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Abstract: Computer implementation of numerical algorithms for transport phenomena problems (mass,
momentum, and heat transfer) that occur in engineering may require too much computer time or storage
because of a large number of discretized equations that may have to be solved simultaneously. Considering
the finite volume method as a discretization method, we propose an efficient computational approach for
laminar single phase flow of a fluid (a single component or a homogeneous mixture) in which the size of
discretized equations due to these problems can be greatly reduced, leading to a considerable improvement in
simulation execution. As an example, we apply the proposed approach for solving laminar flow of a pure fluid
and a nanofluid in a horizontal circular tube and discuss the benefits obtained by this approach in detail. The
proposed approach is also independent of Newtonian or non-Newtonian behavior of the fluid.
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1. INTRODUCTION

Transport phenomena problems (mass, momentum, and heat transfer) are described by differential
equations, hence, to determine the velocity, temperature, pressure and concentration profiles in
various kinds of systems, we need to solve differential equations which cannot be solved analytically
in most cases, see for example [1-16].

Therefore, to obtain an approximate solution numerically, we have to use a discretization method
which approximates differential equations by a system of algebraic equations (discretized equations)
[17] where the finite volume method may be used as a powerful tool. For this purpose the differential
equations can be transformed to algebraic equations (nonlinear equations) by the finite volume
method in which the discretized equations must be set up at each of the nodal points [18]. To solve this
nonlinear system, an iterative algorithm may be applied, i.e., they begin with an initial guess of the
optimal values of the variables and generate a sequence of improved estimates until they reach a
solution [19]. The general procedure due to the numerical solution of transport phenomena problems
is shown schematically in Figurel.
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Figurel. A schematic flowchart which shows how a transport phenomena problem is solved numerically.

When the iterative algorithms are programmed on a computer, we may encounter difficulties,
including 1) finding good initial guesses for some unknowns, especially in the case where the
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efficiency of the method strongly dependent upon the initial guess 2) evaluation of equations which
may be expensive because of a large number of equations and unknowns (too much computer time) 3)
requiring too much computer storage on large problems.

In this paper, we propose an efficient computational approach for laminar single phase flow of a fluid
(a single component or a homogeneous mixture) in which the size of nonlinear equations (discretized
equations) obtained by the finite volume method can be greatly reduced. To clarify benefits of using
our proposed approach, as an example, we consider the laminar flow of a pure fluid and a nanofluid in
a horizontal circular tube where the improvement in the implementation due to two iterative
algorithms is discussed in detail.

This paper is structured as follows. The proposed approach is first presented in section 2. The
descretized equations due to a case study are given in section 3. Two numerical algorithms for solving
nonlinear equation are also introduced in section 4. The proposed approach is applied and discussed
in detailed for the case study in section 5. Finally, a summary of main conclusions are given in section
6.

2. PROPOSED APPROACH

The finite volume method uses the integral form of the conservation laws where the solution domain
is subdivided into a finite number of small control volumes by a grid which defines the control
volume boundaries and computational nodes are located at each control volume [17]. In general, the
velocity components, the temperature, the species concentrations (for fluid mixtures) and the pressure
have unknown distribution in transport phenomena problems. The scalar variables (temperature,
pressure and species concentrations) are defined at the computational nodes (such as nl1 and n2 in
Figure 2) and the velocity components are defined at control volume faces (such as SO and S2 in
Figure 2) [18]. Here, each differential equation (conservation laws at the microscopic level) due to the
problem appears as an algebraic equation (conservation laws at the macroscopic level) for each
control volume where these algebraic equations (discretized equations) have relations with each other.
For instance, to set up a balance of property« in control volumes nl and n2 in Figure 2, a flux of
a due to fluid flow or diffusion through face S2 in the positive x direction is interpreted as an outgoing
flux of «for control volume nl and an ingoing flux of «for control volume n2. Our proposed
approach is based on using these relations.

I S3 89 . i
i nl n3 i
S0 @ S8

. Control volume boundary
Computational node !

Figure2. A schematic illustration of control volumes including nodes and faces.
2.1 Analyzing the equation of continuity (for a pure fluid)

The equation of continuity:
op
V.pu)+—=0,
(Vpu)+=

where Vis the differential operator (known as nabla or del), pis the density (it can be considered as a
function of temperature for a pure fluid), u is the velocity, t is the time and - denotes the scalar product
of two vectors. Using Gauss’ divergence theorem, the discretized form of the equation of continuity
can be obtained, for obtaining the discretized form, detailed information were given in books on the
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finite volume method, for example, see Refs [17,18]. The discretized form of the equation of
continuity has a form similar to the following equation:

(PUysA )y =(ouxsA )y, +( Ay A ), = (g A ) +( iy sA ), —( iy 5A ), + (accumulation term)=0, (1)
where A is the cross-sectional area of the control volume face. Each control volume has six faces
labeled north (n), south(s), west(w) ,east(e), top(t) and below(b), as will be explained in section 3.2,
also, (Uy, Uy, Uy3) are the velocity components in the three coordinate direction x1, x2 and x3. It can
be seen that the coefficients of the velocity components (pA) in the discretized form of the equation of
continuity are in general independent of the velocity components; this fact suggests that one of the
velocity components can be obtained as a function of other unknowns. To better describe the
proposed approach, face w and face e in Eq. (1) are considered as face SO and face S2 in Figure 2,

respectively. Now, if (UX1)SO at face SO due to control volume nl is considered to be known, because

of the boundary conditions or physical properties of the domain, (U 1)82 is obtained as

(U)o = (puy,A )gq +Other terms
s (PA)s2

Regarding the discretized form of the continuity equation for control volume n2 and similar
to control volume 1, we have

( (( Py A )gp +Other terms
(PA)s
(PA)ss

Hence, using this approach, all u,, along the x1 direction can be obtained, one after another, as

(2)

)AJ + other terms
S2

(Ux1)ss =

functions of Uy 5, Uy 5 and p, shown schematically in Figure 3.

Therefore, it can be concluded that the discretized form of the continuity equation has a special
structure (i.e., the coefficients of the velocity components are in general independent of the velocity
components) which can be used to give one velocity component as a function of density (temperature)
and two other velocity components. It should be noted that when a discretized equation is used to
obtain an unknown as a function of other unknowns, that equation is removed from the nonlinear
equations due to the problem.

Boundarv of the problem

Velocity component
Control volume face ) P

Figure3. A part of grid used in section 2.1.

2.2 Analyzing the Equation of Continuity and the Equation of Continuity Due to Species a (For
A Nanofluid)

The equation of continuity for nanoparticles in a nanofluid (or for species A in a binary fluid) which
behaves as a single phase fluid:

V.(¢ppﬂ) +Diffusionterms+Reactionterm+accumulationterm=0,
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where Pp is the density of the nanoparticle, ¢is the nanoparticle volume fraction. It should be noted
that the single phase model can be selected for modeling of the solid-liquid mixtures which the solid
particles move in stokes’ regime (homogeneous mixtures) [20].

The discretized form of the above equation has a form similar to the following equation:
(¢ppquA )e —(¢ppquA )W +(¢ppux LA )n —(¢ppux LA )S +(¢ppuX A )t —(¢ppux A )b + (other terms) = 0. (3)

Similar to the previous section, the coefficients of the velocity components (#pp A) in the discretized

form of the equation of continuity due to the nanoparticle are independent of the velocity components.
Here, we consider two discretized equations, Egs. (1) and (3) for each control volume. We begin with
the control volume which its two faces lie on the boundaries of the problem, see node m in Figure 4.
Considering Egs. (1) and (3) in this control volume (w=f0,e=f2, s=f1 and n=f3), it is assumed that

(qu)fo and (sz)fl be known because of the boundary conditions of the problem. Therefore,

(Ux1)sp @d (Uy 5 )eg Can be obtained as a function of other unknowns by using Egs. (1) and (3) as
follows:

Eq.(1) > (pux,A)p —| 2 Uxy A +( Uy Az —| 2 Ux A | +otherterms=0,
known Jfo known Jf1

Eq.(3)—>(¢ppquA)f2—{¢pp l&g AJ +(¢ppuX2A)f3—(¢pp L&(j A} + other terms=0.
f0 fl

known known

Similarly, we can obtain all (Uuy,) and (uy,) , one after another, in the positive x2 direction toward

the last control volume (the gray control volume in Figure 4). This procedure can also be applied for
the next control volumes in the positive x1 direction which leads to obtaining two velocity
components as a function of other unknowns.

It should be noted that for a mixture of N species, only (N-1) continuity equations can be considered.
Therefore, for a ternary fluid, all three velocity components can be obtained as functions of other
unknowns, similar to the procedure explained for a binary fluid.

n
{3
f‘[:] m f2 ______________ .
L f1 1
v ¢ x2

Boundarv of the problem .
X

Figure4. The two-dimensional grid used in section 2.2.
2.3 Analyzing the equation of motion (for a pure fluid or a nanofluid)
The equation of motion:

V.(puuy=—Vp—[V.1]+pg, where p is the pressure, T is the shear stress tensor, and g is the gravity
vector. Considering the above equation, it can be seen that the pressure appears only as Vp. The above
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equation as a vector equation with components in each of the three coordinate directions x1, x2 and
x3, gives three discretized equations in the three coordinate directions in which Vp

appears as (8_p)x\/0| , (a—pijOI or (a—prVol where Vol is the volume of the
ox1 oX 2 ox 3

control volume. Considering the boundary condition due to the pressure in one of the three coordinate
directions (e.g., x1), P; in Figure 5, we have

kn&wn
Discretized formfor nodenl — p(nl)d—o Pi .ol +otherterms = 0, (4.a)
Discretized form for noden2 — ( p(n2)d—1p(n1) xV ol + other terms =0. (4.b)
—» xl

—

\P Boundarv of the problem

Figure5. A part of grid used in section 2.3.

Considering Eqg. (4.a), P(n1) can be obtained as a function of other unknowns, then, using P(n1) in Eq.
(4.b), P(n2) can also be obtained as a function of other unknowns, and so on. Therefore, we can obtain
all the pressures at the nodes of control volumes, one after another, in the positive x1direction.

Pure fluid Binary fluid/nanofluid Temary fluid
¥ L4 v
Obtaining ene Obtaining two Obtaining three
velocity component velocity components velocity components

v
4’| Obtaining pressure }4—;

Figure6. A schematic flowchart which shows an overall view of the proposed approach.

3. STEADY LAMINAR FLOW OF A NANOFLUID (BINARY FLUID) AND A PURE FLUID IN A
HORIZONTAL CIRCULAR TUBE (A CASE STUDY)

The flow of fluids in circular tubes is encountered frequently in physics, chemistry, biology, and
engineering [21], so one of the most widely used flow geometries in literature is the three- dimensional
flow of a fluid through a circular tube. When we speak of “three-dimensional flow”, we mean that all
the flow parameters (e.g., velocity) are functions of three space coordinates, adopting the cylindrical
coordinates, which are the natural coordinates for describing positions in a pipe of circular cross
section [21], we consider here the radial, angular and axial directions (r,6,z).

Here, we consider a nanofluid/pure fluid in the three-dimensional developing laminar flow in a
circular tube, as the result of a pressure difference, this flow geometry may be considered in both heat
and mass transfer problems. Nanofluids can be considered as single phase fluids with changed thermo
physical properties [22]. The conservation equations are given in vector notation.

3.1. Differential Equations

The equation of continuity:
nanofluid — (V.o u) =0, pure fluid — (V.pu) =0, (5)
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where p_ . is the density of the nanofluid.

The equation of continuity for the nanoparticle:

V.(#opu)+V.(1) =0, (6)
where | is the vector of the mass rate due to the nanoparticle diffusion.

The equation of motion:

nanofluid — V.(pnf uu) =-Vp —[V.r] + Py &, purefluid — V.(puu) =-Vp —[V.r]+ prg, (1)

The equation of energy:

nanofluid — V.(u (pC p )nf T )+V.(—knf VT ) =0, pure fluid > V.(u (pC p )T )+V.(—k VT )=0, (8)

where T is the temperature ,(Cp )nf is the specific heat of the nanofluid, (cp ) is the specific heat of

the pure fluid, k . is the thermal conductivity of the nanofluid and k is the thermal conductivity of

the pure fluid. There is no need to give the boundary conditions since the proposed approach has no
dependency on boundary conditions. Equation of motion, Eq. (7), gives three partial differential
equations, therefore, in general we have six partial differential equations for the nanofluid (binary
fluid) and five partial differential equations for the pure fluid. In general, unknowns are
T, p.Uyp,Upy,U; and ¢ (for the nanofluid). For instance, to obtain the temperature profile for heat
transfer problems, theses differential equations must be solved simultaneously.

3.2. Discretized Equations

The domain (tube) is divided into discrete control volumes in which the nodal points are placed.
Figure 7 shows the shape of a control volume in the domain which has six faces labeled north(n),

south(s), west(w) ,east(e), top(t) and below(b). Considering unit vectors 5r,59,5z in three directions,
face w is the face with the outwardly directed normal vector in o, direction. For faces (e, n, s, t, b),
the outward normal vectors are in (-8;), 8y ,(- 6y ), 85 and (-8 ) directions, respectively. Applying the

Gauss’ divergence theorem, the discretized equations can be obtained, here, we neglect to give details
of obtaining the discretized equations.

(pnf uZA)e _<pnf UZA)W+(pnf qu)n _(pnf qu)s +('Onf UQA)t (Pt uHA)b =0. (9)

where Pr is replace by p in the discretized form of Eq. (5) for the pure fluid.

Figure7. lllustration of a control volume in cylindrical coordinates.
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The discretized form of Eq.(6):
(#opuz A )g —(dopuz A),,, +(dopurA ) =(dopurA s +(dopugh ), —(dopugA ),
(1, A)e (1, Ay +(1:A)y =(1 A)s +(1,A), =(1,A), =0. (10)

The discretized form of Eq. (7) for the nanofluid, in the radial direction:
(£t uZurA)e (g UzUrA )y, +(Pns UrtrA ) = (20 u,rurA)S +

+(,onf ugurA)t —(pnf ueu,rA)b +%V +

((Ter)e ~(72rA )y +(7rA)p _(frrA)s)+(T0rA)t _(TerA)b _(ﬁnf (-9 )) V=0, 1
where V is the volume of the control volume, dr is the node spacing in the radial direction, Phode is
the pressure at the considered node and Pg is the pressure at its neighboring node in the radial

direction, see Figure 8, and p . is the average of p . which can be evaluated at the control volume
node. Also, p, isreplaced by o in the above equation for the pure fluid.

« N
n
WW W
. We . ¢ + E
node
s
« S

Figure8. Two-dimensional illustration of a control volume with its surrounding nodes.

The discretized form of Eq. (7) for the nanofluid, in the angular direction:

(pnf uzugA)e —(pnf uzugA)W +(pnf UrU9A>n —(pnf urué,A)S +

p -p
+(Pnf ueueA)t _(pnf “eueA)b +%V

+((720R)e ~(720R s + (7002 I = (710 s + (7002 ) = (7002 )p ) = O 12)
where d @ is the node spacing in the angular direction and Pg is the pressure at its neighboring node
in the angular direction. Also, P is replaced by p in the above equation for the pure fluid.

The discretized form of Eq. (7) for the nanofluid, in the axial direction:

(pnf uzU; A)e _(pnf uzU; A)W +(pnf uZurA)n _(pnf UZUFA)S +

Phode =~ Pw vV
dz

+((T22A)e_(fzzA)w +(7i2 A —(TrzA)S +(T¢92A)t _(THZA)b)ZO' (13)
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where dz is the node spacing in the axial direction and p,,, is the pressure at its neighboring node in

the axial direction. Also, Prt is replaced by p in the above equation for the pure fluid.

The discretised form of Eq. (8) for the nanofluid:

(uZ (pep) TA)e—(uz (pep) TA)W +(ur (pep) TA)n _(ur (mep) TA)S .

ot ot
(g (pep) TA) ~(ua (s ), TA), —(knf a—ZA]e+(knf a—ZAjW_

(i Ta) i T (kg 28] [y 2] 0 a9
o Jn o Js rog )i rod J)p

Also, knf and (pcp )nf are replaced by k and (pcp), respectively, in the above equation for the

pure fluid.

The discretized equations due to each control volume, construct a system of nonlinear equations
which its size depend on the number of control volumes in the domain as

Number of partitions in the r-direction = r-part

Number of partitions in the 6- direction = 8-part

Number of partitions in the z- direction = z-part

Number of control volumes in the domain = (r-part) x (8-part) x (z-part)=n

equations=Eq.(5) + Eq.(6) + Eq.(7) + Eq. (8) + Eq. (9) + EQ.(10) =6xn
T

system (1.a), Non-isothermal nanofluid tube surface )
unknowns =[n]+[n]+[n]+[n]+[n]+[n— (z-part) ]=6xn —(z-part)
- - N e i R ———
g T P Uy U ur

System (1.a), as a very general case, is due to the flow of a nanofluid with varying temperature, while
we can consider other conditions which lead to simpler systems. Considering the flow of a nanofluid
with constant temperature (the temperature T and the energy equation, Eq. (14), are removed from the
nonlinear system), we have

equations=Eq.(5) + Eq.(6) + Eq.(7) + Eqg. (8) + Eq. (9)=5xn
[ p—— [— [—
n n n n

system (2.a), Isothermal nanofluid tube surface )
unknowns=[n]+[n]+[n]+[n]+[n— (z-part) ]=5xn—(z-part)
N S i e o S —
¢ P Uz Uy Uy

Considering the pure fluids, we have

equations=Eq.(5) +Eq.(7) +Eq. (8) + Eq. (9) + Eq.(10)=5xn

system (3.a), Non-isothermal pure fluid tube surface ,
unknowns=[n]+[n]+[n]+[n]+[n— (z-part) ]=5xn—(z-part)
[ R = Ve RV S ——
T p uZ ue Ur

equations=Eq.(5) + Eq.(7) + Eq. (8) + Eq. (9) =4 xn
n n n

system (4.a), Isothermal pure fluid tube surface .
unknowns =[n]+[n]+[n]+[n— (z-part) ]=4xn-(z-part)
- e e e
p Uz Uy Ur
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Indeed, nonlinear systems (2.a), (3.a) and (4.a) are simplified version of system (1.a), which may be
encountered in transport phenomena problems. When the equations outnumber the unknowns,
combining the extra equations with the other remaining equations, yields a system with the same
number of unknowns and equations.

4. NUMERICAL ALGORITHMS

To solve nonlinear equations, optimization algorithms can be used in which a merit function f is
defined as follows [19]:

2
f(X) =1||F(><)|| =12FF , (15)
2 2

where F is the residual vector and X is the vector of unknowns. The steepest descent method (SDM),
as an iterative  algorithm, may be used for the search direction S:

ot ]
0Xq Xq

S=-Vf=—| : , X=| i (16)
ot Xn
OXp |

Since derivatives due to VT are not practically available, VI is approximated by the finite difference:
ﬂ_f x+&)-f (X)
OX £ '

)

Indeed, for estimation each component of VT , all components of F should be evaluated. Therefore, at

. . 2 .. . .
each iteration of the SDM, the computer program must evaluate (num) discretized equations where

num is the number of either equations or unknowns. However, the SDM can be excruciatingly slow
on difficult problems [19]. A powerful search direction, as the quasi-Newton search direction, is the
Levenberg-Marquardt method (LMM):

@TI+AaDSsS=-JTF, (18)
o/ oF ]
OX4q OXp
J=| : : , 19)
oF, oF,
OXq OXn

where J is the Jacobian of F, J7 is the transpose of J, A is a positive damping factor and 1 is the
identity matrix. Computation of S in the LMM includes three steps: 1) estimation of the Jacobian

matrix 2) calculation of the matrix NN 3) solving a linear system. The Jacobian is estimated column
by column, which may be expensive where all equations are evaluated for each unknown since it is
practically very difficult to separate related equations during evaluation of an unknown. In order to
estimate the Jacobian for the nonlinear system at each iteration, the computer program must evaluate

2 . . . . . 2 . .
(num)” discretized equations. Also, the Jacobian occupies (num)” units of memory (it can be

assumed as 2 Bytes for each real number). Each element of the matrix JTJ is obtained by multiplying
of two columns of the Jacobian. Since this matrix is symmetric, it is sufficient to calculate

(m(m+1))/2 elements for matrixmxm, therefore, (mz(m+l))/2 multiplications and
(mz(m+1))/2 additions are required. In order to calculate JTJ for the nonlinear system,
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((num)zx((num)+1))/2 multiplications and ((num)2 x((num)+l))/2 additions are required

. 2 . . . .
and J1J occupies (num) units of memory. A common method for solving a linear system is the

Gaussian elimination method where the pivot elements must be non-zero. For stability, complete
pivoting may be used to ensure correct solution in which all entries in the whole sub matrix are
considered (interchanging rows and columns to achieve the highest accuracy). In order to solve the

linear system in the nonlinear system, (num—l) complete pivot operations (searching in sub matrix

and interchanging rows and columns) and (num —1) row operations are required.

5. APPLYING THE PROPOSED APPROACH FOR THE CASE STUDY
5.1. The Pure fluid

=0

—_~

Figure9. Two-dimensional illustration of the tube cross section due to control volumes.

r=R
Su
Sn-l
S3
Sz
S1
r=>0

Figurel0. An illustration of the partitions made by the finite volume method in the tube.
The control volumes which their south faces lie in r =0, e.g. the gray region in Figure 9 or S; in Figure
10, may now be considered where (A)q =0 (because of the physical property of circular tubes) and
therefore Eq. (9) can be simplified as

(puzA)e —(pPuz A)yy +(PUrA)n —|—(pugA)t—(pu9A)b=O, (20)

where p can be assumed as a function of temperature, therefore, (Ur)n is then obtained as a

function of T, ugand uj:

(P A —(puz A)e +(pu6’A)t —(pupA)
(ur)n— (/OA)n b' (21)

Hence, all radial velocities (U, ) in this region, S, in Figure 10, are obtained as a function of T, Uy

and U, . To obtain u, in the top surface, S, in Figure 10, Eq. (9) may be re-arranged as
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C(puz Ay —(puz A)e +(purA)g +(pugA ) —(PupA)
(ul‘ )n - (pA)n b ' (22)

where (U, )s has been obtained as (U, ), from the control volume which has a smaller radius (S, in

Figure 10). Similarly, moving from S; to S,..; in Figure 10, all radial velocities (uIr ) are obtained as a
function of T, ugand u, . Therefore, all radial velocities and discretized forms of the equation of

continuity, Eqg. (9), are removed from the unknowns and nonlinear equations, respectively (except the
discretized equations due to the control volumes which their north faces lie in r=R, S, in Figure 10).

The discretized form of equation of motion in the axial direction, Eq. (13), for the control volumes
which their west faces lie in z=0 may be rearranged as

(PUZUZA)e_(PUzUzA)W"’(PUzUrA)n _(PUzUrA)s

0.5xdz
pnode = pboundary a vV +(pu(9uZA)'[ —(pUHUZA)b (23)
(Ao =2 A + (s A = (s A)s + (75, A = (75 A ) )
where p , which plays the same role as p_ , as the boundary condition is given. Coefficient
boundary W

0.5 in Eg. (23) stands for the distance of the boundary at z=0 to the first node in the axial direction
which is equal t00.5xdz . Here, p_ .. is obtained as a function of T, uj,and u, (since U, has

been obtained as a function of T, u,and u,) and it can be used as py in computation due to the
next control volume on the right hand side, e.g. node E in Figure 8, and so on:
(uzUz A)g —(puzuz Ay +(puzUrA)py —(puzUrA)g

pnode=pv\/—(\j/—Z +(pu9uzA)t—(pu9uzA)b ,(24)

+((Tzz A)e —(722 A)W +(7r2 A)n —(7r A)s +(Tez A)t _(76'2 A)b)
All the pressures (p) can be obtained by this method as a function of T , u, and u,.

Therefore, all the pressures and discretized forms of the equation of motion in the axial direction, Eq.
(13), are removed from the unknowns and nonlinear equations, respectively.

It can be seen in Egs. (23) and (24) that there is no need to give the shear stress equation, i.e. to
determine the flow behavior, hence, the proposed approach is independent of Newtonian or non-
Newtonian behavior of fluids.

The new corresponding nonlinear systems are now summarized as follows:

equations=Eq.(5) + Eq.(7) + Eq. (8) + Eq.(10) =3 x n+(z-part)
—

—_ Y——
. . z-part n n
system (3.b), Non-isothermal pure fluid

unknowns =[n]+[n]+[n]=3xn
[ RV
equations=Eq.(5) + Eq.(7) + Eq. (8) =2 x n+(z-part)
[S— —

) zpat  n n
system (4.b), Isothermal pure fluid
unknowns =[n]+[n]=2xn

nallivy

It can be seen that system (3.b) in comparison with its corresponding system, i.e. system (3.a), gives a
reduction of 40% in the total number of the unknowns and equations. The reduction in this number for
system (4.b) is 50 % compared to its corresponding system (4.a).
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To show the importance of these reductions in the size of two nonlinear systems, it is assumed that, as
an example, the tube is divided into 10,000 control volumes. Figure 11 compares the number of
equations evaluated at each iteration of LMM for estimation of the Jacobian matrix (also the number
of equations evaluated at each iteration of SDM) in which systems (3,b) and (4,b) reduce
computations by 64 and 75%, respectively, relative to their corresponding systems (3,a) and (4,a).
Indeed, we can save considerable computer time in the calculation of the Jacobian matrix in LMM (or
in the calculation of VT at each iteration of SDM) by using new nonlinear systems. Figure 12 shows

the amount of allocated memory due to the Jacobian matrix (or the matrix JTJ) in which the
reductions obtained are same as those obtained in Figure 11, therefore, the storage requirements is
considerably reduced by the proposed approach.

It should be noted that reduction rates due to Figure 11 and Figure 12 are independent of the number
of the control volumes in the domain (based on the discussion presented in section 4) as follows:

Number of control volumes=n
Number of equations for each control volume due to main system=m1
Number of equations for each control volume due to reduced system=m2

Reduction rate due to number of equations evaluated at each iteration of LMM for estimation of the
Jacobian matrix (the number of equations evaluated at each iteration of SDM) =

(nx ml)2 ml

Reduction rate due to the amount of allocated memory for the Jacobian matrix (or the matrixJTJ )=

(nx ml)2 ml

Figure 13 comprises the number of additions (or multiplications) in the calculation of JT3 matrix at
each iteration of LMM in which systems (3,b) and (4,b) reduce computations by 78 and 87%,
respectively, relative to their corresponding systems (3,a) and (4,a), therefore it is clear that the
computer time for this computation is also significantly reduced by the proposed approach. Also,
reduction rates due to Figure 13 are dependent on the humber of the control volumes in the domain as
follows:

Reduction rate due to the number of additions (or multiplications) in the calculation of JTJ matrix at

2 1
2 -
each iteration of LMM = _ ((n xm2)°” = ((n> m2)+1))/2 -1 (mzj ma+ n

((nxml)zx((nxm1)+l))/2_ lm

ml+—

1,600,000,000
2,500,000,000

900,000,000
400,000,000

system (3.a) system (3.b) system (4.a) system (4.b)

Figurell. Comparison of the number of equations evaluated in the estimation of Jacobian matrix in LMM (or
the number of equations evaluated at each iteration of SDM), the number of control volumes in the domain
(tube) = 10,000.
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4.66 GB
2.98 GB
1.68 GB
l 0.75GB
system(3.a)  system (3.b) system (4.a)  system (4.b)

Figurel2. Comparison of the amount of allocated memory for the Jacobian matrix (or the matrixJTJ ) in LMM
(GigaBytes), the number of control volumes in the domain (tube)= 10,000.

62,501,250,000,000 32,000,800,000,000
13,500,450,000,000
. 4,000,200,000,000
system (3.a) system (3.b) system (4.a) system (4.b)

Figurel3. Comparison of the number of additions (or multiplications) for calculation of JTJ matrix at each
iteration of LMM, the number of control volumes in the domain (tube)= 10,000.

5.2. The Nanofluid (Binary Fluid)
The discretized form of Eq. (6), Eq. (10), is written as

(¢ppu ;A )e —(¢ppuz A)W +(¢PpUrA)n —(¢PpUrA)S +(¢ppu P )t —(¢ppu oA )b +otherterms=0. (25)

Here, Egs. (9), (25), (11), (12), (13) and (14) are handled to construct more efficient nonlinear system.
The control volumes which their south faces lie in r =0, the gray region in Figure 9 or S; in Figure 10,

are considered. Since (A)g =0, Egs. (9) and (25) can be simplified as

(¢ppuz A)e —(¢ppuz A)W +(¢ppurA)n +(¢ppu oA )t —(¢ppu QA)b +other terms = 0. (26.b)

If (uy ), is removed between Egs. (26.a) and (26.b), the following equation can be derived:

- W ((¢ppuZA)e_(¢pPuZA)w+(¢pp“9A)t_(¢PpUQA)b+otherterms)+
P™/n
ﬁ ((Pnf UzA)e—(pnf UZA)W+(pnful9A)t_(pnf ueA)b)=o_ (27)
nf = /n
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Using Eq. (27) for the control volume which its west face lies in z=0 and its south face lies in r=0,
(u; )e can be obtained as a function of ¢, u, and T :

—(¢Ppuz A )boundary +(¢ppu9A )t —(¢ppu9A )b + other terms
(40pA)
(Uz)e: 1 ¢ A " ,(28)
it Al | [[9opA g )] (ot U2 A Jpunciry * (1 YA ) ~(Pog U,
(pnf j (¢pp )
(pan)n

where the subscript “boundary” denotes the boundary conditions at the tube inlet. This (UZ )e can be

used as (u; ),y in Eq. (27) to obtain (u, ), for the control volume on the right hand side, e.g. node E
in Figure 8, and so on, hence, all the axial velocities are obtained in this region, S; in Figure 10, as a

function of ¢ , ugand T , also, using either Eq. (26.a) or Eq. (26.b), (ur )n can then be obtained as a

function of ¢ , u,and T in this region. Therefore, for the control volumes which their south faces lie
inr=0, all u, and u, are obtained as a function of ¢ , ueand T . This approach can be used for top

control volumes, S, in Figure 10, therefore (uIr )n is removed between Egs. (9) and (25) as

_ (WplA) ((¢PpUzA)e—(¢PpUzA)W—(¢PpurA)S+(¢ppu9A)t—(¢ppu9A)b+otherterms)+

1
( A) (('Onf Uz A)e _(pnf Uz A)w _(pnf qu)s Jr('Onf uﬁA)t _(pnf UHA)b) =0. (29)
Pnt n
Similarly, for the control volume which its west face lies in z=0, (uZ )e can be obtained from Eq. (29)
as a function of ¢ , ueand T:

—(¢ppuz A)boun dary —(¢PpUrA)S +(¢ppu oA )t —(¢ppu eA)b + other terms
(¢p pA)n

(12 A)boundary (i urA)s +(pyy U )t (A uﬂA)b
(o A)n

where (U, )s has been obtained as (u,),, from the previous control volume with a smaller radius (S;

(U7 )e = L
(pnf ) [(quPA) J
[pnf ) (¢pPA)

in Figure 10). This (U, ) can be used as (U, ),,, in Eq. (29) for the next control volume on the right
hand side, e.g. node E in Figure 8, to obtain U, in this region, S; in Figure 10. Also, using either Eq.
(9) or Eq. (25), (u r )n can be obtained as a function of ¢ , ugand T . By repeating this method from

S3 t0 Sy, all (uy) and (u, ) are obtained as a function of ¢ |, Ugand T in these regions. The
control volumes which their north faces lie in r =R (S, in Figure 10) are now considered, since
(ur), =0, Eq. (9) is simplified as

(pnf uZA)e _(pnf UZA)W _(pnf urA)s +(nf ueA)t _(pnf UGA)b =0. (31)
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For the control volume which its west face lies in z=0 and its north face lies in r=R, (uZ )e can be
obtained from Eq. (31):

(Ug )e = (pnfuZA)boundaw+(pnfqu)s_(pnfUGA)t+<pnfu0A)b (32)
e (pan)e |

where (U, )s has been obtained as (U, ), from the previous control volume with a smaller radius (Sp.1

in Figure 10). This (U, ) can be used as (U, ), in Eq. (31) for the next control volume on the right
hand side, e.g. node E in Figure 8, to obtain u, in this region. Therefore, all (u,) and (u, ) are

obtained as a function of ¢ , uyand T and they are removed from the unknowns. Also, all

discretized equations of the nanofluid continuity, Eq. (9), and discretized equations of the nanoparticle
continuity, Eq. (25), are removed from the nonlinear equations except the discretized equations of the
nanoparticle continuity for the control volumes which their the north faces lie in r=R (S, in Figure 10).
All pressures can also be obtained from Eq. (13) as a function of ¢ , u eand T similar to the pure
fluid explained in section 5.1. Hence, all the pressures and discretized equations due to the equation of

motion in the axial direction, Eq. (13), are removed from the unknowns and nonlinear equations,
respectively.

The new nonlinear systems are now summarized as follows:

equations=Eq.(6) + Eq.(7) + Eq. (8) + Eq.(10) =3x n+(z-part)
T
system (1.h), Non-isothermal nanofluid . :
unknowns=[n]+[n]+[n]=3xn
g T Uy
equations=Eq.(6) + Eq.(7) + Eq. (8) =2xn+(z-part)
Z-part I

unknowns=[n]+[n]=2xn
——

—
¢ Yo
It can be seen that system (1.b) in comparison with its corresponding system, system (1.a), gives

reduction of approximately 50% in the total number of the unknowns and equations. The reduction in
this number for system (2.b) is approximately 60 % compared to its corresponding systems (2.a).

system(2,b), Isothermal nanofluid

Once again, as an example, it is assumed that the tube is divided into 10,000 control volumes. Figure
14, which is similar to Figure 11, compares the number of equations evaluated at each iteration of
LMM for estimation of the Jacobian matrix (the number of equations evaluated at each iteration of
SDM) in which systems (1.b) and (2,b) reduce computations by 75 and 84%, respectively, relative to
their corresponding systems (1.a) and (2,a). Figure 15 , which is similar to Figure 12, compares the

amount of allocated memory due to the Jacobian matrix (or the matrix JTJ) in which the reductions
obtained are same as those obtained in Figure 14. Figure 16, which is similar to Figure 13, comprises

the number of additions (or multiplications) in the calculation of JTJ matrix at each iteration of
LMM in which systems (1.b) and (2,b) reduce computations by 87 and 94%, respectively, relative to
their corresponding systems (1.a) and (2,a).
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3,600,000,000 2,500,000,000
900,000,000
400,000,000
system(1.a) system(1.b) system(2.a) system(2.b)

Figurel4. Comparison of the number of equations evaluated in the estimation of Jacobian matrix in LMM (or
the number of equations evaluated at each iteration of SDM), the number of control volumes in the domain
(tube)= 10,000.

6.71 GB 4.66 GB

1.68 GB
0.75GB

system(l.a) system(1.b) system(2.a)  system(2.b)

Figurel5. Comparison of the amount of allocated memory for the Jacobian matrix (or the matrix JTJ) in
LMM (GigaBytes), the number of control volumes in the domain (tube)= 10,000.

108,001,800,000,000 62,501,250,000,000

13,500,450,000,000 4,000,200,000,000

system (1.a) system (1.b) system (2.a) system (2.b)

Figurel6. Comparison of the number of additions (or multiplications) for calculation of JTJ matrix at each
iteration of LMM, the number of control volumes in the domain (tube) = 10,000.
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6. CONCLUSION

In this paper, we have proposed an efficient computational approach for laminar single phase flow of
a fluid (a single component or a homogeneous mixture) in which the size of the nonlinear system due
to these problems is greatly reduced leading to a considerable improvement in computer
implementation of numerical algorithms. In general, the proposed approach gives a reduction of 40%
in the total number of the unknowns and equations for the pure fluid. The reduction in this number for
the nanofluid (binary fluid) is 50%. Also, it can be about 57% for the ternary fluid.
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