acting (rp=>). The size of
the mesh was chosen to be increasing logarithmically increasing away from the wellbore, to avoid
unnecessarily large number of mesh elements.

3.1. COMSOL Results

Results were generated for various realistic values of skin to determine the dimensionless pressure
response. The dimensionless initial pressure was assumed to be 25 and the dimensionless producing
time was taken at 1x10°Figure shows the resulting dimensionless pressure drop for Cp=100. The
results reveal that the skin during buildup has no consequence on the pressure response during
buildup, because the pressure responses coincide after shut-in, with the only difference being the last
flowing pressures are lower for higher skin values and vice versa. The same trend result is obtained
for a larger value of Cp;=1000 in Figure.
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Figure3. Dimensionless Pressure Response for Cp,=100
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Figure4. Dimensionless Pressure Response for Cp,=1000

It is well known that skin has no effect on the radial flow regime during buildup because skin appears
in the inner boundary condition with the wellbore storage. And as soon as the pressure gradient (i.e.
rate) vanishes during buildup, the effect of the skin goes away and radial flow (buildup) regime is
manifested. However, the subtle point here is that superposition is still valid i.e. the non-linear
equations described earlier soon become essentially linear paving the way for the validity of
superposition. This will be explored in the next section with the reservoir simulator. This point is also
supported by Figure which shows the Horner plot for various skin value scenarios. It shows that
curves with the skin during drawdown of 10 build the pressure back up with the same rate without any
effect from the skin during buildup; and similarly, the pressure response during buildup is not affected
by the buildup skin for the case of skin during drawdown of 5. The small fluctuations in Figure are
attributed to the numerical instability arising from the fact that step functions cause a drastic change in
the condition which results in numerical challenges for the solver.
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Figure5. Horner plot for various skin values for C,=1000.
4. RESERVOIR SIMULATION WITH QUIKLOOK

One of the industry standard reservoir simulator, QuikLook was used to study the effect of g-factors
on the pressure response and to show that the buildup pressure is unaffected by the p-factors except
for the last flowing pressure (which is required to compute the skin).

The simulator was input with the reservoir and well properties given in Table. A radial grid with one
well in the center was created. The well was setup to have a skin of 5 and a p-factor of 1x10™ 1/ft
and1x10™ 1/ft as separate cases. Another case was also setup in the simulator to have a skin of 5
during drawdown and 8.9 during buildup. This was done to approximately model the pressure
response of # =1x10*1/ft.

Figure shows the pressure vs time for the three cases. The results are in agreement with those
obtained using COMSOL, i.e. the non-Darcy effect does not influence the pressure buildup response,
but only the pressure drawdown response. Moreover the using skin to model the non-Darcy effect is
an acceptable within engineering accuracy.

International Journal of Petroleum and Petrochemical Engineering (IJPPE) Page | 50



Fahd Siddiqui & Mohamed Y. Soliman

Tablel. Reservoir and well properties

1) 0.1

u 1 cp
rw 0.4 ft

k 1 md
q 100 Stb/D
h 50 ft
t, 6 hrs
pi 5000 psi
Ct 1.80E-05 1/psi
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Figure6. Pressure Response for three cases

Figure shows the Horner plot for the three cases. The analysis of the three cases are summarized in
Table. The results show that p-factor can be modelled by using skin factors. The application of
Horner’s technique inherently assumes superposition. The deeper point here being the fact that even
though the problem is described by non-linear differential equations, superposition is still valid for
larger values of time, because at longer times the problem essentially becomes linear.

Table2. Analysis results for the Horner plot for the three cases

350

Case p=lel4 [1/ft] p=lell [1/ft] SDD=8.9, SBU=5
slope [psi/cycle] 338.2 338.2 338.2
Pwt [Psia] 599.9 1734.9 590.1
Pinr [PSia] 4328.0 4328.0 4328.0
k [mD] 1.0 1.0 1.0
skin 8.9 5.1 8.9
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Figure7. Horner Plot for three cases
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Therefore, it can be concluded that since the problem is linear, superposition is still valid. Moreover,
the analysis of the problem suggests that using skin factors to model p-factors is valid within
engineering accuracy.

5. CONCLUSION

It is known that skin from Horner plot is the skin prevalent during drawdown regime. Three cases
with different p-factors were analyzed using Horner plot. And since Horner plot assumes
superposition, even though the problem is described by non-linear differential equations,
superposition is still valid for larger values of time, which essentially renders the problem to become
linear.

Moreover, it was observed that using skin is an adequate model to account for the non-Darcy S-factor
for pressure transient problems.

NOMENCLATURE
C Wellbore storage coefficient, m3/Pa
Co Dimensionless wellbore storage coefficient, non-Newtonian fluid
C Total compressibility, Pa™
D Rate dependent skin constant, Day/MMscf
h Formation thickness, m
k Permeability, m*[1 md=9.86923x10™ m?]
Kapp apparent rate-dependent permeability, m?
Ky constant Darcy permeability, m?
Konin minimum permeability at high rate, m?
p Pressure, Pa
Po Dimensionless pressure
po’ Dimensionless pressure derivative
pi Initial Pressure, Pa
pr Reservoir pressure, Pa [1 psi = 6894.76 Pa]
Pw Measured pressure at wellbore, Pa [1 psi = 6894.76 Pa]
Pwb Dimensionless pressure drop at wellbore
Pw Flowing wellbore pressure, Pa [1 psi=6894.76 Pa]
q Injection rate, m*/s [1 stb/d = 1.84x107°]
Qg Gas flow rate, MMscfD
o Dimensionless radial distance
Re Reynold’s Number
rw Wellbore radius, m
S van Everdingen-Hurst skin factor
Sgu Skin during buildup
SbD Skin during drawdown
t Time, s
T Reservoir Temperature, R
to Dimensionless time
tp Producing time, hrs
too Dimensionless production time
U Unit step-function described by Figure 1
USL Unit Slope Line
Vv Velocity, m/s
il Non-Darcy flow coefficient, 1/ft
At Shut-in time, hrs
A Mobility, m?/Pa.s [A=k/4]
I Viscosity, Pa.s [1 cp = 0.001 Pa.s]
p) Fluid density, kg/m®[1 Ib/ft® = 16 kg/m?]
T Alternate time, s
o Porosity
% Real gas pseudo-pressure, psi?/cp
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